Analytical Design Optimization: From Governing
Equations to 3D-Printable Geometry

Dr. Tamas Nagy
tnagyphd@gmail. com

draft « 2026-04-06
Abstract

Modern engineering design increasingly relies on simulation-based optimization: computa-
tional fluid dynamics, finite element analysis, and machine learning surrogate models trained on
simulation data. We propose an alternative paradigm — analytical design optimization — where
closed-form solutions derived from governing partial differential equations yield optimal design
parameters directly. For problems admitting tractable analytical reductions, this approach is
faster (milliseconds vs. hours), interpretable (the optimum has a formula, not just a number),
generalizable (changing parameters requires substitution, not re-simulation), and provably op-
timal within the model. We demonstrate the full pipeline — from Navier-Stokes equations to
3D-printable STL geometry — on a vortex funnel that achieves 1.9x flow rate improvement over
conventional glugging. We identify classes of engineering problems where analytical optimiza-
tion is tractable and superior, and argue that Al-assisted mathematical derivation represents a
fundamentally different — and complementary — paradigm to Al-assisted simulation.

1.1 The Simulation Paradigm

The dominant approach to engineering design optimization follows a well-established pipeline:

Model the physics in a simulation tool (ANSYS Fluent, OpenFOAM, COMSOL, Abaqus)
Discretize the domain (mesh generation)

Solve numerically (CFD, FEA) — minutes to hours per design point

Train a machine learning surrogate model on the simulation data

Optimize using the surrogate (genetic algorithms, Bayesian optimization)

Validate the optimal design with a final high-fidelity simulation
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This pipeline is powerful but has fundamental limitations:

e Cost: Each simulation point requires significant computation. A single CFD run for internal
flow can take 30 minutes to 4 hours. Design optimization requires hundreds to thousands of
evaluations.

o Opacity: The optimal design emerges from the optimizer as a number (e.g., “air core radius
= 3.18 mm”). The reason for optimality is buried in the simulation data.

o Fragility: Changing the problem parameters (different fluid, different pipe diameter) requires
re-running the entire pipeline.

o Approximation on approximation: The simulation discretizes the PDE (mesh error), the
surrogate approximates the simulation (ML error), and the optimizer searches the surrogate
(convergence uncertainty). Errors compound.

1.2 The Analytical Alternative

For a significant class of engineering problems, there is a different path:



1. Write the governing PDE (Navier-Stokes, heat equation, wave equation, elasticity)

2. Simplify using physically justified assumptions (steady state, axisymmetry, fully-developed
flow, dominant balance)

3. Solve analytically — obtain a closed-form expression for the quantity of interest as a function
of design parameters

4. Optimize by calculus — differentiate, set to zero, solve

5. Generate a parametric 3D geometry from the optimal parameters

This yields:

o Speed: The optimal design is computed in milliseconds (evaluating a formula)

e Interpretability: The formula reveals why the optimum is where it is

e Generalizability: Changing parameters is substitution, not re-simulation

e Rigor: The solution is provably optimal within the model, with known and bounded modeling
error

The key challenge is Step 2: identifying simplifications that are physically valid yet make the
problem analytically tractable. This is where mathematical skill — and Al-assisted derivation —
becomes the bottleneck, replacing computational brute force.

1.3 AI’s Role: Intelligence, Not Compute

Current Al-aided design focuses on the simulation paradigm: ML surrogate models, generative
design with neural networks, topology optimization with deep learning. In all cases, Al replaces or
accelerates computation.

We propose a complementary role: Al assists with mathematical reasoning. Specifically:

o Identifying valid simplifications: Which terms in the NS equations are negligible? What
is the dominant balance? (This requires physical intuition that modern LLMs possess.)

e Solving the simplified PDE: Separation of variables, Green’s functions, transform methods,
asymptotic matching.

e Optimizing the closed-form expression: Symbolic differentiation, finding zeros, verifying
second-order conditions.

e Generating parametric geometry: Converting optimal parameters to 3D-printable for-
mats.

This plays to Al’s genuine strengths (symbolic reasoning, mathematical knowledge, code generation)
rather than forcing it into a role where raw compute dominates.

1.4 Scope and Contribution

This paper:

Formalizes the analytical design optimization pipeline (§2)

Demonstrates it end-to-end on a vortex funnel, from Navier-Stokes to printable STL (§3)
Identifies problem classes where analytical optimization is tractable (§4)

Sketches additional case studies across fluid dynamics, heat transfer, acoustics, and structural
mechanics (§5)

5. Compares the analytical and simulation paradigms systematically (§6)
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6. Discusses the role of Al in each (§7)

2. The Analytical Design Pipeline

2.1 Formalization

Let © be a design domain parameterized by geometric variables g = (g4, ...,9,) (radii, angles,
lengths, thicknesses). Let J(g) be the objective function (flow rate, heat transfer, resonant fre-
quency, structural stiffness). The design problem is:

max J(g) subject to C(g) <0
geg

where G is the feasible design space and € collects constraints (printability, stability, material
limits).

