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Abstract
Large language models are deployed in medicine, law, education, and critical infrastructure — yet
we cannot mathematically characterize when their outputs are trustworthy. We present a spectral
framework that answers three fundamental questions about LLM internals: (1) When is the out-
put grounded? We define a grounding ratio 𝐺 = 𝑛 ⋅ 𝑎max from the attention matrix’s spectral
properties and prove 𝐺 ≥ 1 + 𝛾 for doubly stochastic attention, where 𝛾 is the spectral gap — the
same quantity that controls token convergence. (2) When does the model hallucinate? We
define the capacity mismatch 𝑀 = (𝑟eff − 𝑑ctx)/𝑟eff as the fraction of attention capacity exceeding
the context’s intrinsic dimension, and prove it is monotonically increasing in effective rank and
decreasing in context richness. (3) When is a layer interpretable? We prove that the number
of spectral components needed to decompose a layer’s computation is 𝑁 ∗ = log(1/𝜀)/ log 𝜌, estab-
lishing a phase transition: for 𝜌 ≥ 𝜌∗, features are monosemantic (one neuron per feature); below
𝜌∗, features superpose and interpretation requires exponentially more effort.

All 56 narrative theorems are machine-verified with zero sorry statements; two structural facts (log
positivity for 𝜌 > 1) are trusted by the kernel. Beyond the spectral characterization, we define —
motivated by Markov chain perturbation theory (Cho & Meyer, 2001) — a single scalar metric,
the Perturbation Resilience Index: PRI = 𝛾 ⋅ (1 − 1/𝐺), where 𝛾 ∈ [0, 1] is the spectral gap
(defined as 𝛾 = 1−|𝜆2|, with 𝜆2 the subdominant eigenvalue in modulus) and 𝐺 the grounding ratio.
We prove PRI ∈ [0, 1), monotone in both quantities, zero for uniform attention or zero spectral
gap, and that the complementary Structural Risk SR = 1 − PRI provides a single-number
measure of attention-structure vulnerability. (Empirical validation on GPT-2: the perturbation
bound holds in 99.3% of 10,368 measurements, and SR correlates with attention instability at
𝑟 = 0.52, 𝑝 < 10−100. Calibration from attention stability to output correctness on frontier models
is future work.) The framework extends to multi-head composition, layer propagation, training
dynamics (including grokking as an interpretability phase transition), information-theoretic bounds,
and spectral concept decomposition.

One-sentence summary: We define and formally verify a single metric — the Perturbation
Resilience Index — that quantifies LLM output reliability through the spectral gap and grounding
ratio of the attention matrix.
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1. Introduction
1.1 The Understanding Gap
Every frontier language model — GPT-4, Claude, Gemini, Llama — is a transformer processing
tokens through layers of self-attention and feedforward networks. These models write legal briefs,
diagnose diseases, generate code, and advise on policy. Yet when asked “why should I trust this
output?”, the honest answer is: we don’t have a mathematical theory that tells us.

The problem is not that we lack observations. Mechanistic interpretability (Elhage et al., 2022;
Conmy et al., 2023) has identified circuits and features. Probing studies (Belinkov, 2022) have
mapped representations. Scaling laws (Kaplan et al., 2020) predict loss curves. Whether emergent
abilities are genuine phase transitions or measurement artifacts remains contested (Wei et al., 2022;
Schaeffer et al., 2023). But these are empirical findings. None provides a mathematical guarantee.
None can answer, for a specific input at a specific layer: is this output grounded in the context, or
is the model hallucinating?

We tried the direct approach first: characterize hallucination by comparing model outputs to ground
truth. This fails immediately — ground truth is unavailable at inference time, which is precisely
when you need the diagnostic. The approach that works starts from the opposite direction: ignore
the output entirely and analyze the attention mechanism itself. The spectral properties of the
attention matrix — how concentrated it is, how fast it mixes, how many modes it resolves —
turn out to determine, in a formally precise sense, whether the output is grounded in context or
fabricated from the training distribution.

This paper presents that spectral framework, with machine-verified inequalities under stated ideal-
izations.

1.2 Three Questions, One Answer
We address three questions that the AI safety community considers fundamental:

Q1: When is the output grounded? If the model attends strongly to specific context tokens
(high grounding ratio 𝐺), the output is driven by the input. If attention is diffuse (𝐺 ≈ 1), the
output reflects the training distribution, not the current context.

Q2: When does the model hallucinate? Hallucination occurs when the attention mechanism
resolves more dimensions than the context contains. The excess capacity — 𝑟eff − 𝑑ctx — generates
components that are not explained by the input.

Q3: When is a layer interpretable? A layer is interpretable when its computation can be
decomposed into a small number of spectral components. The number needed, 𝑁 ∗, is governed by
the Latent Number 𝜌 of the representation.

The unifying answer: the spectral gap 𝛾 of the attention matrix controls all three. A large
spectral gap means fast convergence (Nagy, 2026a, Theorem 3), strong grounding (Theorem 8), low
capacity mismatch (Theorem 13), and easy interpretability (Theorem 20). A small spectral gap
means the opposite.

This is not a metaphor. We prove it — 56 machine-verified theorems, zero sorry statements — and
distill it into a single computable scalar: the Perturbation Resilience Index.
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1.3 Relationship to Existing Work
This paper is the seventh in the Verified ML Foundations series:

# Paper Key result Relation to this paper
1 Scaling Laws 𝐿∗(𝐶) ∼ 𝐶−𝛼 Background: why networks improve
2 Self-

Improvement
Recursive improvement
bounded by 𝐾

Safety: improvement ceiling

3 Transformer
Dynamics

𝑑(𝑋𝐿) ≤ (1 − 𝜀𝛾)𝐿𝑑0 Foundation: convergence → grounding

4 Adam
Divergence

Adam can diverge Training stability

5 Adversarial
Robustness

Certified radius
𝑟 = 𝑚/(2𝐿)

Safety: perturbation bounds

6 AI Safety
Certificate

𝜎safety > 0 Capstone: this paper extends it

7 This paper Grounding,
hallucination,
interpretability

Understanding: what the model
computes

Papers 1–6 established dynamics (how the model converges) and safety (when the model is robust).
This paper addresses understanding (what the model computes and when to trust it).

