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Abstract
We apply the Latent framework to the gene regulatory network (GRN) inference problem — recon-
structing the regulatory interaction matrix 𝑊 from gene expression data. The key insight is that
the steady-state covariance matrix Σ satisfies a Lyapunov equation whose eigenstructure mirrors
the regulatory dynamics (under the symmetric linearization discussed below), establishing that
inference is fundamentally a spectral problem. We record fifty machine-checked lemmas in a com-
panion proof script maintained with this manuscript, covering stability, sensitivity, stochastic gene
expression, the Latent bridge, covariance spectral structure, sample-complexity scalings, network
reconstruction, and cross-domain universality. Numerical validation on three synthetic GRN ar-
chitectures (random sparse, hub-dominated, cascade) confirms the predicted trends across twelve
test categories. The central compression diagnostic is 𝑁 ∗ = ⌈log(1/𝜀)/ log 𝜌⌉, where 𝜌 is the Latent
Number of the regulatory dynamics; relative to naive dense scaling 𝑂(𝑁2) in the entries of 𝑊 ,
recoverable degrees of freedom scale as 𝑂(𝑁 ∗2) when the effective rank is 𝑁 ∗. For hub-dominated
networks (𝜌 = 1.52), this gives 𝑁 ∗/𝑁 = 83% at 90% explained variance; near bifurcation (𝛾 → 𝜇1),
𝜌 → ∞ and a single mode dominates.

Keywords: gene regulatory networks, network inference, Latent Number, spectral gap, sample
complexity, covariance structure

1. Introduction
1.1 The GRN Inference Problem
Gene regulatory networks control cellular behavior through complex interaction patterns among
thousands of genes. Inferring these interactions from expression data is one of the central inverse
problems in systems biology. The challenge: with 𝑁 ∼ 20,000 genes, the interaction matrix 𝑊 has
𝑁2 = 4 × 108 parameters, while typical experiments provide hundreds to thousands of expression
samples.

1.2 The Latent Perspective
The Latent framework provides a structural explanation for why GRN inference is tractable despite
the curse of dimensionality. The linearized GRN dynamics 𝑑𝑥/𝑑𝑡 = (𝑊 − 𝛾𝐼)𝑥 have a spectral gap
𝛼 = 𝛾 − 𝜇1 that governs:
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1. Stability: convergence rate ∼ 𝑒−𝛼𝑡

2. Noise: steady-state variance 𝜎2
𝑠𝑠 = 𝜎2

𝑖𝑛/(2𝛼) (Ornstein-Uhlenbeck)
3. Sensitivity: response bound ‖𝜕𝑥∗/𝜕𝑢‖ ≤ 1/𝛼
4. Inference: the Latent Number 𝜌 = 𝛾/𝜇1 compresses the effective parameter space

1.3 Contributions
1. Fifty verified lemmas in eight groups, extending the existing 22-lemma GRN stability block

with twenty-eight lemmas on inference, sample complexity, and network reconstruction (all
conditional on the stated linear OU hypotheses in the companion script).

2. Lyapunov spectral correspondence (Section 3): for symmetric 𝑊 , covariance eigenvalues
satisfy 𝜆Σ,𝑘 = 𝜎2

𝑖𝑛/(2(𝛾 −𝜇𝑘)), aligning Σ with the dynamical spectrum and motivating PCA-
based spectral inference.

3. Sample complexity reduction (Section 4): from naive 𝑂(𝑁2) parameter-count scaling to
𝑂(𝑁 ∗2) when recovery is limited to 𝑁 ∗ effective modes.

4. Numerical validation on 3 GRN architectures, 12/12 tests passing.

2. Mathematical Framework
2.1 GRN Linear Model
A gene regulatory network with 𝑁 genes, interaction matrix 𝑊 ∈ ℝ𝑁×𝑁 , and uniform degradation
rate 𝛾 > 0:

𝑑𝑥
𝑑𝑡 = (𝑊 − 𝛾𝐼)𝑥 + 𝜎𝑖𝑛 ⋅ 𝜉(𝑡)

where 𝜉(𝑡) is white noise. Stability requires 𝛾 > 𝜇1, where 𝜇1 = 𝜆max(𝑊).

2.2 Spectral Gap and Latent Number
The spectral gap 𝛼 = 𝛾 − 𝜇1 > 0 controls all dynamical properties. The Latent Number:

𝜌 = 𝛾
𝜇1

> 1 (when 𝜇1 > 0)

The effective dimension for inference:

𝑁 ∗ = ⌈ log(1/𝜀)
log 𝜌 ⌉

2.3 Lyapunov Equation
The steady-state covariance Σ satisfies:

(𝑊 − 𝛾𝐼)Σ + Σ(𝑊 − 𝛾𝐼)𝑇 = −𝜎2
𝑖𝑛𝐼
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For symmetric 𝑊 , this yields 𝜆Σ,𝑘 = 𝜎2
𝑖𝑛/(2(𝛾 − 𝜇𝑘)), where 𝜇𝑘 are eigenvalues of 𝑊 . For non-

symmetric 𝑊 , covariance eigenvectors need not align with eigenvectors of 𝑊 ; the symmetric case
is the clean spectral regime used throughout Sections 3–4.

3. Covariance Spectral Structure (Theorems 23-30)
3.1 Key Results
Theorem 24 (Dominant covariance largest). If 𝛼 < 𝛾 − 𝜇𝑘 (mode 𝑘 decays faster than mode
1), then 𝜆Σ,1 > 𝜆Σ,𝑘.

The most slowly decaying dynamical mode produces the largest covariance eigenvalue — this is the
Lyapunov mirror.

Theorem 25 (Covariance ratio = inverse gap ratio). 𝜆Σ,1 ⋅ 𝛼 = 𝜆Σ,𝑘 ⋅ (𝛾 − 𝜇𝑘).
This identity is the mathematical foundation of spectral inference: measuring covariance ratios
directly reveals gap ratios.

Theorem 27 (Covariance Latent Number). If 𝛼 < 𝛾 − 𝜇2, then 𝜆Σ,1/𝜆Σ,2 > 1: the covariance
has a Latent Number greater than 1.

The covariance inherits the spectral structure of the dynamics, enabling Latent compression of the
inference problem.

3.2 Spectral Correspondence Table

Dynamics Covariance Inference implication
𝜇1 (dominant eigenvalue) 𝜆Σ,1 (largest variance) Dominant regulatory mode

identifiable from PCA
𝛼 (spectral gap) 𝜆Σ,1/𝜆Σ,2 Larger gap → cleaner PCA

separation
𝛾 − 𝜇𝑘 (mode-𝑘 gap) 𝜆Σ,𝑘 (mode-𝑘 variance) Smaller gap → larger 𝜆Σ,𝑘

(more PCA energy along that
direction)

4. Sample Complexity (Theorems 31-38)
4.1 Fisher Information
The Fisher information per expression sample is:

ℐ1 = 2𝛼
𝜎2

𝑖𝑛

Theorem 32 (Gap improves Fisher). More spectral gap → more information per sample. This
is the fundamental reason why stable networks are easier to infer.
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4.2 Sample Complexity Reduction
Theorem 34 (Latent reduces samples). If 𝑁 ∗ < 𝑁 , then the sample complexity drops from
𝑂(𝑁2) to 𝑂(𝑁 ∗2):

𝑁2

𝑁 ∗2 = ( 𝑁
𝑁 ∗ )

2

Theorem 36 (Spectral thresholding). Below a declared noise floor, empirical covariance eigen-
values cannot be separated from noise; the count of eigenvalues above that floor (effective rank)
bounds the resolution of any spectral truncation estimator. In finite samples, a common heuristic
floor scales like 𝜎2

𝑠𝑠/√𝑛, while the formal lemmas treat the floor as an abstract positive parameter.

5. Network Reconstruction (Theorems 39-46)
5.1 Identifiability
Theorem 39 (Identifiability from 𝜌). When 𝜌 > 1, the sensitivity 1/𝛼 is finite; in the symmetric
linearization, the leading eigenvectors of Σ align with the dominant modes of 𝑊 and therefore
support PCA-based recovery of the strongest regulatory directions.

5.2 Sparse Recovery
Theorem 40 (Sparse recovery compression). For networks with 𝑠 non-zero entries per row,
the Latent framework reduces the sample requirement from 𝑛 > 𝑠 ⋅ log 𝑁 to 𝑛 > 𝑠 ⋅ log 𝑁 ∗.

5.3 Hub Detection
Theorem 43 (Hub detected first). Genes with higher covariance (more connections, larger
‖𝑊∶,𝑗‖) produce larger covariance eigenvalues and are detected first in PCA.

6. Numerical Validation
6.1 Test Networks

Network 𝑁 Architecture 𝛼 𝜌
Random sparse 50 10% connectivity,

random weights
1.36 1.09

Hub-dominated 30 3 master
regulators, 70%
targets each

1.62 1.52

Cascade 20 Linear chain i →
i+1

2.80 1.03

6.2 Latent Compression (90% explained variance)
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Network 𝜌 𝑁 ∗ 𝑁 𝑁 ∗/𝑁 Σ1/total
Random sparse 1.09 42 50 84% 4.8%
Hub-dominated 1.52 25 30 83% 17.7%
Cascade 1.03 18 20 90% 7.5%
Mean 1.21 28 33 86% 10.0%

6.3 Sample Complexity (Random Sparse)

𝑛 samples Relative error ‖Σ̂ − Σ‖/‖Σ‖
50 1.947
100 1.417
200 1.016
500 0.661
1000 0.430

Error scales as ∼ 1/√𝑛, confirming Theorem 33.

6.4 Hub Detection
For the hub-dominated network: - Hub genes’ mean ‖𝑊‖col = 4.73 vs. non-hub mean = 0.20 - Hub
genes are in the top 6 by interaction strength (3/3 detected) - Confirms Theorem 43: hubs have
disproportionate regulatory influence

6.5 Phase Transition (𝛾 sweep)

𝛾 𝛼 𝜌 Total variance Phase
0.55 0.01 10.73 67.5 Near-bifurcation (dominant mode)
1.27 0.72 1.01 2.2 Weak compression
2.69 2.15 1.03 0.9 Stable, low variance
5.54 5.00 1.02 0.4 Strongly stable

Near bifurcation (𝛾 → 𝜇1): 𝜌 → ∞, a single mode dominates (total variance = 67.5, concentrated
in 𝜆Σ,1). This is the regime where Latent compression is maximal — but also where the system is
least stable and most sensitive to perturbation.

6.6 Validation Summary

Test Result Pass
Covariance spectral structure 3/3 systems �
Latent compression (𝜌 > 1, 𝑁 ∗/𝑁 < 1) 3/3 systems �
Sample complexity monotone decrease 1.95 → 0.43 �
Hub detection (W col-norm) hub = 4.73 > 0.20 �
Phase transition (� sweep) 𝜌 ∶ 10.7 → 1.0 �
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Test Result Pass
Network reconstruction 2/2 networks �
Fisher information positive ℐ = 10.89 �
Total 12/12

7. Cross-Domain Universality
7.1 The Same Formula Everywhere

Domain System 𝜌 𝑁 ∗/𝑁 What 𝜌 controls
Protein folding Fokker-Planck 1.5–10 9.2% Folding speed

vs. conforma-
tional dimension
(see Nagy 2026,
protein-folding
manuscript)

Morphogenesis Reaction-
diffusion

1.15–1.80 34% Pattern selection
and clarity (see
Nagy 2026,
morphogenesis
manuscript)

GRN inference Ornstein-
Uhlenbeck

1.03–1.52 86% Sample
complexity for
network
reconstruction
(this paper)

The formula 𝑁 ∗ = ⌈log(1/𝜀)/ log 𝜌⌉ is reused across these domains in the Latent program (Theorems
47–48 in the companion script). The domain enters only through the spectral structure that
determines 𝜌.

7.2 Drug Target Implication (Theorem 49)
Boosting degradation rate 𝛾 (e.g., via targeted degraders/PROTACs): - Increases 𝜌 = 𝛾/𝜇1 -
Reduces 𝑁 ∗ - Requires fewer expression samples for accurate network inference

This creates a dual benefit: drug-treated cells are both more stable (larger 𝛼) and easier to charac-
terize (lower 𝑁 ∗).

8. Discussion and Conclusion
The Latent framework reveals that GRN inference is governed by the same spectral quantity —
the Latent Number 𝜌 — that controls protein folding speed and morphogenetic pattern selection in
companion work. The fifty lemmas in the companion proof script establish a chain of inequalities
and scaling laws for covariance structure, sample complexity, reconstruction accuracy, and hub
diagnostics, all keyed to 𝛼 and 𝜌 under the stated linear OU hypotheses.
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The practical implication: for networks with strong hub structure (𝜌 > 1.5), PCA-based methods
can achieve significant dimensionality reduction for inference. Near bifurcation (𝜌 ≫ 1), a single
principal component captures the dominant regulatory mode — but this is also the regime of
maximal noise sensitivity.

Future work: validation on real scRNA-seq datasets (e.g., BEELINE benchmark), extension to
time-series inference, and connection to causal discovery methods.

During the preparation of this work the author used large language models to assist with manuscript
drafting, literature search, and coding. After using these tools, the author reviewed and edited the
content as needed and takes full responsibility for the content of the article.
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