Autocallable Pricing as a Latent Computation:
Spectral Methods with Formal Error Bounds

Seven Layers from Correlation Matrix to Price — Dimension-Free, Formally
Verified

FEvery step of the autocallable pricer is a Latent operation. The error is a spectral tail.

Tamas Nagy, Ph.D.
tnagyphd@gmail.com
working paper « March 2026

AT Disclosure. This paper was developed with Al assistance (Claude, GPT) for
exploration, proof generation, and code implementation. All mathematical content was
verified through 98 formally checked theorems (the proof environment framework) and
dual Python/Rust implementations with Monte Carlo ground truth.

Autocallable Pricing as a Latent Computation: Spectral Methods
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Abstract

We show that the price of a worst-of autocallable with step-down barriers, discrete monitoring,
and stochastic volatility is computable as a composition of seven Latent operations (Nagy 2026).
The multi-asset density is a grade-d Latent A € FH®¢; eigenvalue conditioning reduces it to a
rank-K approximation; COS backward induction performs grade-1 coordinate updates at each
observation date; and the price is the projector (A, G, .q). The total error decomposes as & <
Eeigen T Ecos T Ebarrier T Ediscrete T Esv» With all components nonneg and controlled by the analyticity
parameter p via the Latent Theorem (Theorem 1). Complexity is O(Q - M - N) — independent of
the number of assets d.

We prove that the single-factor spectral pricer is a systematic lower bound for path-dependent
autocallables, with the gap arising from Brownian bridge fluctuations between observation dates.
The gap is bounded by M - P32% . ¢ .. where P .. is the reflection-principle crossing probability,

and vanishes in all degenerate limits (¢ — 0, M =1, B — 0, B — 00). Peak gap is 5.27% at ATM
barriers, declining to <1% at deep OTM.

We further show that multi-factor temporal conditioning — eigendecomposing the Brownian motion
covariance ¥,;; = min(t;,t;) — reduces the gap from 3.26% to 0.11% with a single temporal factor
(K, = 1), and closes it entirely at full rank (K, = M).

Greeks (Delta, Vega, Rho, barrier sensitivity) are derivatives of the Latent projector — themselves
Latents — computed analytically via adjoint backward recursion at the same O(Q - M) cost as
pricing, with zero Monte Carlo noise.

All results are backed by 98 formally verified theorems and a dual Python/Rust implementation
with Monte Carlo verification (200k+ paths, 11 Rust + 9 Python tests).



1. Introduction
1.1 The Problem

Worst-of autocallable notes are among the most traded structured products globally. Their pricing
combines: - Multi-asset dynamics (d correlated underlyings under GBM or stochastic volatility),
- Path dependency (autocall at the first observation date where worst-of performance exceeds
the barrier), - Discrete monitoring (typically quarterly or semi-annual observation dates), -
Step-down barriers (decreasing barrier schedule over the product’s life), - Memory coupons
(accumulated unpaid coupons paid on autocall).

Standard approaches — Monte Carlo simulation (O(d- M - P) with P ~ 10° paths) or PDE methods
(O(N9) grid points) — face either convergence or curse-of-dimensionality challenges. Spectral
methods based on the COS expansion (Fang & Oosterlee 2009) offer an alternative, but their
multi-asset extension and formal error analysis have remained incomplete.

1.2 What We Show

Every step of the autocallable pricing algorithm is a Latent operation in the sense of Nagy (2026).
The correspondence is exact:

Pricing Step Latent Operation Reference

Multi-asset density Grade-d Latent A € F®4 Def 3, §2.3

Eigenvalue conditioning Rank-K approximation §7.5

COS backward step Grade-1 coordinate update in ~ §7.1
cosine basis

Mixture collapse Trace over conditioning §3.10
(Latent Algebra)

Option price Projector (A, G) §2.3

Error bound Spectral tail O(p~) Theorem 1

Dimension independence N = 0O(log(1/e)/log p), free of  Theorem 1(iv)
d

Greeks Derivative of projector: §5

AN, G) /00 = (9A/96, G)

This is not a metaphor. Each line in the implementation corresponds to a specific Latent theorem,
and the total error is controlled by the analyticity parameter p of the Latent Theorem.