Simulation approach: Evaluate J(g) by numerically solving a PDE for each g.

Analytical approach: Derive J(g) as a closed-form (or semi-analytical) expression by solving the
PDE symbolically under justified simplifications.

2.2 The Five Steps

Step 1: Governing Equations

Write the full PDE governing the physics. For fluid problems, this is typically the incompressible
Navier-Stokes equations in appropriate coordinates:

0
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Step 2: Justified Simplifications

This is the critical intellectual step. Common simplification strategies:

Strategy Physical basis Mathematical effect
Steady state Time scales separated Removes 9/0t
Axisymmetry Geometric symmetry Reduces dimensionality
Fully developed flow L> D, Removes axial derivatives
Dominant balance One force dominates Drops small terms
Regime identification Re, Ma, Pe numbers Selects appropriate model
Decoupling Weak interaction Solves subsystems
independently

The simplifications must be justified a posteriori — the solution must be self-consistent with the
assumptions. Dimensionless numbers (Reynolds, Mach, Péclet, etc.) provide quantitative criteria.



Step 3: Analytical Solution

Solve the simplified system. Common techniques: - Separation of variables - Similarity solutions -
Integral transforms (Fourier, Laplace, Hankel) - Green’s functions - Perturbation methods (regular
and singular) - Variational methods

The output is J(g) as an explicit function of design parameters.

Step 4: Optimization
With J(g) in closed form:

— 2
Vel =0, V2J <0

If the analytical solution involves special functions or implicit equations, numerical root-finding on
the derived expression (not on the PDE) gives the optimum. This is a scalar or low-dimensional
optimization, not a PDE solve.

Step 5: Parametric Geometry Generation

Map optimal parameters g* to a 3D geometry. Since the parameterization is explicit, this is
deterministic: the geometry is a function of g*, not the output of a generative model. Export as
STL, STEP, or parametric CAD.

3. Case Study: Vortex Funnel (Navier-Stokes — 3D Printer)

3.1 The Problem

A common bottle-filling scenario: pouring water through a funnel into a closed container. The
water and air must share the same opening, leading to the well-known glugging phenomenon —
pulsating flow where water and air alternate, reducing the effective flow rate to roughly 45% of the
theoretical maximum.

A vortex funnel solves this by inducing angular momentum in the water. The centrifugal force
creates an air core at the center, allowing water (outer annulus) and air (inner core) to flow simul-
taneously and continuously.

Design question: Given a fixed throat radius R, what is the optimal air core size r, (equivalently,
k = r./R) that maximizes the water flow rate?

3.2 Step 1: Governing Equations

In the throat section (cylindrical, length L, radius R), we have two-phase co-axial flow. In cylin-
drical coordinates (r, 6, z):

Water zone (r, < r < R): Navier-Stokes with gravity.

( (%Z+ avz>__8p+ 18( avz>_
Puw | Ur or Uz 0z ) 0z erar r@r Pwi




Air zone (0 < r < r_): Navier-Stokes without gravity (negligible p,g).

Azimuthal momentum (both zones):
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Radial pressure balance (centrifugal):
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Interface conditions at r» = r_: continuity of velocity, tangential stress balance, normal stress
jump (surface tension).

3.3 Step 2: Simplifications

We identify the flow regime from dimensionless numbers:

Number Value Implication

Reyater ~14,000 Turbulent — inertia dominates
viscosity in water

Re,;, ~4,000 Transitional /turbulent in air
core

We = p,v’R/o ~50 Inertia dominates surface
tension

Pa/Puw 1/815 Air barely affects water
pressure

These justify:

1. Torricelli model for water (turbulent, inertia-dominated):

Qu =Cy-m(R*—12) - \/2(p,gh — B,)/p,,

where C; ~ 0.65 is the orifice discharge coefficient and P, is the bottle gauge pressure.

2. Orifice or Poiseuille model for air depending on Re,;,:

o Inertial: Q, = C,, -7r2-\/2P,/p,
o Viscous: Q, = 7riP,/(8u,L)

3. Rankine vortex for swirl (exact solution of azimuthal NS):

Qr r<r,
vp(r) = {I‘/(27r7') r>r,

4. Volume balance: @, = @, (air replaces water 1:1 in an incompressible model).



3.4 Step 3: Analytical Solution

Setting Q,, = Q, with k =7,/R:

Inertial air regime (the relevant case for practical dimensions):
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Since p,/p,, ~ 1/815, the bottle pressure is small: P, ~ 0.1 - p,gh. The dominant effect is the
reduced water cross-section (1 — k2).

For reference, the glugging flow rate is:

leug =0- Cd . 7TR2\/ Qgh

where ¢ ~ 0.45 is the glugging duty cycle (fraction of time water actually flows).

3.5 Step 4: Optimization

The flow rate Q(k) is a smooth function on (0,1). Numerically solving dQ/dx = 0:

k* =0.318
This corresponds to: - Air core radius: 75 = 3.18 mm (for R = 10 mm) - Water cross-section: 89.9%
of the total area - Flow rate: @* =298 mL/s (vs. 158 mL/s glugging) - Speedup: 1.9X

The optimum is insensitive to the exact discharge coefficient values (varying C; by £10% shifts x*
by less than 0.02), confirming model robustness.

Air core stability requires minimum circulation:

Lo = Van2or,/p, = 3.0 x 1073 m? /s

The design uses I' = 3T",;, (safety factor), achieved by spiral guide vanes at angle o = 8°.

min



3.6 Step 5: Parametric STL (Generation

The optimal parameters (K%, R, 0,0y Qcone) deterministically define the geometry:

Parameter NS-optimal value Physical meaning

K 0.318 Air core to throat radius ratio

Cyane 8° Spiral vane angle (sets
circulation)

Qone 30° Funnel half-angle (trade-off:
loss vs. compactness)

Nyanes 4 Number of guide vanes
(symmetry)

Wall thickness 2 mm PETG printability constraint

A Python script generates STL meshes from these parameters. The design prints in two parts (cone
+ throat) joining with a friction fit.

Material: PETG (waterproof, food-safe variants available). Print time: ~2 hours. Material:
~28g.

3.7 Validation

The analytical prediction can be validated experimentally with a kitchen scale and stopwatch:

1. Fill a 1L bottle with the funnel, measure time — Q. tox
2. Fill with a conventional funnel (same throat diameter) — Qg
3. Compare ratio to predicted 1.9x

This is the power of analytical design: the prediction is specific, quantitative, and directly testable
with household equipment.

4. Tractability Classes

Not every engineering problem admits analytical optimization. We identify classes where it does.

4.1 Fully Tractable (closed-form optimum)

Problems where the governing PDE has known analytical solutions under physically reasonable
simplifications:

o Internal pipe/duct flow: Hagen-Poiseuille, Dean flow, annular flow

e Orifice and nozzle flow: Torricelli with discharge coefficients

o Natural convection from simple geometries: flat plate, cylinder (Churchill-Chu corre-
lations derive from boundary layer theory)

o Acoustic resonators: Helmholtz resonator (lumped parameter), organ pipes (wave equa-
tion)

« Beam deflection: Euler-Bernoulli for simple loadings

e Thin-walled pressure vessels: Lamé equations

o Optical elements: thin lens equation, Snell’s law optimization



o Heat conduction: 1D and separable 2D geometries (fin optimization)

4.2 Semi-Tractable (analytical solution, numerical optimization)

The PDE solution is analytical but involves special functions or implicit equations. The optimum
requires numerical root-finding on the derived expression (cheap, fast, exact):

e Turbulent flow with empirical correlations: Moody chart + optimization
e Conjugate heat transfer: coupled thermal-fluid with Nusselt correlations

e Vibration of plates and shells: Bessel function eigenvalues

o Electromagnetic resonators: transcendental eigenvalue equations

4.3 Not Tractable Analytically

Problems requiring simulation (geometry too complex, nonlinearities essential, turbulence structure
matters):

o Topology optimization: what is the optimal shape (not just parameters)?

o Turbulent mixing: chaotic, no closed-form statistics

¢ Fluid-structure interaction: coupled nonlinear PDEs

e Multi-physics problems: simultaneous thermal-fluid-structural-electromagnetic

Even here, analytical solutions provide bounds and scaling laws that guide simulation.
5. Catalog of Analytically-Optimizable 3D-Printable Devices

We present a comprehensive catalog organized by governing physics. Each entry specifies: the
daily problem it solves, the governing equation, the design variable to optimize, and the analytical
tractability. Entries marked with (D) have a detailed case study below; others are listed as future
targets for the paradigm.

5.1 Fluid Dynamics

5.1.1 Vortex Funnel (D) — §3

Maximizes water flow into closed containers by creating a co-axial vortex.

5.1.2 Venturi Vacuum Pump
Problem: Need suction or vacuum without electricity.

Physics: Bernoulli’s equation along a streamline with continuity:

Pl“‘%ﬂ”%:Pt‘i‘%PU?v Ay = Ay,
At the throat, velocity increases and pressure drops below atmospheric. A side port at the throat
becomes a vacuum source.

Optimize: Throat-to-inlet area ratio A,/A;. Too small — flow chokes. Too large — insufficient
pressure drop. The suction flow @), through the side port satisfies:
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This is a single-variable optimization over A, with a closed-form expression.

Printable: 50-80 mm long, 15 mm diameter. PLA, ~30 min print. Works with bicycle pump,
compressor, or even lung power for lighter tasks.

Applications: Vacuum forming, siphon starting, parts pickup, filtration acceleration.

5.1.3 Tesla Valve (No-Moving-Parts Check Valve)
Problem: One-way flow control without mechanical parts that can fail, clog, or corrode.

Physics: Nikola Tesla’s 1920 patent. Asymmetric channel geometry creates directional flow resis-
tance. The diodicity (ratio of reverse to forward pressure drop) is:

AP
Di= Sp= o140 f(Re,a)

where n is the number of stages and o ~ 30° is the loop angle from momentum conservation at the
T-junction.

Optimize: Loop angle, number of stages, channel width. Semi-analytical: the momentum balance
at each junction gives the optimal split angle.

Printable: Flat channels, ideal for FDM printing in-plane. Multi-stage arrays stackable.

5.1.4 Bernoulli Gripper
Problem: Pick up flat, delicate objects (paper, wafers, films) without touching the surface.

Physics: Counter-intuitive: blowing air downward through a disc creates suction. Radial Bernoulli
flow between disc and surface:

P(r) :Patm_g (273h)2

The integrated pressure is below atmospheric — net upward lift.

Optimize: Gap height i and disc diameter D. Too small gap — viscous losses dominate. Too
large — Bernoulli effect weakens. The optimum A* balances viscous dissipation against inertial
pressure recovery.

Printable: Simple disc with central hole. PLA, 15 min print.

5.1.5 Cyclone Separator
Problem: Separate dust, sawdust, or fine particles from air (workshop, vacuum cleaner pre-filter).

Physics: Particle in swirling flow: centrifugal force vs. drag.
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The cut diameter d, (particle size with 50% collection efficiency) depends on cyclone dimensions:

de — 9ub
0\ 2n N (p, — pa)

where b is the inlet width, IV is the number of effective turns, and v, is inlet velocity.

Optimize: Body diameter, cone angle, vortex finder diameter. Classical Lapple model gives closed-
form d5, as function of all geometric parameters.

Printable: Modular: body + cone + lid. PETG for durability. Fits on standard shop vac hose.

5.1.6 Optimal Watering Can Rose
Problem: Even water distribution for garden watering.

Physics: Orifice flow @, = C;A,1/2AP/p per hole, coupled with internal manifold pressure dis-
tribution. Outer holes get less pressure if manifold velocity is high.

Optimize: Hole diameter gradient (larger at edges to compensate manifold losses). Analytical
from Bernoulli in the manifold + orifice equation per hole.

Printable: Screw-on rose head. PLA, ~1 hour.

5.1.7 Archimedes Screw Pump
Problem: Low-head water lifting (aquaponics, rain barrel, water feature).

Physics: Volume per revolution is an analytical function of pitch angle «, screw diameter D, shaft
diameter d, and number of blades n:

Q=" (D*—d)-p-na)-w

where n(«) is leakage efficiency from gap flow analysis.

Optimize: Pitch angle for maximum flow at given rotation speed. Classic result: o, ~ 22° from
variational analysis.

Printable: Segmented screw sections that assemble. PETG.

5.2 Heat Transfer

5.2.1 Passive Electronics Cooler
Problem: Phone, Raspberry Pi, or laptop overheating during heavy use.

Physics: Natural convection between parallel fins. Bar-Cohen & Rohsenow (1984):
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where Ra; = gBAT L3 /(va) is the Rayleigh number. This balances thermal boundary layer merging
(fins too close — choked convection) against surface area (fins too far — wasted space).

Optimize: Fin spacing s, height H, thickness ¢t. All have closed-form optima. For a 70x140 mm
phone: s* ~ 7 mm, H* ~ 15 mm, N = 8 fins.

Printable: Clip-on heat sink. PLA/PETG with thermal pad interface. ~1 hour.

5.2.2 Coffee Thermal Sleeve
Problem: Coffee cools too fast, or burns hands.

Physics: Three parallel heat loss mechanisms from a cylindrical mug;:

Qtotal = Qconv + Qrad + Qcond

=hA(T —T,) +ecA(T* —TL) + %(T ~T.)

An air gap of thickness § creates an insulating layer — but if § exceeds the critical gap, natural
convection starts and increases heat loss. The onset condition is Rag < 1708 (Bénard stability).

Optimize: Air gap 6* ~ 8 mm (just below convection onset), plus optional radiation baffles (€4
reduction).

Printable: Double-walled sleeve with trapped air. PLA, snap-fit around mug. ~1.5 hours.

5.2.3 Evaporative Cooler Insert
Problem: Cooling drinks or small spaces without electricity.

Physics: Wet-bulb depression. Evaporation rate from Fick’s law:

Heat removal: Q = 7, - L,, where L, = 2.45 MJ/kg is the latent heat of vaporization.

Optimize: Surface-area-to-volume ratio of the evaporative wick structure. Fractal or finned ge-
ometries maximize the interface.

Printable: Porous wick holder that wraps a bottle. Soak in water — evaporation cools contents
10-15°C below ambient in dry climates.
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5.2.4 Solar Water Heater Collector Profile
Problem: Heating water with sunlight (shower, washing, tea).

Physics: Radiation absorption minus convective/radiative loss:

Qnet - aGAc - ULAC<Tw - Ta)

The collector profile (parabolic, flat, V-trough) determines the concentration ratio C' = A_/A,,.

Optimize: Trough angle for CPC (compound parabolic concentrator): acceptance angle deter-
mines concentration ratio C' = 1/sinf,. For fixed installation: 6, ~ 23.5° (seasonal sun variation)
— C ~2.5.

Printable: CPC reflector profile as a 3D-printed mold. Lined with reflective tape.

5.3 Acoustics

5.3.1 Helmholtz Resonator Silencer

Problem: Eliminate a specific annoying frequency — fridge hum (120 Hz), road noise, tinnitus
masking.

Physics: Wave equation in a cavity with a neck — lumped parameter model (valid when cavity
<L A\):

c A

Jo= o5z V. Ly

Leff = L -+ 177’

where A = 772 is neck area, V is cavity volume, L is neck length, and the 1.7r correction accounts

for radiation impedance at the neck opening.

Optimize: Given target f,, the design is algebraically determined. Trade-off: large V (low f,
bulky) vs. long L (compact, narrower bandwidth). Bandwidth is:

v

neck

V.

cavity

Af~ fo-

Printable: Box with a tube. PLA, ~30 min. Multiple resonators at different frequencies —
broadband absorber.

5.3.2 Passive Smartphone Amplifier

Problem: Phone speaker is too quiet for group listening.

Physics: Acoustic impedance matching via exponential horn. Webster’s horn equation:

d?>p 1dSdp 9
de? T Sdeds TFP=

12



For exponential flare S(x) = Sye™*, the cutoff frequency is f. = mc/(4m). Below f,, the horn
reflects sound; above, it radiates efficiently.

Optimize: Flare rate m for target cutoff (~200 Hz for speech), mouth area for impedance match to
room air. Horn length from desired gain at speech frequencies (300-3000 Hz). Typical gain: 10-15
dB.

Printable: Phone cradle + horn body. PLA, ~2 hours. Fits specific phone model.

5.3.3 Musical Instrument (Recorder/Ocarina)
Problem: Create a musical instrument that plays in tune.
Physics: Standing waves in a tube:

ne (2n—1)c
= 9L (open-open), fn = Teﬂ

fa

(open-closed)

Finger holes: each open hole shortens L 4. The effective length with hole at position z from the
open end:

L.g ~ = + 0.6dy,,, + correction(closed holes below)
Optimize: Hole positions for standard musical scale (A4 = 440 Hz, equal temperament). Each
hole position is a direct calculation from the target frequency.

Printable: Recorder or ocarina. PLA, ~1.5 hours. The acoustic quality depends on surface
smoothness (use 0.1 mm layers at the mouthpiece).

5.3.4 Quarter-Wave Resonator Array (Window Silencer)

Problem: Reduce street noise through a window while maintaining ventilation.

Physics: A tube of length L = A/4 closed at one end reflects sound at frequency f = ¢/(4L). An
array of tubes at different lengths creates broadband attenuation.

c _c
i, A,

Optimize: Tube lengths covering the target frequency band (100-1000 Hz for traffic noise). Tube
packing density vs. ventilation cross-section.

Printable: Modular panels that fit in a window frame. Each panel is an array of tubes at computed
lengths.

5.3.5 Parametric Speaker Horn (Directional Audio)

Problem: Direct sound to a specific area without disturbing others (desk, bed, study corner).

Physics: Horn directivity depends on mouth diameter relative to wavelength:

13
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For speech (1-4 kHz), a 100 mm mouth gives 6 ~ 40°.

Optimize: Horn profile (exponential vs. tractrix vs. catenoidal) for target directivity pattern.
Tractrix horns have lowest distortion; exponential horns have highest efficiency.

Printable: Desktop horn that attaches to a small speaker. PLA, ~2 hours.

5.4 Optics and Light

5.4.1 Fresnel Lens Solar Concentrator
Problem: Focus sunlight — fire starting, solar cooking, solar heating.

Physics: Snell’s law at each concentric ring:

nq sinf; = nysin b,
A Fresnel lens replaces a thick conventional lens with thin rings of prisms. Each ring’s prism angle
is computed independently from Snell’s law to redirect light to the focal point.

Optimize: Ring pitch (resolution vs. scatter), focal length, diameter. FEach ring angle is an
algebraic calculation. Concentration ratio C = (D/2f)? -, where 1 accounts for ring shadowing.

Printable: Requires clear filament (PETG transparent). Layer lines cause scatter — best results
with SLA, but FDM works for moderate concentration (~50x).
5.4.2 Light Pipe (Indoor Daylight)

Problem: Bring sunlight into windowless rooms.

Physics: Total internal reflection: light entering a tube at angle < 6, = arcsin(n,/n;) bounces
with near-zero loss. For smooth-walled tube: throughput = (D/L)? approximately.

Optimize: Tube diameter vs. length for target illumination. Funnel collector angle for seasonal
sun position.

Printable: Tube sections with reflective lining (aluminum tape). The collector funnel is the
printable part.

5.4.3 Pinhole Camera with Optimal Aperture
Problem: Camera obscura for art, education, or eclipse viewing.

Physics: Two competing effects: geometric blur o« d (large pinhole = blurry) and diffraction blur
x A/d (small pinhole = diffraction-limited). The optimum:

dopy = /244N ]

where f is the pinhole-to-screen distance and A ~ 550 nm (green light).

14



Optimize: For f =100 mm: d,,, = 0.37 mm. This is a pure physics result — the optimal pinhole
depends only on distance and wavelength.

Printable: Box camera body with precision pinhole plate.

5.4.4 Sundial with Equation of Time Correction
Problem: Tell solar time accurately (£15 minutes of clock time requires correction).

Physics: The equation of time EoT(d) corrects for Earth’s orbital eccentricity and axial tilt:

EoT ~ —7.655sin(D) 4 9.873 sin(2D + 3.5932)
where D = 27(N — 3)/365 and N is day of year. The hour lines on a sundial follow from spherical
trigonometry.

Optimize: Gnomon shape (analemmatic vs. standard), latitude correction, hour line positions.
All algebraic from the observer’s latitude and the equation of time.

Printable: Flat dial plate with precisely computed hour lines + gnomon.

5.5 Structural Mechanics

5.5.1 Optimal Shelf Bracket
Problem: Maximum strength with minimum material.

Physics: Euler-Bernoulli beam theory. For a cantilevered bracket under end load F:

_ M(z) _ F(L-x)
S(z)  bh(z)%/6

A constant-stress design (uniform o = 0,4 everywhere) minimizes material:

h(z) = hyg\/1 —x/L
This parabolic taper uses exactly half the material of a constant-section bracket for the same
strength.
Optimize: Taper profile for given load, span, and material yield strength. Closed-form.

Printable: PETG or ABS for structural applications. Print upright. ~1 hour.

5.5.2 Tuned Mass Damper
Problem: Vibration in a structure (desk, shelf, washing machine, 3D printer).

Physics: 2-DOF coupled harmonic oscillator. The TMD (mass m, on spring k,;) attached to a
vibrating structure (mass M, spring K) minimizes the structure’s amplitude at resonance. Den
Hartog’s classic result:

15



/R S . T
w,  14+p Pt 8(1 + )3
where 1 = m,/M is the mass ratio.

Optimize: Mass, spring stiffness (printed flexure hinge), damping (material choice). All from the
Den Hartog formulas.

Printable: Clamp-on mass on a flexible arm. TPU for the spring element, PLA for the mass.

5.5.3 Snap-Fit Joint with Optimal Deflection

Problem: Joining printed parts without screws or glue.

Physics: Cantilever snap-fit: the hook must deflect by ¢ during insertion, then spring back. Max-
imum strain:

36t
€max — ﬁ

where t is beam thickness and L is beam length. For PLA: € .. < 1.5%. For PETG: €., < 3%.

Optimize: Given deflection 0 (determined by hook geometry), find (¢, L) that satisfies strain limit
while maximizing retention force F' = bt?c,, /(6L).

Printable: This is meta-printable — it improves every other printed device’s assembly.

5.6 Surface Tension and Capillary

5.6.1 Self-Watering Planter

Problem: Plants die when you forget to water them.

Physics: Capillary rise (Jurin’s law) for equilibrium, Washburn equation for dynamics:
_ 20cosf ro Cos Gt

e = . k()=
a pgr () 2u

A channel of radius r draws water upward to height .. The delivery rate is:

7T’F4

Qsteady = 8M7L(pghres - pghsoil)

Optimize: Channel radius r for target delivery rate (~50 mL/day for a small pot) given reservoir-
to-soil height difference.

Printable: Planter with integrated capillary channels connecting water reservoir to soil level.
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5.6.2 Optimal Soap Bubble Wand
Problem: Maximize bubble size.

Physics: Minimum energy surface (soap film) spans the wand frame. Maximum bubble diameter
limited by Laplace pressure AP = 40/R (two surfaces) vs. gravity drainage. Critical radius:

g

~
~

pgo

max

where 0 is film thickness (~1 m). The wand frame geometry controls the initial film shape.

Optimize: Frame diameter, drainage-resistant geometry (tilted, with drip lip). Analytical from
capillary number.

Printable: Frame with optimal geometry. PLA, 10 min print.

5.7 Aerodynamics

5.7.1 Small Wind Turbine Blade

Problem: Harvest wind energy at small scale (charge phone, power LED).

Physics: Betz limit says maximum efficiency is C'p = 16/27 = 59.3%. Blade Element Momentum
(BEM) theory gives the optimal twist angle and chord length at each radial station:

2 R _ 8mrl—cos¢
B(r) = 3 arctan o c(r) = 30 sing

where A = wR /v, is tip speed ratio and n is blade count.

Optimize: Twist and chord distributions are closed-form from BEM. Tip speed ratio A ~ 6 — 7
for 3-blade designs.

Printable: Blades + hub. PETG for UV resistance. Needs bearing (skateboard bearing works).

5.7.2 Boomerang
Problem: A toy/sport device that returns to the thrower.
Physics: Gyroscopic precession + asymmetric lift. The advancing blade sees higher airspeed —

more lift on one side — the resulting torque causes precession in a circular path. Return radius:

Tw
& [
return
L net

R

where [ is moment of inertia, w is spin rate, L, . is asymmetric lift.

Optimize: Arm length, airfoil profile, elbow angle (100-110°). Return radius as function of throw
speed is analytical from precession dynamics.

Printable: Flat profile, prints flat. PLA, 20 min. Tune the elbow angle for different return radii.
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5.8 Multi-Physics and Unconventional

5.8.1 Radiative Sky Cooler

Problem: Passive cooling below ambient temperature — no electricity.

Physics: The atmosphere is transparent in the 8-13 m infrared window. A surface emitting in
this band radiates heat directly to space (~3 K). Net cooling power:

P P 4(T)—P,

cool — “r atm

(T,)— P,,,— P

a sun conv

For a surface at T' with emissivity e(\): peak cooling occurs when € &~ 1 in the 8-13 m window and
€ ~ 0 elsewhere.

Optimize: Surface geometry to maximize skyward view factor and minimize convective losses.
Analytical from radiation view factor algebra.

Printable: The structure (wind shield + reflector) is printable. The radiative surface itself needs
a coating (aluminum foil + PE film works as a DIY approximation).

5.8.2 Optimal Hourglass (Precision Timer)

Problem: Accurate, electricity-free timer.

Physics: Granular flow through an orifice follows the Beverloo equation:

Q = Cpy/9(D — kd,))>/?
where D is orifice diameter, d,, is particle diameter, and C, k are constants.

Optimize: Orifice diameter D for target time t = V' /Q. The 5/2 power law means small changes
in D have large effects — precision matters. Analytical: D is directly determined by target time
and sand volume.

Printable: Two-part body with precision orifice plate. Use fine sand or salt as media.

5.8.3 Stirling Engine Geometry
Problem: Convert any heat source (candle, sunlight, wood stove) to mechanical motion.

Physics: Stirling cycle efficiency n = 1 — T, /Ty (Carnot-limited). Schmidt analysis gives closed-
form power output:

TP, Vi T SID ¢

2[1 4+ V1 —b?]
where 7 = Ty /T, « is phase angle, and b depends on dead volume ratios.

Optimize: Phase angle (a,, = 90°), swept volume ratio, dead volume fraction. All analytical
from Schmidt equations.

Printable: Displacer cylinder 4+ power piston + flywheel. PLA body (kept away from heat), metal
can as hot end. The geometry is optimized; the thermodynamics dictate the dimensions.
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6. Analytical vs. Simulation: Systematic Comparison

Criterion

Analytical

Simulation-based

Time per design
Optimization time

Interpretability
Generalizability

Provable optimality
Model fidelity

Geometry complexity

Human expertise needed
Al assistance type
Failure mode

Validation effort
Reproducibility
Educational value

ms (formula eval)
ms (scalar root-finding)

Complete (formula)
Immediate (substitute
parameters)

Yes (within model)
Reduced (justified
simplifications)
Parameterized (limited
topology)
Mathematical physics
Reasoning (symbolic math)
Wrong simplifications

Direct experiment
Perfect (formula)
High (teaches physics)

min-hours (CFD solve)
hours—days (hundreds of CFD
runs)

Black-box (optimizer output)
Requires re-simulation

No (best found, not proven)
High (full PDE discretized)

Arbitrary (topology
optimization)

Software engineering
Compute (ML surrogates)
Mesh-dependent, convergence
issues

Mesh refinement study
Depends on setup

Low (teaches software)

The two approaches are not rivals but complements. Analytical solutions provide the initial design
and scaling laws; simulation refines details that analytical models cannot capture (e.g., turbulence

structure near vane tips).

7. The Role of Al

7.1 Current Al in Design (Simulation-Focused)

o Surrogate models: Neural networks trained on simulation data (DeepONet, Fourier Neural

Operator)

o Generative design: Al generates geometries, simulation evaluates them (Autodesk, nTopol-

ogy)

o Topology optimization: ML-accelerated structural optimization (TopOpt, SIMP)

All three treat the Al as a compute accelerator for the simulation pipeline.

7.2 Proposed: AI as Mathematical Collaborator

In the analytical pipeline, Al contributes differently:

1. Simplification identification: Given a full PDE and design context, Al identifies which
terms are small (dominant balance analysis). This requires physical intuition — understand-
ing that Re ~ 14,000 means inertia dominates viscosity, not just knowing the Navier-Stokes

equations.
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2. Solution strategy selection: For a given simplified PDE, Al selects the appropriate solution
technique (separation of variables, Fourier transform, perturbation expansion).

3. Symbolic computation: Al performs the algebra — solving for pressure, substituting
boundary conditions, computing integrals.

4. Optimization: Al differentiates the closed-form expression, finds critical points, verifies
second-order conditions.

5. Code generation: Al writes the parametric geometry generator (STL from optimal param-
eters).

6. Formal verification (future): The analytical derivation can be formalized in a proof assis-
tant (Lean 4), providing machine-checked guarantees that the simplifications are valid and
the optimization is correct.

7.3 Why This Matters

The simulation-based approach to Al in design will asymptotically converge to “faster simulations”
— a diminishing-returns trajectory as compute becomes cheaper.

The analytical approach opens a different frontier: understanding. An analytically derived design
carries its explanation with it. The formula x* = 0.318 is not just a number — it is the solution of
an equation that reveals the physical trade-off (water area vs. air throughput). This understanding
transfers to new problems, new geometries, new scales.

We believe this represents a more productive direction for Al in engineering: not replacing human
computation, but amplifying human mathematical reasoning.

8. Conclusion

We have demonstrated that for a meaningful class of engineering design problems, analytical so-
lutions derived from governing PDEs yield optimal designs directly — faster, more interpretable,
and more generalizable than simulation-based optimization. The full pipeline, from Navier-Stokes
equations to 3D-printable geometry, was demonstrated on a vortex funnel achieving 1.9x flow
improvement with an analytically derived optimal air core ratio.

The methodology — PDE — simplification — closed-form — optimization — parametric geometry

— is general and applies across fluid dynamics, heat transfer, acoustics, and structural mechanics.
Al-assisted mathematical derivation represents a paradigm complementary to Al-assisted simula-
tion, playing to AI’s strengths in symbolic reasoning rather than numerical computation.

We invite the engineering community to build a library of analytically-optimized, open-source, 3D-
printable designs — bringing the power of mathematical physics directly to the desktop fabrication
revolution.
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Appendices

A. Complete Derivation of the Vortex Funnel Optimal

The full derivation, including all intermediate steps, is available in the companion code:
tools /physics/vortex_ funnel navier_stokes.py

B. Sensitivity Analysis

The optimal k* is robust to parameter variations:

Parameter Range tested Effect on k*

Caw 0.55 — 0.75 k" varies 0.29 — 0.34
Cia 0.50 — 0.70 k* varies 0.30 — 0.33

h (water column) 5 — 30 cm k* stable at 0.32 £+ 0.01
R (throat radius) 6 — 15 mm k* stable at 0.32 £ 0.01
Temperature (20-60°C) I, Varies 3x k* varies 0.31 — 0.33

The insensitivity to water column height h is particularly notable: the optimal geometry is the
same regardless of how much water is above the funnel.

C. Printable STL Files

Available in the repository: - tools/physics/vortex_ funnel cone.stl — upper cone with
guide vanes - tools/physics/vortex funnel throat.stl — lower throat with helical groove -
tools /physics/vortex_ funnel complete.stl — assembled view
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