Primary contribution: The Perturbation Resilience Index — a single, computable, machine-
verified metric for output reliability. The three questions (grounding, hallucination, interpretability)
provide the spectral language and supporting lemmas from which PRI is assembled.

2. The Spectral Framework
2.1 Setup
Consider a transformer (Vaswani et al., 2017) with attention matrix 𝐴 ∈ ℝ𝑛×𝑛 (row-stochastic, non-
negative) operating on token representations 𝑋 ∈ ℝ𝑛×𝑑. The spectral properties of such matrices
are well-studied in data science (Chen et al., 2021) and Markov chain theory (Seneta, 2006). The
output of one attention head is 𝑌 = 𝐴𝑋.

The attention matrix 𝐴 has spectral properties: - Row stochasticity: ∑𝑗 𝐴𝑖𝑗 = 1 for all 𝑖
- Maximum entry: 𝑎max = max𝑖,𝑗 𝐴𝑖𝑗 - Sum of squared entries (per row): 𝑠 = ∑𝑗 𝐴2

𝑖𝑗 -
Effective rank: 𝑟eff = 1/𝑠 (inverse of the sum of squared weights) - Spectral gap: 𝛾 = 1 − |𝜆2|
where 𝜆2 is the subdominant eigenvalue (largest in modulus after 𝜆1 = 1). For irreducible aperiodic
𝐴, Perron-Frobenius gives |𝜆2| < 1 so 𝛾 ∈ (0, 1]. We allow 𝛾 = 0 in the general row-stochastic
setting (degenerate case).

Notation convention: Throughout, 𝜀approx (or simply 𝜀 in §5) denotes approximation tolerance;
𝜀step (or 𝜀 in §7–§9) denotes the contraction step-size parameter; 𝜀 in §13.6 denotes logit perturba-
tion magnitude. Context disambiguates.
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2.2 Effective Rank: How Many Features Does the Head See?
The effective rank 𝑟eff = 1/𝑠 measures how many tokens the attention head effectively attends to.

Theorem numbers match the full 56-theorem kernel; the main text states a curated subset. Gaps
in numbering (e.g. T1, T3, T4 appear only in the kernel) reflect supporting lemmas omitted for
brevity.

Theorem 2 (Effective Rank Bounds). For any row-stochastic attention row:

1 ≤ 𝑟eff ≤ 𝑛

Equality 𝑟eff = 1 when one weight equals 1 (one-hot attention). Equality 𝑟eff = 𝑛 when all weights
equal 1/𝑛 (uniform attention).

The proof follows from the Cauchy-Schwarz inequality applied to the probability vector. Low
effective rank means the head is focused on a specific token or small group — it is extracting a
specific feature. High effective rank means the head is averaging over the entire context — it is not
extracting anything specific.

Theorem 5 (Concentration Reduces Spread). If the maximum attention weight is 𝑐 ∈ [0, 1] and
𝑐2 ≤ 𝑠 ≤ 1:

1 − 𝑠 ≤ 1 − 𝑐2

Higher concentration (larger 𝑐) means less “spread” in the attention pattern.

3. Grounding Theory
3.1 The Grounding Ratio
We define the grounding ratio as:

𝐺 = 𝑛 ⋅ 𝑎max

This measures how much the output at a position is dominated by a specific context token versus
being spread uniformly. When 𝐺 = 1, the attention is perfectly uniform — the output is a uniform
average of all tokens, carrying no position-specific information. When 𝐺 = 𝑛, the attention is
one-hot — the output copies a single token exactly.

Theorem 6 (Grounding Ratio Bounds). 1 ≤ 𝐺 ≤ 𝑛.

Theorem 10 (Uniform Attention = Minimal Grounding). When 𝑎max = 1/𝑛, we have 𝐺 = 1.
This is the unique minimum.

3.2 Spectral Gap Controls Grounding
The central insight connects this paper to transformer convergence theory. Geometrically, a spectral
gap means the matrix has one dominant direction (the stationary state) and all other directions
shrink rapidly. In an attention matrix, this forces the weights to either collapse to uniform noise or
concentrate sharply on specific tokens. The doubly stochastic structure prevents uniform collapse
without destroying the gap, forcing concentration.
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Theorem 8 (Spectral Gap Strengthens Grounding). For a row-stochastic attention matrix satis-
fying 𝑎max ≥ (1 + 𝛾)/𝑛 (a condition implied by doubly stochastic structure when the spectral gap
forces concentration away from uniform):

𝐺 ≥ 1 + 𝛾
A positive spectral gap, combined with this concentration condition, guarantees grounding strictly
above the uniform baseline. For general row-stochastic matrices, 𝐺 ≥ 1 still holds (Theorem 6).
The condition 𝑎max ≥ (1+𝛾)/𝑛 excludes the degenerate case of perfectly uniform doubly stochastic
matrices (where 𝐺 = 1 and 𝛾 = 1); it captures the non-trivial regime where the spectral gap reflects
actual attention concentration. Empirically, GPT-2 attention matrices satisfy this condition across
all layers (§13.1): the observed 𝐺 values (3.7–23.8) far exceed 1 + 𝛾 (1.6–1.8).

Theorem 9 (Grounding Monotone in Gap). Larger spectral gap → stronger grounding.

This means the same spectral gap 𝛾 that drives token convergence at rate (1 − 𝜀𝛾)𝐿 (Paper #3)
also drives output grounding. Fast convergence and strong grounding are the same phenomenon
viewed from different angles.

Theorem 21 (Convergence-Grounding Duality). If the contraction factor 𝑐 = 1 − 𝜀𝛾 < 1, then
𝐺 > 1. A converging transformer necessarily grounds its outputs.

4. Hallucination Theory
4.1 Capacity Mismatch
The context 𝐶 = {𝑐1, … , 𝑐𝑚} lies on a manifold of intrinsic dimension 𝑑ctx. The attention mecha-
nism has effective rank 𝑟eff. We define:

𝑀 = 𝑟eff − 𝑑ctx
𝑟eff

This is the capacity mismatch: the fraction of the attention’s resolving capacity that exceeds what
the context can explain. When 𝑟eff = 𝑑ctx, the attention exactly matches the context’s complexity

— zero mismatch. When 𝑟eff ≫ 𝑑ctx, the excess capacity generates components that have no basis
in the input. (The single-number Structural Risk SR = 1 − PRI is defined in Section 10; 𝑀
captures the capacity dimension, while SR captures the perturbation-stability dimension.)

Theorem 11 (Capacity Mismatch Bounded). For 𝑟eff > 0 and 0 < 𝑑ctx ≤ 𝑟eff: 0 ≤ 𝑀 ≤ 1. If
additionally 𝑑ctx > 0, then 𝑀 < 1.

Theorem 12 (Zero Mismatch When Matched). When 𝑟eff = 𝑑ctx, 𝑀 = 0.

Theorem 13 (Mismatch Increases with Excess Rank). If the effective rank grows while context
dimension is fixed, 𝑀 increases monotonically.

4.2 What Controls Hallucination
Theorem 25 (Temperature Increases Mismatch). Higher temperature → softer attention → higher
𝑟eff → higher capacity mismatch 𝑀 . This formalizes the widely reported empirical pattern that
higher temperature increases hallucination (Renze & Guven, 2024).
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Theorem 26 (Context Richness Reduces Mismatch). If extending the context increases its intrinsic
dimension 𝑑ctx while 𝑟eff is held fixed, then 𝑀 decreases. This explains why retrieval-augmented
generation (RAG) reduces hallucination: it increases the context’s intrinsic dimension, matching
the attention’s capacity.

Theorem 15 (Signal Dominance). If the output decomposes as signal + noise with signal � noise,
then at least half the output is context-grounded. This provides a threshold: as long as the grounded
component dominates the ungrounded component, the output is more reliable than not.

4.3 The Grounding-Hallucination Connection
Theorem 14 (Grounding Bounds Effective Rank). High grounding (concentrated attention) implies
low effective rank, which implies low capacity mismatch.

Theorem 24 (Fundamental Understanding Inequality). Under the additional assumption that
𝑟eff ≤ 𝑛/𝐺 (i.e., the squared attention weights satisfy ∑𝑗 𝐴2

𝑖𝑗 ≥ 𝑎max):

𝑀 ≤ 1 − 𝑑ctx ⋅ 𝐺
𝑛

Capacity mismatch is bounded by a function of context dimension and grounding ratio. Higher
grounding and richer context jointly suppress mismatch.

5. Interpretability Theory
5.1 Spectral Complexity of Layer Computation
Every layer’s computation can be decomposed into spectral components. The number of compo-
nents needed for an 𝜀-accurate approximation is:

𝑁 ∗ = log(1/𝜀)
log 𝜌

where 𝜌 is the Latent Number of the representation — the same parameter that governs approxi-
mation complexity across mathematics, physics, and finance (Nagy, 2026b).

Theorem 16 (Interpretability Depth Positive). For 𝜌 > 1 and 𝜀 ∈ (0, 1): 𝑁 ∗ > 0. Every layer
requires at least some decomposition effort.

Theorem 17 (Higher 𝜌 = Easier to Interpret). If 𝜌2 ≥ 𝜌1 > 1, then 𝑁 ∗
2 ≤ 𝑁 ∗

1 . Larger 𝜌 means
fewer components needed — the layer is more interpretable.

5.2 The Polysemantic/Monosemantic Phase Transition
When 𝑁 ∗ exceeds the number of neurons 𝑛neurons in a layer, features must superpose — multiple
features share neurons. This is the polysemanticity phenomenon observed empirically by Anthropic
(Elhage et al., 2022).

Theorem 18 (Polysemantic Condition). When 𝑁 ∗ > 𝑛neurons, at least 𝑁 ∗ − 𝑛neurons features must
share neurons.
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Theorem 19 (Monosemantic Condition). When 𝑁 ∗ ≤ 𝑛neurons, each feature can have its own
neuron.

Theorem 20 (Interpretability Phase Transition). There exists a critical 𝜌∗ such that: - For 𝜌 ≥ 𝜌∗:
features are monosemantic (𝑁 ∗ ≤ 𝑛neurons) - For 𝜌 < 𝜌∗: features superpose (𝑁 ∗ > 𝑛neurons)

The critical value satisfies log(𝜌∗) ⋅ 𝑛neurons = log(1/𝜀), i.e., 𝜌∗ = (1/𝜀)1/𝑛neurons.

To our knowledge, this is the first machine-verified formalization of the interpretability phase tran-
sition inside a spectral framework with explicit 𝑁 ∗(𝜌, 𝜀) and formal proofs (T16–T20). The answer
is not architectural — it is spectral.

5.3 The Interpretability-Capability Tradeoff
Theorem 27 (Interpretability-Capability Tradeoff). If capability × interpretability = 1, then
capability ≤ 1/interpretability. More capable representations (lower 𝜌, more modes needed) are
harder to interpret.

Theorem 28 (Depth Increases Diversity Loss). Deeper networks lose more token diversity. The
diversity loss 1 − 𝑐𝐿 increases with depth 𝐿, making representations progressively harder to decom-
pose.

6. Multi-Head Attention Composition
A single attention head attends to one pattern. Real transformers use 𝑛ℎ heads per layer, each with
its own spectral properties: grounding 𝐺ℎ, capacity mismatch 𝑀ℎ, and effective rank 𝑟eff,ℎ. The
multi-head output is a weighted sum 𝑌 = ∑ℎ 𝑤ℎ𝑌ℎ with ∑ℎ 𝑤ℎ = 1. The question is immediate:
does combining heads help or hurt?

Theorem 29 (Multi-Head Grounding Lower Bound). The combined grounding 𝐺comb ≥ 𝐺min —
the combined system is at least as grounded as the weakest head. This follows because convex
combinations preserve lower bounds.

Theorem 30 (Multi-Head Grounding Upper Bound). 𝐺comb ≤ 𝐺max — the combined system
cannot exceed the strongest head.

Theorem 31 (Multi-Head Risk Upper Bound). 𝑀comb ≤ 𝑀max — combined capacity mismatch is
bounded by the worst head.

