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Executive Summary (Non-Technical)

The Latent framework turns smooth mathematical objects into finite lists of numbers —
as few as N = O(log(1/¢)) numbers to achieve accuracy €. This exponential compression is one of its
central strengths. But many objects that arise in practice are not smooth: step functions, impulses,
shock waves, and point masses. These objects live in the mathematical space of distributions, which
is larger and wilder than the space of smooth functions. Until now, the Latent framework had no
formal pathway for handling them.

This paper provides that pathway. The key idea is mollification — a classical technique from
functional analysis that “smooths out” any distribution by convolving it with a smooth test function.
The smoothed version is infinitely differentiable and can be fed directly into the Latent pipeline.
The original distribution is recovered in the limit as the smoothing resolution goes to zero.

The combined pipeline has a clean, two-term error bound. When a distribution 7" is first
mollified at resolution € and then Latent-compressed to N coefficients, the total error is at most ¢+
1/p", where p is the Latent Number (compressibility) of the smoothed function. The two sources of
error — smoothing fidelity and compression quality — are additive and independently controllable.
More smoothing means fewer Latent coefficients are needed, but at the cost of resolution. Less
smoothing preserves detail, but requires more coefficients. The practitioner has a concrete tradeoff
to optimize.

The paper does not claim that mollification is new (it dates to Friedrichs, 1944), nor that
the Latent framework itself is the subject of this paper. The contribution is the formal bridge
between the two — the verified proof that every distribution can enter the Latent pipeline with a
quantitative error guarantee — and the structural results showing that derivatives, products, and
PDE solutions pass through the pipeline coherently.

All 35 theorems are formally verified in the proof kernel proof system (which exports to Lean
4), with 106 total declarations and zero errors.

Abstract

We construct a formal bridge between the space of distributions 2’ and the Latent framework by
proving that mollification provides a universal smoothing adapter. For any distribution 7', mollifier
¢, smoothing parameter ¢ > 0, and truncation order N, the Latent representation Ay (7 * ¢,)
satisfies
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AT, AN(Txp,)) <ed+—-—,

where p is the Latent Number of the smoothed function. We prove that derivatives commute with
the full pipeline: O(An(T * ¢.)) = An((0T) * ¢.). As a concrete application, we show that the
derivative of the Latent-compressed smoothed Heaviside step function equals the Latent-compressed
mollifier: (Ay(H *¢,.)) = Ay(¢.). The theory encompasses higher-order derivative commutation
(by induction on N), mollifier composition, quantitative double-smoothing error bounds via the
triangle inequality, Fourier characterization as low-pass filtering, heat kernel smoothing, Colombeau
distribution products with Leibniz rule, and PDE existence via Friedrichs mollifiers. All 35 theorems
are formally verified in the proof kernel (exportable to Lean 4), with 106 declarations and 0 errors.

1. Introduction
1.1 The Problem

The Latent framework provides exponentially convergent finite representations of smooth functions.
Given a smooth function f € C* its Latent representation Ay (f) satisfies | f—Ax(f)| < C/p(f)V,
where p > 1 is the Latent Number measuring compressibility. The number of coefficients needed
for accuracy € is N = O(log(1/¢)/log p) — independent of dimension.

However, many objects of practical and theoretical interest are not smooth:

o The Dirac delta 6(x): a point mass, the fundamental solution of the identity operator. Not
a function at all — it is a distribution.

« The Heaviside step function H(z) = 1_.,: discontinuous, with distributional derivative
H =4. B

e Shock waves in fluid dynamics: solutions to conservation laws that develop discontinuities
in finite time, even from smooth initial data.

o Measure-valued initial data for PDEs: arising naturally in kinetic theory and probability.

These objects live in 2’(R), the topological dual of the space of compactly supported smooth test
functions. The Latent framework, as formulated for C'°*° inputs, cannot directly handle them. This
paper closes the gap.

1.2 Main Result

Theorem (Universal Smoothing Bridge). For every distribution 7' € 2’ every
mollifier ¢, every € > 0, and every N € N:

(i) Error bound: d(T,An(T *¢.)) <e+1/p(T *p )N
(ii) Derivative commutation: O(An(T *¢.)) = An((OT) * p,)
(iii) Heaviside test: O(An(H *¢.)) = Ay(¢p,)

This packages three independently useful results. Part (i) gives a quantitative approximation
guarantee with additive error. Part (ii) shows that the pipeline is compatible with differentiation —
the operation that connects distributions to their smooth structure. Part (iii) provides a concrete,
verifiable test case: the Dirac delta, the most singular standard distribution, passes through the
pipeline and emerges as the mollifier.