1.3 Outline

Section 2 presents the seven-layer pricing algorithm. Section 3 extends to step-down barriers and
discrete monitoring. Section 4 handles stochastic volatility. Section 5 derives analytical Greeks from
the Latent projector derivative. Section 6 characterizes the Brownian bridge gap — the structural
approximation error of the single-factor approach. Section 7 describes the formal verification and
numerical validation. Sections 8-9 discuss limitations, temporal conditioning, and conclusions.



2. The Seven-Layer Latent Pricing Algorithm
2.1 Layer 1: The Latent Exists (Theorem 1)

The joint density of d correlated assets under GBM or Heston dynamics admits a grade-d Latent
A € 7®¢ with analyticity parameter p > 1. By the Latent Theorem:

A = Anllgesa < Cp-p™

This guarantees that N = [log(C,/e)/logp] cosine coefficients per mode suffice for e-accuracy,
independent of d.
2.2 Layer 2: Eigenvalue Conditioning (§7.5)

Decompose the correlation matrix C' = VAeigVT and retain the K dominant eigenvalues. This is

the rank-K approximation of the grade-d Latent, capturing variance fraction:

K
Zk=1 )‘k

captured(K) = —
Zk=1 )‘k

The residual €., = 1 — captured(K) is the first error component. For K = 1 with typical equity
correlations (p &~ 0.6), captured variance is ~ 73%.
2.3 Layer 3: Gauss-Hermite Quadrature

The K conditioning factors Z = (Z, ..., Zx) ~ N(0, I ) are discretized via Gauss-Hermite quadra-
ture with Q nodes per dimension, yielding Q¥ scenarios with weights {wq} satisfying:

quzl, w, >0 Vg
q

This forms a discrete probability measure over the conditioning space.

2.4 Layer 4: Conditional Parameters

Given Z = z,, each asset’s log-return has: - Factor loading: p,; = (r—%af)ﬂ—ai\/f-zj Viin/AjZq.j

- Residual volatility: ¢! =o0,,/1 — Zj Vz‘?)‘j

The residual captures the variance not explained by the K factors. Assets become conditionally
independent given Z.
2.5 Layer 5: Worst-of Survival and PV Backward Induction

At each observation date t,, (backward from maturity), the survival probability is the product of
per-asset conditional CDFs:

surv(t, . z.) = f[‘b (ui(tm,zq) —~ logBm)

res
g; tm



The present-value backward recursion:

V(t,,) =surv(t,,) e "m - pay(t,,) + (1 —surv(t,,)) - V(t,.1)

with terminal condition V(T) = e "7 . N. This is a convex combination at each step, preserving
Vel0,B

max] :

2.6 Layer 6: Mixture Collapse (Latent Algebra)

The unconditional price is the weighted average over conditioning scenarios:
Price = Z w, - V(z,)
q

In Latent language, this is the trace over conditioning — a contraction operation in the Latent
Algebra (§3.10). The trace commutes with the autocall coefficient function, ensuring the mixture
is exact for the discretized measure.

2.7 Layer 7: Error Budget and Complexity

The total error decomposes additively:

Etotal < Eeigen + M- €cos T Ebarrier T M - /66 VAL + Esv
All components are nonneg (proved). The dominant term is typically €gigerete = M - B0V At where
5 = 0.5826 is the Broadie-Glasserman constant.
Complexity: O(QX-M - N) for spectral operations — independent of d once K factors are chosen.
Compare: MC requires O(d - M - P) with P > Q¥.
3. Step-Down Barriers and Discrete Monitoring
3.1 Step-Down Barriers

Real autocallables have decreasing barrier schedules B(t;) > B(t,) > -+ > B(t,;). The step-down
structure is an antitone function B : {t, ..., ¢} — Rog.

Theorem (Step-Down Monotonicity). If B is antitone, then indicator(B(t),z) is monotone
increasing in t for fived x > 0: later dates are easier to survive.

The pricing effect is +0.6% to +2.7% versus constant barrier (confirmed by MC, 200k paths). The
error budget is unchanged — the backward step error €, is parametric in B, so step-down barriers
inherit all error bounds from the constant-barrier case.

Ccos

17 theorems proved (the proof environment).



3.2 Discrete Monitoring

Continuous-monitoring barrier options differ from their discrete counterparts by the Broadie-
Glasserman-Kou correction:

By =B-ePoVAL 305826

The correction shifts the barrier down, capturing the probability that the asset crosses B between
observation dates. The corrected barrier preserves the antitone property: c¢ - B(t) is still antitone
when ¢ € (0,1) and B is antitone.

Four-source error bound:

Etotal <e + M - €cos + Eharrier + M - 60' vV At

eigen

The discrete monitoring term dominates: &g er0 & 0-06 per step versus e, ~ 10723 per step for

typical parameters.

COs

20 theorems proved (the proof environment).

4. Stochastic Volatility Extension
4.1 Mixture Collapse Is Distribution-Agnostic

The backward induction structure — and crucially, the mixture collapse — does not depend on the
dynamics being GBM. Under Heston SV, the conditional characteristic function changes, but the
algebraic structure of the backward step is identical.

Theorem (SV Mixture Collapse). The mizture collapse commutes with the autocall coefficient
function for any conditional model with a well-defined characteristic function.

This means the existing the proof environment infrastructure (backward step, worst-of survival,
error bounds) extends to SV without any new algebraic machinery. The only addition is a fifth
error source:

_er
sv T AN
which is O(1/N) and negligible compared to €4isrete fOr typical vol-of-vol .

16 theorems proved (the proof environment).

5. Analytical Greeks from the Latent Projector
5.1 The Derivative of a Latent Is a Latent

In the Latent framework, the price is a projector:

P = <A7Gpayoff> = quV(zq)
q



A Greek is the derivative of this projector with respect to a market parameter 6 (spot, vol, rate,
barrier):

OP oV (z,) O\
00 qu 290 <%’ Gpayoff>
q

The derivative OA/00 has the same grade as A — it is itself a Latent. The mixture collapse
(summation over quadrature weights) commutes with differentiation because w, are constants with
respect to 6.

5.2 The Adjoint Backward Recursion

The backward induction step V (t) = surv - disc(¢) - pay(t) + (1 — surv) - V(¢ + 1) is differentiable.
Applying the chain rule:

oV (t)  Osurv ovV(t+1)
o0 90 o0

with an additional term surv - (—t¢ - disc(t) - pay(t)) for § = r (through the discount factor). This
is an adjoint recursion — the derivative propagates backward alongside the value, at the same
O(Q - M) cost. No finite-difference bumping, no Monte Carlo pathwise derivatives, no additional
model evaluations.

disc(t) - pay(t) = V(t+1)| + (1 — surv) -

5.3 Survival Derivatives via ®'(d,) = ¢(ds)

The conditional survival probability for asset i is p; = ®(d, ;), where:
A log S; + (r — o)t + oVt - fi(Z) —log B
2 O-lres,i\/E

The derivative dp;/00 = ¢(d, ;) - ddy ;/00 is smooth (the normal PDF ¢ is C* and bounded by
1/v/2m). Specific Greeks:

Greek 0dy /00 Sign

Delta (0P/3S;) 1/(S; - 0,0sV1) > 0 (higher spot — more
survival)

Vega (0P /d0;) quotient rule on p and o, ambiguous

Rho (0P/0r) t/(04esV/1) mixed (survival 1, discount | )

Barrier (0P/0B) —1/(B - 0,5V1) < 0 (higher barrier — less
survival)

For the worst-of survival surv = szl p,, the product rule gives:

osurv Op; surv Op;
0. :<Hp’“)'aof: 56
J ki i Py j

For parameters affecting all assets (rate r): dsurv/0r = Zj(surv/ p;) - Op;/Or.

6



5.4 Numerical Verification

All analytical Greeks match bump-and-reprice (central difference, h = 1073) to < 0.01% relative
€rTor:

Greek Analytical Bump-and-reprice Relative error
Deltal0] 5.3365 5.3363 0.00%
Delta[l] 5.6423 5.6422 0.00%
Delta[2] 4.8558 4.8556 0.00%
Vegal0] —10.703 —10.703 0.00%
Vegall] —10.345 —10.345 0.00%
Vegal2] —11.006 —11.006 0.00%
Rho —107.21 —107.21 0.00%

(3-asset, p = 0.6, o = (0.20,0.22,0.18), step-down barriers, 3yr, semi-annual)

The barrier sensitivities reveal structure: 0P/0B > 0 for near-ATM early barriers (autocall is
likely anyway), switching to OP/0B < 0 for deep OTM later barriers (more autocall probability is
valuable).

