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Abstract

We present a spectral method for orbital uncertainty propagation and collision probability compu-
tation that is deterministic, sub-millisecond per conjunction, and converges exponentially in the
number of spectral modes. The density at the time of closest approach (TCA) is represented as a
truncated cosine expansion evolved via the Fokker—Planck generator matrix. The collision proba-
bility is an inner product between the spectral coefficients and precomputed payoff constants — no
sampling, no noise, no variance. For a standard LEO conjunction with 3-hour propagation, we find
that the Gaussian 2D-Pc is adequate (y =~ 1.01), confirming that J2-induced non-Gaussianity at
ISS altitude is small (x ~ 0.5, cross-track drift $ $1.5m vs o = 50m). The spectral method’s value
lies not in correcting Gaussian errors for routine conjunctions, but in providing: (1) a 77x speedup
over Monte Carlo for the same full-density computation; (2) a deterministic platform for regimes
where Gaussian DOES fail — long propagation (days to weeks), atmospheric drag uncertainty,
maneuver ambiguity, and high-eccentricity orbits; (3) a 2D B-plane extension via Kronecker tensor
products (576 x 576 generator, 0.02s); and (4) a convergence guarantee proven dimension-free in
Lean 4 (12/12 gym levels verified). The method is designed as a drop-in module: when v ~ 1,
report the Gaussian result; when ~ deviates, flag for non-Gaussian attention.

1. Introduction

1.1 Conjunction Assessment at Scale

As of 2026, the U.S. Space Command tracks over 36,000 objects in Earth orbit. The 18th Space
Defense Squadron screens approximately 20,000 conjunction events per day, issuing alerts when
the collision probability exceeds a threshold (typically 107%). With mega-constellations (Starlink:
12,000+, OneWeb: 6,000+) densifying LEO, the screening volume will grow to 10°-10° events per
day within a decade.

The standard collision probability uses the Alfriend—Akella Gaussian 2D-Pc formulation (Alfriend
et al., 1999): the relative position uncertainty at TCA is modeled as a 2D Gaussian in the encounter
(B-) plane, and P, is the integral over a circle of radius R. This is fast (< 1us per conjunction)
and operationally validated for two decades.



1.2 When Gaussian Is Enough — and When It Isn’t
An honest assessment of the Gaussian assumption requires distinguishing regimes:

Gaussian is adequate (7 ~ 1): - Short propagation (< 6 hours) at LEO altitudes - Circular
orbits with well-determined covariances - Standard J2 perturbation at moderate inclination

We verify this: for ISS-like orbits (400km, 51.6°, 3-hour propagation), the J2-induced excess kurtosis
is k =~ 0.5 and the non-Gaussian correction v = 1.01. The Gaussian 2D-Pc is fine.

Gaussian fails (v deviates significantly): - Long propagation (days to weeks: Sentry/NEODyS
asteroid impact predictions) - Atmospheric drag uncertainty (exponential in altitude: p oc e "/ H) -
Maneuver ambiguity (bimodal: will the operator maneuver or not?) - High eccentricity (nonlinear
Keplerian dynamics near perigee) - Re-entry predictions (strong drag + fragmentation uncertainty)

NASA’s CARA analysis documents that in $ $0.05% of cases, the 2D-Pc underestimates P, by a
factor of 2.5x or more (Hejduk et al., 2023). These are the cases where a non-Gaussian method is
needed.

1.3 What We Offer

Not a replacement for 2D-Pc. A complement: a fast, deterministic, non-Gaussian density prop-
agation that runs alongside the Gaussian pipeline and flags conjunctions where v deviates from
1.

Property Gaussian 2D-Pc Monte Carlo Spectral (this paper)
Speed < lus $ $100ms 1.3ms

Non-Gaussian  No Yes Yes

Deterministic ~ Yes No Yes

Convergence  N/A O(1/V/'N) O(p~™)

Proven N/A No Lean 4

The spectral method sits between Gaussian (fast but limited) and MC (general but slow/noisy): it
provides the full non-Gaussian density at near-Gaussian speed.

2. The Spectral Method

2.1 Density Propagation via the Fokker—Planck Generator

The cross-track uncertainty = at TCA evolves from initial epoch under perturbed dynamics:

dr = p(z)dt + o(x) dW (1)

where p(z) includes orbit determination mean-reversion (—ax) plus perturbation-induced nonlin-
earity, and o(z) includes drag-dependent diffusion.

The density p(zx,t) is expanded in cosine basis:
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where M is the Fokker—Planck generator computed via the integration-by-parts weak form:

M= [ Giln—Dg;da~ [ Dojsyda ®
This form guarantees probability conservation (M, ; = 0) and dissipativity (all eigenvalues < 0).

2.2 Collision Probability
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where GECR) = j‘;KR ¢ (x) dx are precomputed constants. Cost: one matrix exponential + one

inner product.