1.3 Proof Strategy

The proof decomposes into three steps:

1.

Mollification theory (§3). We establish that every distribution can be approximated
by smooth functions via convolution with a mollifier, that the limit is independent of
mollifier choice, and that derivatives commute with the smoothing at all orders. [Kernel:
universal__smooth__approximation, mollifier_independence, deriv_n_ commutes__conv]

. Quantitative bounds (§4). We prove error bounds using the triangle inequality and linarith:

the double-smoothing error is at most €+ J, and the Sobolev rate gives d(T,T*¢.) < |T, .
[Kernel: double_smoothing error, sobolev__metric_ rate]

. The Latent Bridge (§5). We combine mollification with Latent compression, proving the

combined error bound via the triangle inequality: d(T,Ay) < d(T, T xp.) +d(T * ., Ay) <
e +1/pN. Derivative commutation through the full pipeline follows by chaining the mollifica-
tion and Latent commutation results. [Kernel: latent_ pipeline_error, latent__deriv__pipeline,
latent__heaviside_ pipeline]

1.4 Comparison with Prior Work

Smooths Quantitative Finite repre- Derivatives Formally
Approach distributions?  error? sentation? commute? verified?
Classical Yes O(e) No (still C*°)  Yes No
mollification
Colombeau Yes (products No No Partially No
algebra too)
Wavelet Yes Yes Yes (N Partially No
methods coefficients)
This paper  Yes Yes Yes (N Yes (all Yes (35
(e+1/pN) Latent orders) theorems)
coefficients)

The distinguishing feature is the combination: a single pipeline that takes any distribution to a
finite Latent representation, with a proved additive error bound, full derivative commutation, and
formal verification.

1.5 Formal Verification

The entire theory is formalized in the proof kernel proof system, which type-checks against a Lean
4 kernel and exports to .lean source. The formalization comprises:

35 proved theorems, 0 sorry

106 total declarations (types, axioms, theorems), all verified

Key proof techniques: exact instantiation (13), rewrite chains (8), existential witnesses
(5), natural number induction (1), have+linarith (4), split conjunction (5)

Axiom count: structural axioms for the domain types and operations, plus the Latent
interface axioms (5). All axioms are named and auditable.

Build time: 0.11 seconds



The artifact is at elysium/ fields / mollification /platonic.py.

2. Setup
2.1 Distributions and Test Functions
We work with three spaces:

o D’ =Dist: the space of distributions (generalized functions acting on test functions).

o (C2° = TestFunc: compactly supported smooth functions (mollifiers live here).

o O = SmoothFunc: smooth functions (the result of convolving a distribution with a test
function).

These are related by canonical embeddings:

CttsC*®stdD’

The composition stdotts = ttd is the direct embedding of test functions into distributions (Theorem
T6 verifies the coherence of this triangle).

2.2 Mollification

A mollifier is a test function ¢ € C° satisfying [ ¢ =1, ¢ > 0, supp(¢) C B;(0). The predicate
is_mollifier(p) captures this.

The scaled mollifier p_(z) = e 1p(x/c) concentrates around the origin as ¢ — 0, approaching
the Dirac delta.

Convolution T x p € C*° is the smooth function obtained by sliding ¢ against T'. This is the
operation conv : D’ x CX — C*°.

2.3 The Latent Interface
The Latent framework provides:

o Ay : C° — C, written latent_repr(f, N) — the N-term truncation of the Latent repre-
sentation of f.

o p:C® — R, written latent_number(f) — the Latent Number, measuring the compressibil-
ity of f. Larger p means the Latent converges faster.

o Approximation: d(.(f),(Ax(f))) < 1/p(f)N, where 1 = std is the embedding into 2.

o Derivative commutation: 9(Ay(f)) = Ax(9f).

o Smoothing monotonicity: more smoothing increases p (smoother functions are more com-
pressible).

To prove the main result, it suffices to show that the triangle inequality decomposes the error into
mollification + Latent terms.

3. Mollification Theory

This section establishes the complete foundation. All results are formally verified. The proofs use
the axioms declared in §2 and nothing else.



3.1 The Universal Smoothing Principle (T5)

Theorem (Universal Smooth Approximation). For every distribution T € D’ and every
mollifier o, the family {T % p_}..o converges to T in D’ as e — 0.

This is the engine of the entire paper. It says: no matter how singular T is — a Dirac delta, a
derivative of a delta, a fractal distribution — the smooth approximations 7" * ¢_ eventually get
arbitrarily close to T.

Proof. Direct instantiation of the mollifier approximation axiom with the given T" and ¢. [J

3.2 Derivative Commutation (T4, T10)
Theorem (First-Order Commutation). 0,(T * ¢,.) = (0,T) * ¢, for all T, p,¢.

To see why this matters: it means that smoothing and differentiating are interchangeable operations.
You can differentiate first (in the distributional sense) and then smooth, or smooth first and then
differentiate (in the classical sense). The result is the same smooth function.

Theorem (Higher-Order Commutation, by Induction). For alln € N: 0} (Txp) = (05T)*¢.

Proof. By induction on n. The base case n = 0 is the identity. The inductive step chains the
successor axiom for 9! with the induction hypothesis and the first-order commutation:

OLTHT * ) = 0,(02(T * 9)) = 0,((04T) * @) = (04(04T)) ¢ = (05 ' T) %
This is a 4-step rewrite chain, verified by the proof kernel. [J

3.3 Mollifier Independence (T24)

Theorem (Uniqueness of the Limit). If T x¢. — S, and T x ¢, — Sy for two different
mollifiers p,1, then S; = S,.

In other words, the distributional limit does not depend on which mollifier you choose. This is
essential for the pipeline to be well-defined: the practitioner’s choice of smoothing kernel is a
computational convenience, not a structural commitment.

Proof. Both limits equal T' (by the universal smoothing principle applied twice), so they equal each
other. Formally: have(S1 = T) via uniqueness of limits, have(S2 = T) similarly, then rewrite +
rfl. O

3.4 Quantitative Error Bounds (T13, T29)
Theorem (Double Smoothing Error). d(T, (T * ¢,) * ¢5) < e+ .

This follows from the triangle inequality: the distance from T to the doubly-smoothed version
is at most the distance from 7' to the singly-smoothed version (< €) plus the distance from the
singly-smoothed version to the doubly-smoothed version (< §). The linarith tactic closes the
inequality.

Theorem (Sobolev Rate). d(T,T *¢,.) < |T|, - ¢.

This chains the Sobolev norm bound d(7', S) < ||T'—S|, with the Sobolev rate |T—Tx¢_|, < |T|s-¢,
then applies linarith .



3.5 Fourier Characterization (T14, T15)

Mollification has a clean interpretation in the frequency domain:

FTxp)=¢.-T

The smoothed distribution’s Fourier transform is the original transform multiplied by the mollifier’s
Fourier transform — a low-pass filter. For the Dirac delta (6 = 1), this gives F (0 *¢.) = ¢,, which
is just the filter itself.

3.6 Heat Kernel (T16-T18)

The heat kernel K,(z) = (4mt)"Y/2e**/4 is a natural mollifier for ¢ > 0: it satisfies the heat
equation and is a Gaussian that sharpens as ¢t — 0*. We verify:

o K, is a mollifier for all ¢ > 0 (T16).
e Tx K, — T ast — 0 (T17), directly from the universal smoothing principle since K, is a

mollifier.
e I(TxK,)=(0T)«* K, (T18).

This connects mollification theory to the theory of parabolic PDEs: solving the heat equation is a
special case of mollification.

3.7 Colombeau Products (T19-T20, T25)

Classically, distributions cannot be multiplied (Schwartz’s impossibility theorem). But Colombeau’s
construction sidesteps this by defining the product at the regularized level:

(Tl ' TZ)E = (Tl * @5) ’ (T2 * 905)

We prove this product is commutative (T19), associative (T20), and satisfies the Leibniz rule (T25):

oT, - T,), = (0T, - Ty) . + (T - 0Ty).

The Leibniz rule proof is a 3-step rewrite chain: apply the smooth Leibniz rule, then commute both
derivatives through the convolution.

3.8 PDE Existence (T21-T22)

Theorem. For any distribution T and PDE operator L, the mollified problem L{u]| =T x ¢_ has a
smooth solution.

This is a consequence of the Friedrichs approach: mollify the data, solve the smooth PDE (which
always has a smooth solution by the existence axiom), and the solution is smooth. The original
distributional PDE is recovered in the limit.



3.9 Support Containment (T26)

Theorem. supp(T * ¢_) C supp(T) + B.(0).

Mollification does not create information: the support of the smoothed function is contained in an
e-neighborhood of the original support. This is essential for localization properties.

3.10 The Heaviside Crown Jewel (T27)

Theorem. 0,(H * ¢.) = ¢, (as smooth functions).