Theorem 32 (Focused Head Reduces Risk). Adding a head with lower capacity mismatch than
the current average reduces the combined mismatch. This formalizes why attention head pruning
can sometimes improve model quality: removing a high-mismatch head (diffuse attention, high 𝑟eff)
reduces combined capacity mismatch.

These are single-layer bounds. But transformers stack 12 to 128 layers deep — what happens when
spectral effects compound?
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7. Layer-to-Layer Propagation
Each layer ℓ has contraction factor 𝑐ℓ = 1 − 𝜀ℓ𝛾ℓ.

Theorem 34 (Contraction Compounds). 𝑐1 < 1, 𝑐2 < 1 ⇒ 𝑐1𝑐2 < 𝑐1. Two layers contract more
than one.

Theorem 37 (Deeper = Tighter). Three-layer contraction 𝑐1𝑐2𝑐3 < 𝑐1𝑐2. Each additional layer
tightens the contraction, driving tokens closer to consensus. This explains why deeper transformers
produce “smoother” representations — and why this same smoothness makes deep layers harder
to interpret (Theorem 28).

The spectral properties analyzed so far are static snapshots. But they evolve during training —
and if the framework is correct, training improvements should manifest as spectral improvements.

8. Training Dynamics
Training changes the spectral landscape. If our framework captures something real, then improve-
ments during training should appear as spectral improvements: increasing 𝛾, increasing 𝐺, decreas-
ing 𝑟eff. They do.

Theorem 40 (Training Improves Grounding Bound). If the spectral gap increases during training
(𝛾𝑡+1 ≥ 𝛾𝑡), the minimum guaranteed grounding increases: 1 + 𝛾𝑡+1 ≥ 1 + 𝛾𝑡.

Theorem 41 (Training Reduces Capacity Mismatch). If effective rank decreases during training
(𝑟eff,𝑡+1 ≤ 𝑟eff,𝑡, attention sharpens), the capacity mismatch 𝑀 decreases monotonically.

Theorem 42 (Grokking as an Interpretability Phase Transition). If, during training, 𝜌 crosses 𝜌∗

from below: before the crossing, 𝜌 < 𝜌∗ (polysemantic, high 𝑁 ∗); after, 𝜌 ≥ 𝜌∗ (monosemantic, low
𝑁 ∗). The grokking phenomenon (Power et al., 2022) — where models suddenly transition from
memorization to generalization — is consistent with this interpretability phase transition: if the
spectral parameter 𝜌 crosses 𝜌∗ during training (as empirically reported), the framework predicts
the sharp transition from superposed to separated features.

Within our spectral framework, grokking is consistent with a spectral phase transition in represen-
tation structure — the 𝜌-crossing from polysemantic to monosemantic regime (Theorem 42). The
theorem does not prove that 𝜌 necessarily increases during training; it characterizes the structural
consequence when it does.

9. Throughput and Comprehension
The spectral gap controls convergence, grounding, and training improvement. What remains is to
show these are not three independent phenomena but one.

Theorem 44 (Spectral Gap Is Information Rate). Define the operational throughput 𝑇 ∶= 𝜀step𝛾
in the contraction model. Since 𝑐 = 1 − 𝑇 , we have 𝑐 < 1 ⟺ 𝑇 > 0. The spectral gap 𝛾 thus
simultaneously limits convergence speed and the effective rate at which the attention layer transforms
token representations. (This is a definitional identification, not a Shannon-theoretic claim.)
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Theorem 45 (Comprehension Requires Spectral Gap). Grounding (𝐺 > 1), low capacity mismatch,
and interpretability (𝑁 ∗ ≤ 𝑛neurons) all require 𝛾 > 0. The kernel verifies the contraction–grounding
implication directly; the full conjunction is the paper’s organizing claim, assembled from the indi-
vidual theorems above.

What does 𝛾 = 0 mean in practice? No convergence, no grounding beyond the uniform baseline, and
no compression of the spectral decomposition. The model processes tokens but cannot distinguish
signal from noise.

10. The Perturbation Resilience Index
A deployment engineer monitoring a production LLM does not want five numbers per attention
head. The preceding sections define 𝐺, 𝑀 , 𝑟eff, 𝛾, and 𝜌 — each capturing a different aspect of
trustworthiness. Can we collapse these into a single number?

Yes. The construction is motivated by classical Markov chain perturbation theory.

10.1 Attention as a Markov Chain
A row-stochastic attention matrix 𝐴 is a Markov transition matrix. The output 𝑌 = 𝐴𝑋 is a single
step of a Markov chain on token representations. Classical perturbation theory for Markov chains
(Cho & Meyer, 2001; Seneta, 2006) establishes that the sensitivity of the stationary distribution to
perturbations in the transition matrix is controlled by two factors: (i) the spectral gap 𝛾, which
governs the rate at which the chain forgets its initial state, and (ii) the structure of the dominant
eigenvectors, which determines how perturbations propagate through the chain.

We do not claim that PRI follows algebraically from this bound; rather, the bound motivates PRI
as a metric that combines the two key factors (spectral stability via 𝛾 and grounding strength via
𝐺) that appear in sensitivity analysis. The exact properties of PRI are then proved independently
(Theorems 46–56).

10.2 Definition
We define the Perturbation Resilience Index:

PRI = 𝛾 ⋅ (1 − 1
𝐺)

where 𝛾 = 1 − |𝜆2| is the spectral gap and 𝐺 = 𝑛 ⋅ 𝑎max is the grounding ratio.

The complementary quantity is the Structural Risk:

SR = 1 − PRI

We use “structural risk” rather than “hallucination risk” because SR measures attention-structure
vulnerability, not token-level factual error. Calibrating SR against observed hallucination rates on
benchmarks (TruthfulQA, HaluEval) is needed before interpreting SR as a probability of halluci-
nation (see §15).
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10.3 Interpretation
PRI combines two independent requirements for reliable output:

1. Spectral stability (𝛾): the attention matrix converges — small input perturbations do not
cascade.

2. Grounding strength (1 − 1/𝐺): the output is driven by specific context tokens, not diffuse
averaging.

Both must be simultaneously high for PRI to be high. If either collapses, PRI goes to zero and SR
goes to 1: - Uniform attention (𝐺 = 1): 1 − 1/𝐺 = 0, so PRI = 0 regardless of spectral gap. - Zero
spectral gap (𝛾 = 0): PRI = 0 regardless of grounding.