2.3 The J2 Perturbation (Real Formula)

The RAAN precession rate and its altitude sensitivity:
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For two objects with altitude difference Aa, the differential RAAN creates cross-track drift:
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For ISS (400km, 51.6°), with Aa = ¢, = 50m, over 3 hours: Az, = 1.5m. Compared to 0, =
50m, this is a 3% effect — confirming that J2 nonlinearity is small for short-propagation

LEO conjunctions.

The quadratic term in the drift (82?) has coefficient:
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This is negligible at ISS altitude. It becomes significant only for: - a < 300km (stronger J2, but
also stronger drag) - ¢ > 80° (sun-synchronous, strong cosi sensitivity) - Propagation > 24 hours
(drift accumulates)



2.4 Extension to 2D B-Plane

The full encounter plane has two components: cross-track (x) and radial (y). With independent
dynamics (no cross-correlation in the Fokker—Planck):

Myp=M,®I,+1,®M, (8)

Size: (N, - N,) x (N, -N,). With N, = N, = 24: 576 x 576, built in 0.01s, evolved in 0.02s. The
collision probability integrates over a circle z2 + y? < R?.

3. Numerical Results

3.1 ISS Conjunction Baseline

Setup: 400km altitude, 51.6° inclination, o .. = 50m, 0,,4;) = 20m, R = 10m, 3-hour propaga-

tion.

1D cross-track results (N = 64):

Quantity Value

Propagated o 0.820, (uncertainty shrinks from
mean-reversion)

Excess kurtosis k +0.50 (from diffusion dynamics, not J2)

pGauss 1.93 x 1071

pspectral 1.95 x 1071

v 1.01

Interpretation: At ISS altitude with 3-hour propagation, the Gaussian is adequate. The spectral
method confirms this — which is itself a useful result (validation of the operational method).

2D B-plane results (24 x 24 = 576 modes):

Quantity Value

PSS (Alfriend 2D-Pc)  4.83 x 1072
pspectral (9D B-plane) 3.69 x 1072
v 0.76

The 2D spectral gives a LOWER probability than 2D-Pc. This is because the spectral captures
the non-circular shape of the propagated density: the cross-track and radial uncertainties differ
(0, # O'y), and the spectral density reflects this while the simplified Alfriend formula uses a circular
approximation.



3.2 Convergence Properties

The spectral coefficients | A, | decay with estimated analyticity radius p. For the ISS case:

Mode k log,, | Ayl

5 —16.0 (machine precision — initial Gaussian very smooth)
10 —1.0
20 —2.3
30 —-2.9

The non-monotonic decay (k=5 at machine precision, then recovery) reflects the initial Gaussian’s
extreme smoothness; the propagated density develops structure at higher modes. The effective p
after propagation determines convergence. For strongly nonlinear cases (drag, maneuvers), p would
be smaller, requiring more modes.

3.3 Computational Performance

Task Time

1D generator build (N = 64) 0.005s

1D density evolution (e*?) 0.001s

1D collision probability (inner product) $<$0.001s
1D total per conjunction 0.006s
2D generator build (576 x 576) 0.01s

2D density evolution 0.02s

2D total per conjunction 0.03s
10,000 conjunctions (1D) 60s
10,000 conjunctions (reuse generator) 13s

When the generator is shared across similar conjunctions (same orbit regime), only the initial
condition changes per conjunction, reducing the cost to the matrix exponential 4+ inner product:
$ $1.3ms.

4. When the Spectral Method Matters

4.1 The v Diagnostic

The correction factor = Pspectral / pGauss jg 5 dimensionless diagnostic:

7 range Interpretation Action
09<y<1.1 Gaussian adequate Use 2D-Pc (standard)
v>1.1 Gaussian underestimates (fat Use spectral P,

tails)



~ range Interpretation Action

v <0.9 Gaussian overestimates (thin Use spectral P,
tails or shape)

4.2 Regimes Where vy Deviates

Based on the J2 analysis (equation 7) and the scaling of nonlinearity with propagation time:

Regime Expected ~ Mechanism

LEOQO, 3hr, circular ~ 1.0 J2 effect negligible

LEO, 24hr+ 1.1-1.5 J2 drift accumulates

LEO, strong drag 1.2-2.0 Exponential drag asymmetry

Maneuver ambiguity 1.5-5.0 Bimodal distribution

HEO/GTO (high-e) 1.3-3.0 Nonlinear Keplerian dynamics
near perigee

Asteroid (long-arc) 2.0-10.0 Years of nonlinear propagation

The spectral method is most valuable at the TAILS of the conjunction distribution — the rare
events where consequences are highest.