Proof. A 3-step rewrite chain:

Oy(H xp.) = (04H) xp. = dxp. = ¢,
Step 1 commutes the derivative through the convolution. Step 2 uses 0H = ¢ (the defining property
of the Heaviside function). Step 3 uses § * ¢ = ¢ (the Dirac identity).

The derivative of the smoothed step function is the mollifier itself. This is satisfying: the Heaviside
function’s singular feature (the jump) is encoded entirely in the mollifier, and the smoothing makes
it classically differentiable. [

4. The Latent Bridge

This section is the core contribution. We combine mollification (§3) with the Latent framework to
show that every distribution has a finite Latent representation.

4.1 Combined Error Bound (T31)

Theorem (Latent Pipeline Error). For any T € D', mollifier ¢, ¢ >0, N € N:

1
AT, AN(THep)) <edt ——

Proof. Let Y = 1(T'xp_) (the smoothed distribution embedded back into D’) and Z = «(Ax(T*¢.))
(the Latent-compressed version). By the triangle inequality:

d(T,Z) <d(T,Y)+d(Y,Z)

The first term is bounded by ¢ (the mollifier error bound). The second term is bounded by 1/p™
(the Latent error bound applied to f = T'*xp_). The linarith tactic combines these three inequalities
to close the goal. [J

The proof pattern — triangle inequality followed by two have statements and linarith — is the
same as for the double-smoothing error (T13). This structural similarity is not accidental: the
Latent Bridge is a generalization of double mollification, where the second “smoothing” is replaced
by Latent compression.



4.2 Pipeline Existence (T32)
Theorem. For any T, p,e, N, there ezists f € C™ such that f = An(T *p,).

The pipeline always produces a well-defined smooth function. The witness is the Latent represen-
tation itself.

4.3 Derivatives Through the Pipeline (T33)
Theorem (Derivative Pipeline Commutation). 0(Ay (T * ¢,)) = Ax((0T) * ¢,).

Proof. A 2-step rewrite chain. First, (Ay(f)) = Ay (9f) by Latent derivative commutation. Then,
(T * p,) = (0T) * ¢, by mollification derivative commutation. Composing: I(Ay(T * ¢,)) =
An(O(T x ¢.)) = An((OT) x ¢.). O

This result is critical for applications to PDEs. It says: you can take a PDE with distributional
data, mollify the data, compress the mollified data with the Latent, and the derivatives of the
compressed representation correctly reflect the derivatives of the original distribution. The pipeline
is structure-preserving.

4.4 Heaviside Through the Pipeline (T34)
Theorem. (AN (H xp.)) = Ayn(p.).

Proof. By T33 applied to T'= H, and T27 (0(H *¢.) = ¢.). The Latent-compressed derivative of
the smoothed Heaviside function equals the Latent-compressed mollifier. [J

This is the full-pipeline version of the crown jewel. The Dirac delta — the most fundamental
singular distribution — passes through mollification and Latent compression, and the structural
identity OH = ¢ is preserved at every stage.

4.5 Grand Pipeline Theorem (T35)
Theorem. For any T, ¢ with ¢ a mollifier: (i)-(iii) of the Main Result hold simultaneously.
Proof. Conjunction of T31, T33, and T34. I

5. The Smoothing—Compression Tradeoff
The error bound ¢ + 1/p" reveals a fundamental tradeoff:

o Increasing ¢ (more smoothing): the first term grows, but p(7'* ¢, ) increases (by the smooth-
ing monotonicity axiom), so the second term shrinks faster with N. Fewer Latent coefficients
are needed.

o Decreasing ¢ (less smoothing): the first term shrinks, but p decreases, requiring more Latent
coefficients for the same compression quality.

For a fixed total error budget 7, the optimal allocation satisfies € +C/p(e) = 7. The Sobolev rate
(T29) gives € < |||, - €, providing a concrete bound on the first term.

In practice, the tradeoff is governed by the regularity of 7"

o Smooth distributions (e.g., T' € C'° already): no mollification needed (¢ = 0). The Latent
alone suffices.



o Functions with finite regularity (e.g., 7' € H®): moderate ¢ suffices. The Sobolev rate

gives the scaling.

o Singular distributions (e.g., d, §’): significant smoothing is needed before the Latent can

compress. But the heat kernel provides a natural choice: mollify with K, for some ¢t > 0,

yielding a Gaussian that the Latent compresses efficiently.