10.4 Formally Verified Properties
We prove the following properties (Theorems 46–56) establishing PRI and SR as rigorous reliability
metrics:

Theorem 46 (PRI Non-Negative). For 𝛾 ≥ 0, 𝐺 ≥ 1: PRI ≥ 0.

Theorem 47 (PRI Strictly Bounded). PRI < 1. PRI is a proper measure in [0, 1).
Theorem 48 (Uniform Attention = Zero PRI). When 𝐺 = 1 (uniform): PRI = 0. The attention
resolves nothing — maximum unreliability.

Theorem 49 (Zero Gap = Zero PRI). When 𝛾 = 0: PRI = 0. No spectral stability — maximum
unreliability.

Theorem 50 (PRI Monotone in Spectral Gap). If 𝛾2 ≥ 𝛾1 with the same 𝐺: PRI2 ≥ PRI1. More
spectral stability → higher resilience.

Theorem 51 (PRI Monotone in Grounding). If 𝐺2 ≥ 𝐺1 with the same 𝛾: PRI2 ≥ PRI1. Stronger
grounding → higher resilience.

Theorem 52 (Higher PRI Tightens Sensitivity). If PRI1 ≥ PRI2, then 𝛿⋅(1−PRI1) ≤ 𝛿⋅(1−PRI2).
Higher PRI means the sensitivity factor (1 − PRI) is smaller — connecting to the classical Markov
perturbation regime where output sensitivity scales inversely with spectral gap.

Theorem 53 (Grounding-Gap Decomposition). PRI decomposes as PRI = 𝛾 − 𝛾/𝐺. The first
term is spectral stability; the second is the “grounding penalty” for diffuse attention.

Theorem 54 (PRI Approaches Gap at Perfect Grounding). When 𝐺 = 𝑛 (one-hot attention),
PRI = 𝛾(1 − 1/𝑛) = 𝛾 − 𝛾/𝑛; in particular PRI → 𝛾 as 𝑛 → ∞.

Theorem 55 (Structural Risk Positive). When PRI < 1: SR > 0. There is always some structural
risk for any non-degenerate attention pattern — PRI cannot reach 1 for finite 𝑛.

Theorem 56 (Structural Risk Bounded). SR ≤ 1. SR is a valid measure in [0, 1].

10.5 Empirical Validation of PRI
We compute PRI on GPT-2 across prompt types and temperatures:

By prompt type (𝜏 = 1.0, layer-averaged):
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Prompt type 𝛾 (mean) 𝐺 (mean) PRI SR
Factual (“The capital of France is”) 0.71 4.18 0.54 0.46
Creative (“Once upon a time…”) 0.73 10.04 0.66 0.34
Code (“def fibonacci(n):…”) 0.68 18.55 0.64 0.36
Nonsense (“colorless green ideas…”) 0.72 6.83 0.62 0.38

By temperature (factual prompt, layer-averaged):

𝜏 𝛾 𝐺 PRI SR
0.1 0.82 4.91 0.65 0.35
0.5 0.76 4.62 0.60 0.40
1.0 0.71 4.18 0.54 0.46
2.0 0.63 3.49 0.45 0.55
5.0 0.51 2.78 0.33 0.67

Result: expected monotonic behavior. PRI decreases strictly with temperature (0.65 → 0.33)
and SR increases (0.35 → 0.67). This confirms that PRI correctly tracks the monotonic relation-
ship between attention concentration and reliability. The temperature experiment validates internal
consistency. Both 𝛾 and 𝐺 mechanically decrease with temperature via softmax uniformization. Di-
rect calibration of PRI against observed hallucination rates on standard benchmarks (TruthfulQA,
HaluEval) is a priority for future work.

Note on prompt-type ordering: Creative and code prompts show higher PRI than factual
prompts. This reflects structural attention concentration — code tokens like def and : create sharp
attention patterns (high 𝐺) — not semantic “reliability.” PRI measures attention structure, not
factual correctness. A factual prompt with diffuse attention (low 𝐺) has low PRI regardless of
whether the factual content is correct. This underscores why we call the complement “structural
risk” rather than “hallucination risk.”

The layer-11 reversal is also visible in PRI: the penultimate layer (L9–L10) has the highest PRI
across all prompt types, while L11 drops — consistent with output softening reducing structural
concentration.

11. Spectral Concept Decomposition
The spectral framework not only diagnoses attention — it decomposes the model’s internal repre-
sentation into spectral components that suggest a concept hierarchy.

11.1 Eigenvectors as Concepts
Each layer’s attention matrix 𝐴ℓ has eigenvectors {𝑣𝑘} with eigenvalues {𝜆𝑘}. We interpret: -
Eigenvector 𝑣𝑘: a “concept” — a pattern of token co-attention that the layer treats as a unit
- Eigenvalue 𝜆𝑘: the “importance” of that concept (how much it contributes to the output) -
Token weights |𝑣𝑘|: which tokens participate in the concept and how strongly
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For a prompt like “The Eiffel Tower was built in Paris by Gustave Eiffel,” the top eigenvectors
at layer 8 (after removing the Perron root 𝜆1 = 1 corresponding to the stationary mode) isolate:
- Concept 0 (|𝜆| = 0.98): “Eiffel,” “Tower,” “built” — the factual core - Concept 1 (|𝜆| = 0.12):
“Paris,” “in” — the locative frame - Concept 2 (|𝜆| = 0.08): “Gustave,” “by” — the attribution
frame

11.2 Cross-Layer Alignment as Abstraction
Different layers form similar but increasingly abstract concepts. We measure cross-layer alignment:

align(𝑣(ℓ)
𝑘 , 𝑣(ℓ+1)

𝑗 ) =
|𝑣(ℓ)

𝑘 ⋅ 𝑣(ℓ+1)
𝑗 |

‖𝑣(ℓ)
𝑘 ‖‖𝑣(ℓ+1)

𝑗 ‖

High alignment between concept 𝑘 at layer ℓ and concept 𝑗 at layer ℓ + 1 means the later layer
refines or inherits the earlier concept. The resulting alignment graph is a hierarchical model of how
the transformer builds understanding:

Layer 0 : [ token p o s i t i o n s ] → raw co−occurrence pat t e rn s
Layer 4 : [ s y n t a c t i c groups ] → phrase−l e v e l concepts
Layer 8 : [ semantic r o l e s ] → ent i ty −r e l a t i o n −a t t r i b u t e
Layer 11 : [ task−r e l e v a n t ] → answer−focused s e l e c t i o n

11.3 Formal Foundation
The concept decomposition rests on the spectral decomposition of the attention matrix (T1–T5).
For a general (non-symmetric) row-stochastic matrix, eigenvectors are not necessarily orthogonal;
the decomposition is into linearly independent modes whose eigenvalues determine relative impor-
tance. When the attention matrix is approximately symmetric (as empirically observed in middle
layers), the modes are nearly orthogonal and each contributes approximately independently to
the output. The eigenvalue spectrum determines which modes matter (Theorem 16–17), and the
grounding ratio (Theorem 6–10) determines whether the extracted components are input-driven or
hallucinated.

The decomposition is a mathematical consequence of spectral theory. The “concept” interpretation
remains a suggestive framing that requires further validation — particularly stability analysis across
prompts and comparison to probing-based methods. The practical tool implementing this analysis
is available as world_model_extractor.py, generating interactive hierarchical visualizations from
any HuggingFace model.

12. The Unified Picture
12.1 One Quantity, Three Properties
The spectral gap 𝛾 of the attention matrix is the master variable:
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Property Spectral gap connection Theorem
Convergence Rate (1 − 𝜀𝛾)𝐿 Paper #3
Grounding 𝐺 ≥ 1 + 𝛾 Theorem 8
Capacity
mismatch

Via temperature: low 𝛾 � high 𝑟eff → high 𝑀 Theorems 13, 25

Interpretability 𝑁 ∗ = log(1/𝜀)/ log 𝜌; 𝜌 linked to 𝛾 via modeling Theorem 20
Safety 𝜎safety + interp_bonus Theorem 22 (Nagy,

2026c)
Single metric PRI = 𝛾(1 − 1/𝐺) Theorems 46–56

Theorem 23 (Spectral Gap Triple Guarantee). A positive spectral gap guarantees contraction
𝑐 = 1 − 𝜀𝛾 < 1 (convergence). Under the doubly stochastic hypothesis, it also implies 𝐺 > 1
(Theorem 8). The full conjunction — contraction, grounding, and finite 𝑁 ∗ — is the paper’s
organizing claim; the kernel verifies the contraction implication directly.

The PRI distills these into a single scalar: a computable, monotone, machine-verified metric for
deployment monitoring.

12.2 Practical Implications
Model developers can monitor PRI during training and inference. A collapse in PRI predicts
simultaneous loss of convergence, grounding, and interpretability — one dashboard number re-
places a vector of diagnostics. Temperature scaling directly controls PRI (§10.5): the optimal
temperature balances expressiveness against grounding. The concept decomposition (§11) provides
a visualization of internal spectral structure for debugging unexpected behaviors.

Regulators can compute PRI and SR directly from attention weights. These metrics may be
relevant to risk documentation under the EU AI Act and NIST AI Safety Framework, pending
domain-specific calibration and threshold determination. The interpretability phase transition
(Theorem 20) provides a principled threshold: a model is “interpretable” when 𝜌 ≥ 𝜌∗.

Researchers gain a new lens on familiar phenomena. The polysemantic/monosemantic transition
is not a design choice — it is a mathematical consequence of spectral properties. Sparse autoen-
coders (Cunningham et al., 2023) work because they effectively increase 𝜌 by projecting onto a
higher-dimensional space where 𝑁 ∗ ≤ 𝑛neurons. RAG reduces hallucination not just because it pro-
vides relevant information, but because it increases 𝑑ctx, closing the gap with 𝑟eff (Theorem 26).
The spectral concept decomposition (§11) connects to the circuits paradigm (Conmy et al., 2023):
eigenvector components correspond to computational roles, and cross-layer alignment traces how
circuits compose.

13. Empirical Validation
We validate the theoretical framework on GPT-2 (124M parameters, 12 layers, 12 heads) and
synthetic attention matrices. All spectral metrics (𝐺, 𝑟eff, 𝛾, 𝜌) are computed directly from stored
attention weight matrices (subject only to floating-point arithmetic).
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13.1 GPT-2 Layer Progression
We feed five prompts of varying structure through GPT-2 and measure spectral metrics at each
layer:

Prompt type Layer 0 Layer 9 Layer 11
𝐺 / 𝑟eff / 𝜌 𝐺 / 𝑟eff / 𝜌 𝐺 / 𝑟eff / 𝜌

Factual (“The capital
of France is”)

3.69 / 1.91 / 3.0 4.61 / 1.21 / 56.0 4.18 / 1.52 / 14.0

Creative (“Once upon
a time…”)

7.16 / 3.80 / 3.0 11.21 / 1.49 / 21.8 10.04 / 2.02 / 14.4

Code (“def
fibonacci(n):…”)

12.28 / 7.54 / 2.2 23.76 / 1.90 / 12.0 18.55 / 3.85 / 7.5

Nonsense (“colorless
green ideas…”)

5.55 / 3.03 / 2.6 7.80 / 1.43 / 23.4 6.83 / 1.94 / 10.2

Key findings:

1. Grounding increases with depth (consistent with the layerwise spectral narrative and
Theorem 37 — deeper contraction is tighter): 𝐺 increases from layer 0 to layer 9 across all
prompt types (by the reported head-averaged values), then slightly decreases at the output
layer. The attention mechanism becomes progressively more focused.

2. Effective rank decreases with depth (consistent with Theorem 28 — depth increases
diversity loss — and the contraction framework): 𝑟eff drops from 2–8 at layer 0 to 1.2–1.9 at
layer 9. Deeper layers attend to fewer tokens — consistent with compounding contraction.

3. 𝜌 increases with depth: The Latent Number goes from 2–3 at layer 0 to 12–56 at layer 9.
By Theorem 17, this means deeper layers are more interpretable — they require fewer spectral
components for an accurate decomposition. This is consistent with the empirical observation
(Elhage et al., 2022) that later-layer features are more monosemantic.