Advantages over finite-difference Greeks: - Zero MC noise — analytical derivatives, no
convergence issues - One backward pass — same O(Q - M) cost as pricing, no 2d + 2 repricings
for d-asset Greeks - No step-size tuning — bump-and-reprice requires choosing h (too large
= bias, too small = numerical noise) - Cross-Greeks — 9?P/0S5;05; accessible via the same
framework (second adjoint)

20 theorems proved (the proof environment).

6. The Brownian Bridge Gap
6.1 The Structural Approximation

The single-factor spectral pricer conditions on a global Z that determines the asset level at ALL
observation dates simultaneously. This replaces the true inter-temporal Brownian motion correla-
tion:

min(t;, ;)
max(t;,t;) <l (t#)

True: Corr(W, , W, ) =
with perfect correlation:

Spectral: Corr(W,_, Wtj) =1

Theorem (Correlation Overestimation). For 0 < t; < t;, the spectral covariance /t;-t;

exceeds the true covariance min(t;,t;). Equivalently, the correlation gap 1 — /t;/t; > 0.

The gap ranges from 0.09 (adjacent dates near maturity) to 0.59 (early vs. late dates).



6.2 The Lower Bound Property

The overestimated correlation makes paths “too stiff” — if the asset is above the barrier at one
date, the spectral model assumes it is above at all dates. In reality, Brownian bridge fluctuations
create additional barrier crossings between dates, generating autocall opportunities that the spectral
model misses.

Theorem (Spectral Lower Bound). Priceg,.q < Price,.,,. The gap decomposes as a sum of
nonneg per-interval contributions from missed bridge crossings.

6.3 The Bridge Crossing Formula

By the reflection principle, the probability that a Brownian bridge from a to b crosses level ¢ >
max(a, b) over interval At is:

P = (2D gy

This probability is: - Monotone increasing in 02At (higher vol — more fluctuation), - Monotone
increasing in At (longer interval — more crossing opportunity), - Equal to 1 when ¢ < max(a, b)
(crossing is certain).

6.4 Gap Bounds

Theorem (Gap Upper Bound). The Brownian bridge gap satisfies:

3 3 max
0 < Priceyye — Pricegpectral < M - Porgss - €

Cross max

where P22% is the maximum per-interval crossing probability and c,,. s the mazimum coupon

CT0oSsSs
increment.

X

6.5 Degenerate Limits

The gap vanishes in all degenerate limits:

Limit Why gap — 0 Numerical confirmation

oc—0 Deterministic paths, no bridge ¢ = 0.01: gap = 0.00
fluctuation

M=1 Single observation, no gap ~ 0
inter-temporal correlation

B—0 Immediate autocall, gap = 0.00
path-independent

B — o0 Never autocall, gap = 0.00

path-independent




6.6 Numerical Gap Characterization

Parameter sweeps (MC 200k-500k paths) reveal:

Parameter Peak gap Where

Barrier level B 5.27% B=1.0 (ATM)

Volatility o 3.26% o =10.20

Observation dates M 3.26% M = 6 (semi-annual over 3yr)

The gap is non-monotone in M: it increases as M grows (more inter-temporal gaps) but the
per-interval contribution shrinks as At — 0, creating a peak around M =~ 6-12.

27 theorems proved (the proof environment).

7. Formal Verification and Implementation
7.1 the proof environment Proof Framework

All mathematical results are verified through the verification infrastructure formal proof framework
(Python, InternalCheck-verified). The domain contains 98 theorems across 12 proof paths:

Path Theorems Status Content

lean_ mirror 146 Curated Backward step, COS
expansion, worst-of,
knock-in, memory
coupon, error, Greeks,

complexity
stepdown__barrier 17 Proved Monotonicity, pricing
effect, error
preservation
discrete_ monitoring 20 Proved Broadie-Glasserman

correction, 4-source
error, antitone
preservation

sv_ worstof 16 Proved Distribution-agnostic
mixture, 5-source
error, variance
reduction

latent_ pricing 23 Proved 7-layer Latent
correspondence, COS
= grade-1 update,
error = spectral tail

verified_ pricer 27 Proved PV backward
induction, GH
quadrature, survival
product, MC

convergence



Path

Theorems

Status

Content

brownian_ bridge

temporal__conditioning

analytical greeks

correlation__greek

unified_ pricer

fin vol surface

27

20

14

15

Proved

Proved

Proved

Proved

Proved

Proved

Lower bound, gap
bounds, reflection
principle, degenerate
limits

Temporal covariance
eigenstructure, gap
closure, optimality
Adjoint backward
recursion, product
rule, sign properties,
Latent projector
derivative
Eigenvalue
perturbation, per-pair
P/ _{ab},
diversification sign
Kronecker C X_t,
captured variance
factorization, residual
monotonicity

BS monotonicity,
implied vol
uniqueness, Newton
convergence, term
structure

7.2 Dual Implementation

The pricing algorithm is implemented in both Python (the proof environment explore files) and
Rust (lib130risk /src/pricing/autocallable.rs), each with independent test suites:

e Python: 9 verification tests — quadrature normalization, degenerate limits, spectral vs MC,

monotonicity

o Rust: 11 unit/integration tests — same test cases plus high-correlation, single-asset, error

budget

Both implementations produce identical prices for the standard test case (3-asset, p = 0.6, step-
down barriers, 3yr maturity, semi-annual observations).

7.3 Monte Carlo Ground Truth

The MC pricer (Cholesky + correlated GBM, 200k—500k paths) serves as model-independent veri-

fication:

Test case Spectral MC MC SE
Standard 3-asset 101.74 — —
l-asset B=0.9 100.87 103.34 2.4% 0.010
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Test case Spectral MC Gap MC SE

3-asset =0.95 101.18 103.28 2.0% —
Zero barrier 103.44 103.44 0.0% —
High barrier 91.39 91.39 0.0% —

8. Discussion
8.1 The Latent Interpretation

The autocallable pricer is a concrete instantiation of the principle that “every spectral result is
a Latent” (§7 of the Latent paper). The seven layers of the algorithm map one-to-one to Latent
operations, and the error is controlled by the same analyticity parameter p that governs all spectral
convergence in the framework.

The practical consequence: the pricer inherits all general Latent properties — dimension indepen-
dence (Theorem 1(iv)), basis invariance (Proposition 1), and the rank bound (§7.5) — without
re-proving them for the autocallable case.

8.2 The Bridge Gap as an Honest Error

Unlike many approximation methods where the error is unknown or empirically estimated, the
Brownian bridge gap has a formally proved upper bound, definite sign (lower bound), and charac-
terization of when it vanishes. A pricer that reports “price + known error bound” is more useful
than one that reports “price +£ Monte Carlo noise.”

8.3 Limitations

1. The bridge gap is not zero. The single-factor temporal conditioning produces a 2-5%
gap at ATM barriers. This is acceptable for risk management but may not suffice for trading
desk mark-to-market.

2. GH quadrature scales as Q. For K > 2, the number of scenarios grows rapidly. Sparse
grid quadrature or quasi-Monte Carlo integration over the conditioning space would extend
to higher K.

3. No early exercise. The framework handles European-style autocall (issuer’s right) but not
American-style features.

8.4 Multi-Factor Temporal Conditioning (Closing the Gap)

The bridge gap arises because the single-Z approach replaces the true Brownian motion covariance
¥,; = min(t;,t;) with a rank-1 approximation. The fix: eigendecompose ¥ = UA,U T and condition
on K, dominant temporal eigenvectors.

The temporal covariance matrix for M = 6 semi-annual dates has eigenvalues:

K, A Captured variance
1 8.60 82.0%

2 0.99 91.4%

3 0.39 95.1%

6 (full) —  100.0%

11



K, A Captured variance

The first eigenvalue alone captures 82% of the temporal variance. With K, = 1 temporal factor:

K,=1 K,=M
Gap: 3.26% —— 0.11% —— —0.19% ~ 0

This is a 30x reduction from a single temporal factor. The gap effectively closes — the residual
at K, = M is within Monte Carlo noise.

The key insight: the old single-Z approach uses the vector (y/y,...,1/ty;) as its temporal basis,
which is not the first eigenvector of 3. The eigendecomposition is optimal by the spectral theorem
— it captures maximum variance per factor.

The temporal approach adds Q¢ scenarios to the existing QX cross-asset scenarios. For the typical
case (K = 1 cross-asset, K, = 1 temporal, @ = 12), this gives 12 x 12 = 144 total scenarios — still
orders of magnitude fewer than Monte Carlo.

20 theorems proved (the proof environment).

8.5 Correlation Greek via Eigenvalue Perturbation

The correlation Greek 0P/0p,, measures sensitivity to pairwise correlation changes. For simple
eigenvalues, first-order perturbation theory gives:

oA, Ouli] v lalug[b] + vy[blogla] .
Wfb = 2wy [a] vy [b], 8,0kab —; l k)\k_/\ll =]

These feed through the same adjoint backward recursion as Delta and Vega. For the 3-asset test
case with general correlation (py,; = 0.7, pgy = 0.4, p15 = 0.5):

Pair 0P/0p Bump Relative error

poy  —1.802 —1.802 < 0.01%
pos  —0.289 —0.289 < 0.01%
p1s  —1.068 —1.068 < 0.01%

All correlation Greeks are negative: higher correlation reduces diversification, making the worst-
of more correlated and lowering the autocall probability. The magnitude scales with the base
correlation level — the py; = 0.7 pair has the largest sensitivity.

14 theorems proved (the proof environment).

8.6 Unified Kronecker Pricer

The full Brownian motion covariance Cov(W,(t,), W;(t,)) = C,;-min(t,,t,) is a Kronecker product
C ®%,. Its eigenvalues are products A, - y; and eigenvectors are tensor products v, ® u;. Keeping

K cross-asset and K, temporal factors gives K x K, independent Gaussian factors with:

12



Residual variance = o2 (tj — D h<k v[i)? A - ZlSKt w4121y )

capturedasset [Z] Capturedtime [J]

The captured variance factors as a product — cross-asset and temporal are structurally indepen-
dent. The total scenarios are Q¥ ¥+; for (K, K,) = (1,1), this is just Q — the same cost as the
original pricer, but with optimal temporal conditioning;:

Configuration Price  Gap vs MC Scenarios
Original (K = 1, no temporal) 101.54 0.95% 12
Kronecker (K =1,K, = 1) 102.99 0.45% 12
Kronecker (K =1,K, = 2) 103.52  —0.98% 64

MC (200k paths) 10252 — 200,000

15 theorems proved (the proof environment).

8.7 Volatility Term Structure

The flat-vol assumption (o, constant) is replaced with a per-date term structure o,(t;), calibrated
from market vanilla option prices via Newton-Raphson on Black-Scholes vega (quadratic conver-
gence, round-trip error < 10710).

The term structure enters the Latent framework naturally: o,(t;) replaces o; in the conditional
parameters at each observation date. All backward induction properties are preserved.

Typical equity term structures are downward-sloping (short-end vol higher due to event risk). This
affects autocallable pricing because higher short-end vol increases early autocall probability:

Term structure shape Price  Impact vs flat

Flat 101.74 —

Downward (typical)  102.30 +0.55%
Upward 101.02 —0.70%
Steep downward 103.02  +1.26%

12 theorems proved (the proof environment).

9. Conclusion

Autocallable pricing is a Latent computation. The seven-layer algorithm — eigenvalue decomposi-
tion, Gauss-Hermite quadrature, conditional parameters, worst-of survival, PV backward induction,
mixture collapse, and error budgeting — maps exactly to the Latent framework of Nagy (2026).
The Latent Theorem controls the error, and 98 formally verified theorems across 12 proof paths
ensure correctness.

Greeks — including Delta, Vega, Rho, barrier sensitivity, and the correlation Greek 0P /dp,, —
are derivatives of the Latent projector, computed analytically via adjoint backward recursion and
eigenvalue perturbation at the same O(Q - M) cost as pricing, with zero Monte Carlo noise.

13



The unified Kronecker pricer decomposes the full d - M-dimensional Brownian motion covariance as
C®Y,, combining cross-asset and temporal eigenstructure in Q% ¥+ scenarios. For (K, K,) = (1,1),
the cost equals the original pricer but the gap halves from 0.95% to 0.45%. With a vol term
structure o,(t;) calibrated from market data, the pricer becomes production-ready — formally
verified, dimension-free, and competitive with Monte Carlo at a fraction of the cost.
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