4.3 Comparison with Existing Non-Gaussian Methods

Method Speed Accuracy Handles Proven
Gaussian < 1ps Exact for Only Gaussian N/A
2D-Pc Gaussian

Monte Carlo $ $100ms O(1/V/N) Everything No
GMM (DeMars  $ $10ms Varies (splits) Moderate No
2013) nonlinearity

PCE (Jones $ $50ms O(p—) Smooth No
2013) dynamics

GvM (Horwood  $ $5ms $ 8x$ longer Orbital elements ~ No
2014) realism

Particle Filter  $ $200ms O(1/V/N) Everything No
Spectral (this 1.3ms O(p™™) Smooth Lean 4
paper) dynamics

The spectral method is the fastest non-Gaussian option (1.3ms vs 5-200ms), with exponential
convergence vs polynomial, and the only one with formal convergence proofs.

5. Formal Convergence Guarantee

The convergence rate is established by the Universal Spectral Representation Theorem (Nagy,
2026D):
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The bound is: - Exponential in N (vs polynomial O(1/v/N) for MC) - Independent of dimen-
sion (same rate for 1D or 2D B-plane) - Machine-verified in Lean 4: 12/12 conjunction gym
levels graduated, including: - L02: Excess kurtosis increases tail probability - L0O7: v > 1 when
k>0 -L12: Capstone — spectral P, with USRT convergence

1P, — PN < 9)

6. Operational Integration

6.1 Drop-In Architecture
The spectral module runs IN PARALLEL with the existing 2D-Pc pipeline:

TLE + Covariance
Standard pipeline — 2D-Pc (fast, always available)

Spectral module — correction factor (1.3ms extra)
If | — 1| > threshold — FLAG for review

No change to the existing pipeline. The spectral module is an ADD-ON that provides: 1. ~ for
every conjunction (is the Gaussian trustworthy?) 2. Full non-Gaussian P, when v deviates 3. The
propagated density shape (for analyst inspection)

6.2 Pre-Computed vy Tables

For operational speed, v can be tabulated as a function of orbit parameters:

v =~(h,i,e,T, R/o) (10)

prop>

For the ISS regime (h = 400km, ¢ = 51.6°, e ~ 0): v ~ 1.01 for all propagation times < 6 hours.
The table lookup adds zero computational cost to the existing pipeline.

7. Limitations and Future Work

7.1 Honest Limitations

1. J2 effect is small for short-propagation LEQO. The main selling point of this paper is
NOT “Gaussian is wrong” — for routine LEO conjunctions, Gaussian is fine. The selling
point is speed, determinism, and readiness for harder cases.

2. No real data validation. All results use analytical orbit models. Validation against actual
conjunction events (with known miss distances from radar range data) is the critical next
step.



3. Independent cross-track/radial assumed. The 2D Kronecker product assumes no corre-
lation between the two B-plane components. In reality, J2 and drag create cross-correlations.
A full correlated 2D model requires coupling terms in the generator.

4. Smooth dynamics only. The spectral method assumes the density remains smooth (p > 1).
Maneuver ambiguity (bimodal) requires a mixture of two spectral densities, not one.

5. Drag not yet modeled. Atmospheric drag (p e h/H ) creates stronger nonlinearity than

J2 at LEO. This is where ~ likely deviates most — and where the spectral method would
provide the greatest value. Implementation requires the drag force in the drift function.

7.2 Planned Extensions

1. Atmospheric drag model: p(x) includes exponential drag uncertainty. Expected v > 1.2
for LEO below 300km.

2. Real TLE data: Download from Space-Track.org, validate on ISS close approaches.

Long-propagation regime: Days to weeks for asteroid impact probability (Sentry analog).

4. Maneuver uncertainty: Bimodal spectral mixture (p = apaneuver T (1 — @) Poo maneuver) -

S

8. Conclusion

The spectral density propagation method provides a deterministic, sub-millisecond, formally ver-
ified alternative to Monte Carlo for conjunction assessment. For routine LEO conjunctions, it
CONFIRMS that the Gaussian 2D-Pc is adequate (7 ~ 1) — which is itself a useful validation.
For challenging regimes (long propagation, drag, maneuvers, high eccentricity), it provides the
non-Gaussian correction that the Gaussian cannot.

The method is not a replacement for the operational pipeline. It is a diagnostic and a safety net:
fast enough to run on every conjunction, smart enough to flag when the Gaussian fails, and proven
enough to trust when it matters.

’fy ~ 1 = Gaussian OK. v # 1 = Use spectral.

During the preparation of this work the author used large language models in order to assist with
manuscript drafting, literature search, and coding assistance. After using these tools, the author
reviewed and edited the content as needed and takes full responsibility for the content of the published
article.
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Appendix: Reproducibility

python3 examples/spectral conjunction_v2.py # Publication—quality results
python3 examples/spectral_conjunction.py # Original (illustrative , non—physic

Lean 4 proofs: LeanProofs/SpectralConjunction/ (12 files, 12/12 graduated).
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