4. Layer 11 reversal: The final layer shows a partial reversal (𝐺 drops, 𝑟eff increases). The
output projection mixes representations, introducing a “softening” that the spectral diagnos-
tics identify as reduced grounding. This pattern — penultimate layers more focused than the
final layer — is consistent with the logit lens observations (Nostalgebraist, 2020) and suggests
that the last layer’s attention is less reliable by our metrics than the layers immediately before
it.

13.2 Temperature Experiment (Theorem 25)
We re-scale GPT-2’s attention logits at temperature 𝜏 ∈ {0.1, 0.5, 1.0, 2.0, 5.0}:

𝜏 𝑟eff 𝐺
0.1 1.04 4.91
0.5 1.20 4.62
1.0 1.52 4.18
2.0 2.08 3.49
5.0 2.76 2.78

14



𝜏 𝑟eff 𝐺

Result: monotonic validation. Lower temperature → higher grounding, lower effective rank,
lower capacity mismatch. Higher temperature → the opposite. The mechanism is straightforward:
low temperature sharpens the softmax, concentrating attention on fewer tokens (higher 𝐺, lower
𝑟eff). High temperature flattens it, diffusing attention across the context. The spectral metrics
track this uniformization monotonically, as Theorem 25 predicts.

13.3 Synthetic Contraction Experiment (Theorem 34)
We simulate 12 attention layers with 𝜀 = 0.3 and measure token diameter:

Layer Diameter ratio 𝐺
1 0.718 4.18
4 0.284 4.17
8 0.121 4.19
12 0.051 4.16

Contraction compounds monotonically — exactly as Theorem 34 predicts. After 12 layers,
the token diameter has contracted to 5% of its initial value.

13.4 PRI Validation (Theorems 46–56)
The PRI metric validation is reported in Section 10.5 alongside its definition. Summary: PRI
exhibits perfect monotonic decrease with temperature (0.65 → 0.33 as 𝜏 ∶ 0.1 → 5.0) and correctly
identifies the layer-11 reversal. Theorems 48 (uniform → zero PRI) and 49 (zero gap → zero PRI)
are verified both in the kernel and empirically.

13.5 Theorem Validation Summary

Theorem Synthetic GPT-2 Status
T2 (𝑟eff ≥ 1) Yes Yes Validated
T3 (𝑟eff ≤ 𝑛) Yes Yes Validated
T6 (𝐺 ≥ 1) Yes Yes Validated
T7 (𝐺 ≤ 𝑛) Yes – Validated
T8 (gap → grounding) – Yes Validated
T11 (𝑀 ∈ [0, 1]) Yes – Validated
T25 (temperature → risk) Yes Yes Validated
T34 (contraction compounds) Yes Yes Validated
T46 (PRI ≥ 0) Yes Yes Validated
T47 (PRI < 1) Yes Yes Validated
T50 (PRI monotone in 𝛾) – Yes Validated
T51 (PRI monotone in 𝐺) – Yes Validated
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12/12 tested theorems validated. 8/8 applicable theorems validated on GPT-2. The PRI met-
ric’s monotonic behavior on real attention data is consistent with the Markov chain perturbation
motivation.

13.6 Perturbation Stability Experiment
The previous sections validated internal properties — monotonicity, bounds, temperature response.
This section tests the operational claim: does PRI predict how stable the attention mechanism is
under perturbation?

The operational hypothesis, motivated by classical Markov chain perturbation theory (Cho & Meyer,
2001), is: ‖𝜋𝐴 − 𝜋𝐵‖1 ≤ 𝐶 ⋅ SR ⋅ ‖𝐴 − 𝐵‖∞, where 𝜋𝐴 is the stationary distribution of attention
matrix 𝐴, SR = 1 − PRI, 𝐵 is a perturbed version, and 𝐶 is a chain-dependent constant. This
is not the statement of Theorem 52 (which establishes algebraic sensitivity ordering); rather, it
is an empirical bound we test below. The operational meaning: high-PRI heads maintain stable
attention allocation under noise; low-PRI heads are fragile.

Design. We extracted attention matrices from all 12 layers × 12 heads of GPT-2 across 12 diverse
prompts (science, literature, finance, mathematics). For each of the 1,728 attention heads, we
perturbed the attention logits by adding uniform noise 𝒰(−𝜀, 𝜀) for 𝜀 ∈ {0.01, 0.05, 0.1, 0.2, 0.5, 1.0},
re-applied softmax, and measured: (a) the actual stationary distribution shift ‖𝜋𝐴−𝜋𝐴′‖1 via power
iteration, (b) the theoretical bound 2 ⋅ SR ⋅ ‖𝐴 − 𝐴′‖∞, and (c) whether the bound holds. Each of
the 1,728×6 = 10,368 configurations was repeated 10 times with different noise seeds and averaged.
Total: 10,368 configuration-level measurements (103,680 individual perturbation trials).

Result 1: The bound holds. Theorem 52’s bound was satisfied in 10,300 of 10,368 measure-
ments (99.3%). The 68 violations occurred exclusively in early layers (𝐿0–𝐿1) at large perturbation
(𝜀 = 1.0), where attention matrices are furthest from doubly stochastic — the regime where the
theorem’s row-stochastic relaxation is weakest. The bound is conservative: average tightness is
$�$2%, meaning the actual shift is $�50×$ smaller than the worst-case guarantee.

Result 2: PRI predicts stability. At 𝜀 = 0.1:

PRI quintile PRI range Avg. shift ‖𝜋𝐴 − 𝜋𝐴′‖1

Bottom 20% [0.00, 0.61] 0.00223
Low [0.61, 0.73] < 10−6

Mid [0.73, 0.80] < 10−6

High [0.80, 0.85] < 10−6

Top 20% [0.85, 0.93] < 10−6

Heads in the bottom PRI quintile (early layers, diffuse attention) shift measurably; all other heads
are essentially invariant. The Pearson correlation between SR and perturbation shift across all
10,368 configurations (pooled over all 𝜀 levels) is 𝑟 = 0.52 (𝑝 < 10−100), and a linear fit gives shift
≈ 0.0074 ⋅ SR − 0.0017 (𝑅2 = 0.27). The correlation is driven primarily by the large-𝜀 regime
(𝜀 ≥ 0.2); at small 𝜀, most shifts are below numerical precision.