6. Discussion

6.1 What This Paper Proves

The universal smoothing bridge establishes that the Latent framework is not limited to smooth
inputs. Every distribution — no matter how singular — has a Latent representation, obtained by
first mollifying (with quantified error) and then compressing (with exponential convergence). The
combined error is additive, the pipeline commutes with derivatives at all orders, and the result is
independent of mollifier choice.

6.2 What This Paper Does Not Claim

« Optimality of the error bound. The bound ¢ + 1/p" may not be tight. We do not prove

that no better pipeline exists.

o Concrete p estimates. The monotonicity of p with respect to € is axiomatized, not proved.

Computing p(T * ¢.) for specific distributions is an open problem.

e Uniqueness of Colombeau products. The regularized product depends on the choice of

mollifier at finite £. Only the distributional limit (if it exists) is unique.

¢ Numerical implementation. This is a theoretical paper with formal proofs, not a compu-

tational paper with benchmarks.

6.3 Open Questions

1.

Optimal e—N selection. Given 7" and a total error budget, what is the optimal split between
smoothing and compression?

. Sharp p characterization. Can p(T'*y_) be computed or bounded in terms of the regularity

of T and the decay of @7

. Multi-dimensional extension. The type-level formalization is dimension-agnostic. The

axioms for tensor-product mollifiers in R? are a natural next step.

. Stochastic distributions. Mollification of random distributions (e.g., white noise) would

give Latent representations of random fields.

. Inverse problem. Given A, reconstruct 7' (up to the known error).

Appendix A. Theorem Inventory

# Name Statement Technique
T1 delta_smooth appréx ¢, = ¢, exact

T2 smooth approx ex®tEdf € C°: f =T x ¢, use + rfl
T3 delta_approx conveérges, — exact

T4 deriv_ commutes sm¢dthipg) = (9T") * ¢, exact



# Name Statement Technique

T5 universal smooth_ &pproximation exact

T6 delta embedding cl@in ¢_) = ttd(p,) 2-rewrite

T7 deriv__smooth_ bridglf : (0T) x ¢ = 0f use + symm

T8 approx_ mollifier  psesdimgdpreserves mollifiers exact

T9 smoothing bridge convergence A derivative split + exact
commutation

T10 deriv_n_ commutes Q8¢ ) = (0"T) * ¢ nat induction

T11 double_smoothing (7T x @) x 1) =T * (¢ * 1) exact

T12 double__mollifier presasved mollifiers is mollifier exact

T13 double__smoothing @(¥ar(T * ¢_) * p5) < e+ 0 triangle + linarith

T14 fourier_mollificatio (T * ) = & - T exact

T15 fourier_delta__smooth@dl* p,_) = ¢, 2-rewrite

T16 heat_ smoothes VI'3f: f=TxK, use + rfl

T17 heat_ approx T+«K,—»T exact

T18 heat__deriv__commu®d’ x K,) = (0T) * K, exact

T19 colombeau_comm (7} -T5). = (T5 - T3). exact

T20 colombeau_assoc ((T}-T5)-T3). = (T} - (T -T3)), exact

T21 pde_smooth_existsVf € C* Ju: Lju| = f use + exact

T22 pde_mollified_exist¥T Ju : Lju] =T * ¢, use + exact

T23 universal bridge convergence A 9" commutes A split + exact
PDE solvable

T24 mollifier_independelimeits are unique have + have + rewrite

T25 leibniz_ colombeau 9(T}-T,). = (0T, -To,+T,-01,). 3-step rewrite

T26 support_locality  supp(T * ¢,) C supp(T') + B, exact

T27 heaviside__smooth_@$fik p_) = @, 3-step rewrite

T28 heaviside approx chhvepges> H exact

T29 sobolev__metric_ratd(T,T *¢_.) < ||T|, - € have + have + linarith

T30 grand_ unified convergence A 9" commutes A split + exact
O(H*p)=¢

T31 latent_ pipeline_errdf T, Ay (T * .)) < e+ 1/pN triangle + linarith

T32 latent_ pipeline existf : f = An(T xp,) use + rfl

T33 latent__deriv_ pipelidf A 5 (T % p_)) = Ay ((0T) x p.) 2-step rewrite

T34 latent_heaviside pipthnd H * ¢.)) = Ay (p,) 2-step rewrite

T35 latent_ pipeline_ graemdor A deriv commutes A split + exact

Heaviside

During the preparation of this work the author used large language models in order to assist with
manuscript drafting, literature search, and coding assistance. After using these tools, the author
reviewed and edited the content as needed and takes full responsibility for the content of the published
article.
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