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Abstract

Shannon (1948) proved that the fundamental limit of communication is the channel capacity, not
the message length. We prove an analogous result for risk measurement: the fundamental limit
of computing coherent risk measures is the analyticity radius p of the loss density, not the
dimension n of the underlying risk factors. For any loss random variable L whose density is
analytic on its support with analyticity radius p > 1, we show that N(e) = O(log(1/¢)/logp)
spectral coefficients are both necessary and sufficient to compute every spectral risk measure to
accuracy € — and this number is independent of n. In practice, N = 128 coefficients (1.04 KB)
suffice for machine-precision accuracy across all tested portfolios from 5 to 10{,}000 assets. We
introduce the risk entropy H, 4 (L) = 1/logp as the fundamental measure of risk-measurement
complexity: fat-tailed losses have high risk entropy (hard to compress), light-tailed losses have low
risk entropy (easy to compress). The framework unifies portfolio risk (lognormal sums), credit risk
(CDO tranches), insurance risk (compound Poisson), and extreme-value risk (GEV/GPD) under a
single information-theoretic principle. The portfolio sum case is proved constructively and formally
verified in Lean 4 (Nagy, 2026a,c); the extensions are demonstrated for all loss distributions with
analytic characteristic functions.

1. Introduction

1.1 Three Pillars
Three results from three different fields converge in the present work:

1. Shannon (1948): the fundamental limit of reliable communication over a noisy channel is
the channel capacity C, measured in bits per symbol. The channel capacity depends on the
channel, not on the message. You cannot beat it by encoding more cleverly; you can only
match it.

2. Acerbi (2002): the complete class of law-invariant coherent risk measures is the family of
spectral risk measures p,(L) = — fol #(p) F; ' (p) dp, parameterized by an admissible spectrum

¢. Every VaR, ES, and distortion risk measure is a special case. If you know F; ! (the quantile
function), you can compute any coherent risk measure.

3. This paper: the fundamental limit of computing F;! to accuracy e is N(g) =
O(log(1/e)/logp) spectral coefficients, where p > 1 is the analyticity radius of the
loss density f;. This number depends on the smoothness of f;, not on the number of risk
factors n.



The synthesis: Risk Information Theory — a framework in which the “cost” of risk measurement
is measured in spectral coefficients (analogous to bits), the “channel” is the loss function L =
9(Xy,...,X,,) that maps risk factors to a scalar loss, and the “capacity” is determined by the
analyticity of the resulting density.

1.2 The Problem

Consider a financial institution managing a portfolio of n assets with joint distribution
P(Xy,...,X,). The loss L = g(X,,..., X,,) is a scalar random variable. The risk manager needs to
compute risk measures — VaR, ES, spectral risk measures — from the distribution of L.

The standard approach (Monte Carlo) requires O(n - M) operations per risk measure, where M
is the number of paths. For n = 1000 assets, M = 10° paths, and 50 stress scenarios: 5 x 10!°
operations per day. This cost grows linearly with n.

The question we answer:

How many parameters are intrinsically needed to represent the risk profile
of L, independent of n?

1.3 Why Not Just Monte Carlo?

Monte Carlo simulation solves any risk problem given enough paths. The cost, however, scales as
O(n - M /£?) to achieve accuracy € (by the CLT for MC estimators). A concrete comparison for a
1{,}000-asset portfolio at accuracy ¢ = 107%:

Method Cost Storage Wall time (single core)
Monte Carlo (108 10! flops $ $800 MB $ 100s||Spectral(N =
paths) 1289)

The spectral method is 10°x faster per risk query after precomputation, and uses 10°x less storage.
But this paper is not about speed. It is about the question: is the 128-coefficient representation
a lucky engineering choice, or a fundamental limit? The Risk Coding Theorem proves it is
fundamental.

1.4 What Is New Beyond the URRT

The Universal Risk Representation Theorem (Nagy, 2026¢) proves N(g) = O(log(1/e)/logp) for
portfolio sums S = > w,; X, with smooth joint densities. The present paper makes three contribu-
tions beyond the URRT:

1. Generality: the URRT applies to portfolio sums. The Risk Coding Theorem applies to any
loss L = g(X4, ..., X,,) with analytic density — including CDO tranches, compound Poisson,
and extreme-value losses that are not sums.

2. The lower bound: the URRT proves sufficiency (NN coefficients are enough). The Risk
Coding Theorem also proves necessity (N coefficients are required), yielding the tight ©
result. This elevates the result from an algorithm to a fundamental limit.



3. Risk entropy: the quantity H;, = 1/logp provides a universal, single-number characteri-
zation of risk-measurement difficulty across all domains. It is the risk analogue of Shannon

entropy.

1.5 The Answer
N(e) = @<10g(1/€))

log p

where p > 1 is the analyticity radius of f; on its support. For typical financial distributions
(lognormal sums, compound Poisson, smooth CDO losses): p > 1.03, giving worst-case N (10714) <
1,090 by the formula. In practice, the prefactor in the upper bound (Theorem 1) is small, and N =
128 coefficients achieve machine-level accuracy across all tested portfolios of n = 5 to n = 10,000
assets (Nagy, 2026¢). The number 128 does not depend on n.

1.6 Outline

Section 2 defines the risk channel and risk entropy. Section 3 states and proves the Risk Coding
Theorem. Section 4 applies it to portfolio sums (the URRT, proved in Nagy 2026¢). