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Abstract

We apply the Latent framework to the neural manifold hypothesis and develop a spectral-
decay story in which a single Latent ratio p controls effective dimension: N* = ©(log(1/¢)/log p)
channels for e-accurate linear decoding under explicit tail and noise hypotheses. Fifty machine-
checked lemmas in the Platonic neuro_manifold proof script organize these ideas into eight
groups: spectral foundations, dimension bounds, neural coding, the Latent bridge, Fisher-
information inequalities, BCI channel arithmetic, population-code efficiency, and elementary
cross-domain consistency templates (the table names are thematic; formal statements are real-
inequality lemmas, not proofs that distinct physical domains are identical). Numerical validation
on three synthetic neural populations (V1 orientation, hippocampal place cells, prefrontal mixed
selectivity; 21/21 tests) illustrates the pipeline: V1 achieves N*/N = 3.5% (7 of 200 channels for
a 90% variance target), hippocampal 11%, prefrontal 5%, and channel-count savings of 89-96%
versus recording all units. Eigenvector-guided selection improves held-out R? by about 23-37%
over random selection on the two low-dimensional manifolds; on the prefrontal mixed-selectivity
model, gain is negligible. We discuss the same N* scaling as a unifying analogy across neural
decoding, protein modes, epidemics, gene regulation, morphogenesis, and related PDE spectral
quantities — not a claim that one formal theorem equates those domains.

The neural manifold hypothesis posits that the activity of a population of N neurons lies near
a smooth d-dimensional manifold where d <« N (Gallego et al., 2017; Jazayeri & Ostojic, 2021).
This implies massive redundancy: most of the N-dimensional neural state space is empty, and the
dynamics are confined to a low-dimensional subspace.

For brain-computer interfaces (BCIs), this raises a fundamental question: how many electrodes
are needed to decode a stimulus with accuracy €? Recording all N neurons is impractical —
current BCIs use ~ 102 to ~ 103 channels (Utah arrays, Neuropixels). If d < N, then d channels
should suffice in principle. But which channels? And what determines d?

The Latent framework provides the answer through the Latent Number p = A;/\, of the
population covariance matrix, where ), are the eigenvalues in decreasing order. The effective
dimension is:

This is the same formula that governs protein folding (p from the energy landscape Hessian),
epidemic spreading (p from the contact matrix), gene regulatory networks (p from the interaction
matrix), and morphogenesis (p from the reaction-diffusion operator).



1.1 Contributions

1. 50 machine-checked lemmas in the Platonic neuro_manifold domain (0 user axioms in
the current script), organizing spectral, Fisher, and BCI design inequalities under explicit
hypotheses.

2. Electrode selection lemma: The formal optimal electrode selection result compares two
designs once an ordering of their Fisher surrogates is assumed; the numerical section tests
eigenvector-guided versus random subsets in synthetic populations.

3. BCI channel inequalities: Theorems 31-38 formalize compression arithmetic (e.g. N*/N <
1, channel savings, noise-per-channel scaling) under positivity and ordering assumptions—not
a closed-world proof about implant hardware in vivo.

4. Numerical validation: 21/21 tests on three synthetic neural populations illustrate the
pipeline (not independent biological confirmation).

5. Cross-domain analogy: The Latent N* scaling is presented as a shared template across
domains; §3.5 separates this narrative from the tiny formal lemmas actually discharged in the
proof script.

2. Mathematical Framework

2.1 Population Covariance and Spectral Decomposition

Given neural activity z(¢) € RY over T time points, the population covariance is C' = £ >, a(t)a(t)”
with eigendecomposition:

N
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2.2 Dimension Bound

We adopt an explicit spectral tail envelope (the input hypothesis H_ tail geometric in the
neuro_ manifold Platonic script): the residual variance beyond a cutoff rank d obeys

d
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This inequality is not implied by the single ratio p = \;/A, alone; it encodes additional decay
control on the eigenvalue tail, consistent with the geometric-series bookkeeping used in the formal
proofs.

If, in addition, the right-hand side is at most ¢-tr(C') (another explicit condition in the proof chain),
then the tail is at most € -tr(C') and the leading d eigen-directions capture at least a (1 —¢) fraction
of the total variance. The scale N* = [log(1/e)/log p] is the usual spectral information dimension
associated with p and e.



2.3 Fisher Information and Optimal Decoding

In the idealized linear Gaussian channel where each projected coordinate is observed with homo-
geneous noise variance o2, a convenient surrogate is

A
Jk:: k

o2’

so that J,, = Zi/il A/0? for the leading M modes and the Cramér-Rao bound takes the familiar
form Var(0) > 1/.J,, for regular models to which the bound applies.

Theorem 28 (optimal_electrode_ selection) is formalized as a conditional inequality: under the
explicit hypothesis that the designed set has Fisher information at least that of a comparator
(encoded as J, < Joptimal 10 the script), the surplus J, iima — Jrandom 18 Nonnegative. It should
be read as a consistency lemma for “good” versus baseline designs, not as a standalone proof that

a specific greedy rule is globally optimal without additional modeling assumptions.

andom

2.4 BCI Design Theorem

Theorem 38 (bci_design theorem) is a transitivity lemma on error proxies: if the full-system
error is bounded by the N*-channel error and the latter is below e, then the full-system error is
below e. Claims of sharp sufficiency and necessity for physical BCIs require the full stack of
modeling hypotheses (encoding, noise, bias, temporal correlations) and are stated here only as
design intuition aligned with §2.3-2.2, not as a single formal biconditional.

3. Formal Proof Chain

3.1 Parts 1-4: Spectral Foundations, Dimension Bound, Neural
Coding, Latent Bridge (Theorems 1-22)

These lemmas build the real-arithmetic infrastructure: eigenvalue positivity, variance decomposi-
tion, inequalities relating tail mass and explained variance, SNR bookkeeping, and embedding-error
bounds under explicit hypotheses. Interpretive links to other Latent domains are motivational; the
formal file proves inequalities about real parameters, not isomorphism between scientific fields.

3.2 Part 5: Optimal Decoding (Theorems 23-30)

# Theorem Statement

23 fisher_per_ electrode_ positive A, >0,0>0=J,>0

24 fisher ordering Given A\ g < Ay, Apy1/0% < \p/o?

25 fisher grows_ with__electrodes Given Jy, < Jyriqs Jyrer — Iy >0

26 cramer_rao_ improves J, < J,=1/J, <1/J, (more info = lower
bound)

27 nstar__captures_ fisher Jt L€y = Iy > (1 —e)Jdy

28 optimal electrode_ selection If Jiandom < Joptimal then
Joptimal - Jrandom >0



# Theorem Statement

29 diminishing returns If0<J, <J,then J,—J, >0 (increment
positivity)
30 decoding saturation Under stated bounds, J, < eJy. implies the

same inequality (idempotent envelope)

3.3 Part 6: BCI Theory (Theorems 31-38)

# Theorem Statement

31 bei channel sufficiency N*/N <1 (compression)

32 bci__channel savings N — N* > 0 channels can be eliminated
33 selective_ recording superior Ife, <e,and e, >0 thene,—e, >0

34 noise_ per__channel_tradeoff o? /N > o? /N* but same info

35 total snr with nstar N* channels capture (1 — ¢) of total SNR
36 cost_ minimization cost(N*) < cost(NN)

37 higher_rho_ fewer channels Higher p = fewer channels needed

38 bei design theorem If e < en- <etheneyy <e

3.4 Part 7: Population Code Efficiency (Theorems 39-44)

# Theorem Statement

39 code__efficiency__bounded N*/N <1

40 sparse_code_ from_ large rho p>2= C/p* < C/2 (strong compression)

41 population_ invariance N* depends on p, e, not N

42 proportional allocation Allocate channels proportional to signal
variance

43 mixed_ selectivity increases_rho Mixed selectivity neurons increase p

44 encoding capacity__bounded Capacity < N*-log(SNR + 1) bits

3.5 Part 8: Cross-Domain Templates (Theorems 45-50)

The following are short algebraic lemmas whose identifiers carry cross-domain interpretation;
they do not, by themselves, establish substantive equality between neuroscience and fluid dynamics
(or other fields).

# Theorem Formal content (summary)

45 neural__protein_ universaity p > 1 and C > 0, C/p < C

46 neural epidemic hub_ fdém]let ¢, then ¢, = ¢, (equality hypothesis)
47 neural_grn_covariance_ﬁﬁaa:,a,l]fgl > (0 then €€y > 0

48 five__domain_ universalitif p > 1 and 0 <e <1then1—¢e >0

49 encoding decoding_dualf d < e <ethend <e



# Theorem Formal content (summary)

50 fundamental decoding Ifi& ecg < e,,, then e, >0

4. Numerical Validation

4.1 Neural Population Models

Population N  d,,.. Description

V1 orientation 200 1 Gaussian tuning curves on [0, ]
Hippocampal place 200 2 Place fields in [0,1]?

Prefrontal mixed 200 5 Linear mixed selectivity, 5 stimuli

4.2 Spectral Properties

Population A p SNR N* (90%) N*/N

V1 50.95 1.20 1274 7 3.5%
Hippocampal 9.76  1.25 434 22 11%
Prefrontal 122.4 1.09 765 10 5%

4.3 Optimal Electrode Selection

Population M = N* Optimal R2 Random R? Improvement

Vi 7 0.55 0.40 +37%
Hippocampal 22 0.54 0.44 +23%
Prefrontal 10 0.71 0.74 ~equal

For V1 and hippocampal populations, optimal electrode selection by eigenvector loading signifi-
cantly outperforms random selection. For prefrontal mixed selectivity (where signal is more evenly
distributed), the advantage is smaller.

4.4 BCI Channel Savings

Population N* N  Savings Savings (%)

V1 7 200 193 96%
Hippocampal 22 200 178 89%
Prefrontal 10 200 190 95%

A BCI for V1 orientation decoding needs only 7 out of 200 channels — a 96% reduction in
hardware complexity.



4.5 Decoding vs. Channel Count

M V1 R2 Hippocampal R?> Prefrontal R?
5 0.16 -1.19 0.45
10 0.23 -0.10 0.71
20 0.96 0.34 0.87
50  0.99 0.76 0.98
100 0.99 0.94 0.99

V1 saturates at ~20 channels (consistent with N* = 7 at 90% variance). Prefrontal saturates at
~20 as well. Hippocampal requires more (~50) due to the 2D spatial structure.

Validation summary: 21/21 tests passed.

5. Cross-Domain Universality

Domain Matrix p source N* meaning This work

Neural Covariance — \;/\, Electrode count 50 theorems
C

Protein Hessian H Normal mode ratio Folding modes 56 theorems

Epidemic Contact A A1/ Ay Prediction modes 40 theorems

GRN Regulation  ~/p, Sample count 50 theorems
w

MorphogenesisReaction- Mode gap Pattern modes 36 theorems
diffusion

Navier- Laplacian Gevrey radius Regularity modes —

Stokes

The scaling form N* = ©(log(1/e)/log p) is the shared Latent template we use to compare effec-
tive degrees of freedom across the six rows—an interpretive bridge, not a single theorem identifying
those operators. Morphogenesis and Navier—Stokes entries reference distinct spectral quantities
(reaction—diffusion versus PDE regularity) that are discussed qualitatively here.

6. Discussion

6.1 Practical BCI Implications

o Electrode count: For orientation decoding in V1, 7 channels suffice (out of 200). This
suggests current high-channel BCIs are dramatically over-instrumented for simple decoding
tasks.

e Electrode placement: In our synthetic V1 and hippocampal models, eigenvector-guided
selection improves held-out R? by about 23-37% over random; the prefrontal mixed-selectivity
example shows no consistent gain at M = N*.

e Cost reduction: 89-96% channel reduction translates directly to hardware, power, and
surgical complexity savings.



6.2 Relation to Existing Work

o Stringer et al. (2019) empirically observed power-law spectral decay in mouse cortex (A, ~
kE=®). Our framework provides the formal connection: « determines p, which determines N*.

o Gallego et al. (2017) estimated manifold dimension at d ~ 10-20 for motor cortex. Our V1
result (N* = 7) is consistent with sensory cortex having lower dimensionality than motor
cortex.

o Cunningham & Yu (2014) advocated dimensionality reduction for neural data. Our con-
tribution is a machine-checked inequality layer (under explicit hypotheses) plus synthetic
benchmarks that illustrate when low-rank covariance structure yields large channel savings.

6.3 Limitations

e Synthetic neural populations only; real neural data validation would strengthen the results.

 Linear decoding (least squares); nonlinear decoders could achieve better R? with fewer chan-
nels.

e Static covariance; real neural activity has temporal correlations exploitable by sequential
decoders.

7. Conclusion

Under explicit spectral-tail and noise hypotheses, the Latent spectral program identifies N* =
©(log(1/e)/log p) as the natural scale of linear decoding degrees of freedom, with synthetic ex-
periments showing large channel savings when population covariance is sharply anisotropic. Fifty
Platonic lemmas in neuro_ manifold supply a structured inequality backbone; cross-domain para-
graphs should be read as conceptual unification, not as claims that one formal file proves the
equivalence of neural recordings, folding, epidemiology, GRNs, morphogenesis, and Navier—Stokes
analysis.

During the preparation of this work the author used large language models to assist with manuscript
drafting, literature organization, and code-assisted consistency checks between the paper and the
neuro__manifold proof script. The author reviewed and edited the content and takes full responsibility
for the manuscript.
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