Result 3: Layer progression is monotonic. Average PRI increases from 𝐿0 (0.36) to 𝐿7 (0.83),
with perturbation sensitivity decreasing in lockstep: 𝐿0 shifts by 0.0038, layers 𝐿2–𝐿10 shift by
< 10−6, and 𝐿11 shows a slight reversal (PRI = 0.70, shift = 0.0008) — consistent with the layer-11
anomaly observed in §13.1.
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Interpretation. This experiment validates PRI’s operational meaning: it is a directly measurable
predictor of attention stability under perturbation. The bound (Theorem 52) holds empirically, is
conservative, and the relationship between SR and instability is statistically overwhelming (𝑝 <
10−100). What PRI measures — attention structure resilience — is confirmed. What PRI does
not yet measure is output correctness: the link from attention stability to answer quality requires
calibration on downstream tasks with frontier models, which is future work (§15).

14. Proof Architecture
All 56 narrative theorems (plus 46 supporting lemmas, 102 proof targets total) are verified in an
in-house proof checker that exports to Lean 4 for external verification.

Part Theorems Key results
1. Attention
spectral structure

T1–T5 Weight bounds, effective rank bounds,
concentration

2. Grounding
theory

T6–T10 Grounding ratio, spectral gap connection,
monotonicity

3. Hallucination
theory

T11–T15 Risk bounds, monotonicity, signal-noise
decomposition

4. Interpretability
via 𝜌

T16–T20 𝑁 ∗ theory, polysemantic/monosemantic
phase transition

5. Bridges T21–T23 Convergence-grounding duality, safety
extension, triple guarantee

6. Operational T24–T28 Fundamental inequality, temperature,
context, tradeoffs, depth

7. Multi-head
composition

T29–T32 Convex bounds on grounding and risk,
focused head improvement

8. Layer
propagation

T33–T37 Grounding composition, contraction
compounds, depth tightens

9. Temperature/-
softmax

T38–T39 Concentration from temperature, safe
operating envelope

10. Training
dynamics

T40–T42 Grounding improves, risk decreases,
grokking = phase transition

11. Throughput /
comprehension

T43–T45 Effective rank bounds, throughput proxy,
comprehension conditions

12. Perturbation
Resilience Index

T46–T56 PRI definition, bounds, monotonicity, SR,
perturbation bound

Trusted facts: 2. No sorry statements. Two structural facts (log positivity for 𝜌 > 1: ln(1/𝜀) > 0
and ln(𝜌) > 0) are trusted by the kernel for T16–T17. All other proof obligations are discharged
without external assumptions. Of the 56 narrative theorems, approximately 15 establish non-trivial
structural bridges (T8, T20, T21, T24, T42, T46–T51); the remainder are supporting lemmas,
bound calculations, and monotonicity results. Some theorems (T23, T43, T44, T45) are lighter
than their prose descriptions suggest — the kernel verifies the stated algebraic implications under
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explicit hypotheses, while the broader conceptual claims they illustrate are organizing narrative,
not single-theorem results.

Verification summary: 56/56 narrative theorems proved. The proof file contains 102 total prove
targets (56 narrative + 46 supporting lemmas), all passing. Two structural facts trusted. Theorem
numbers in the text (T1–T56) match comment labels in the proof file; the main text presents a
curated subset of the full 102.

15. Limitations and Future Work
Limitations: 1. The multi-head composition theorems (Section 6) assume a convex combination
model. Real multi-head attention uses learned projection matrices 𝑊𝑂 that can create non-convex
interactions. 2. The 𝐺 ≥ 1 + 𝛾 bound (Theorem 8) and PRI motivation require doubly stochastic
attention. Real attention matrices are row-stochastic but not necessarily doubly stochastic; the
strengthening holds approximately for near-doubly-stochastic matrices. 3. The concept decom-
position (Section 11) identifies eigenvector components but does not automatically name them —
token overlap provides heuristic labels, not semantic interpretation. The “concept” framing is sug-
gestive; stability across prompts and comparison to probing-based methods are needed. 4. The
interpretability theory addresses decomposition complexity, not semantic interpretation. Knowing
𝑁 ∗ = 5 means 5 components suffice, but does not name those components. 5. We do not compare
PRI to empirical interpretability metrics (attention entropy, attention rollout, logit lens, prob-
ing classifiers, gradient-based saliency). The spectral metrics provide machine-verified guarantees
about attention structure, while empirical metrics measure output behavior. A systematic compar-
ison is needed before deployment to show when PRI adds predictive power. 6. The perturbation
experiment (§13.6) validates that PRI predicts attention stability (𝑟 = 0.52, 𝑝 < 10−100). The
gap from attention stability to output correctness remains open: a stable attention pattern could
attend to the wrong tokens. Calibrating PRI against downstream task accuracy on frontier models
is needed.

Future directions: 1. PRI-to-correctness calibration on frontier models: The perturbation
experiment (§13.6) confirms PRI measures attention stability. The next step is to measure PRI on
GPT-4, Claude, and Llama-3 across safety-critical tasks (TruthfulQA, HaluEval) and test whether
attention stability predicts output correctness — and if so, at what threshold. 2. Calibrated
hallucination prediction: Given a distribution over inputs, calibrate SR = 1 − PRI against
observed hallucination rates to derive Pr[hallucination] ≤ 𝑓(SR). 3. Spectral concept tracking:
Monitor concept evolution during fine-tuning — does RLHF sharpen or diffuse the eigenvector
concept hierarchy? 4. Regulatory applicability: Evaluate PRI as a candidate metric for risk
documentation under the EU AI Act and NIST AI Safety Framework — contingent on external
calibration (direction 1). 5. Automated concept labeling: Combine eigenvector components
with dictionary learning (sparse autoencoders) to automatically label the spectral decomposition.

AI Disclosure
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pendently verified in a formal proof system (exported to Lean 4). The author takes full responsibility
for the correctness of all claims.
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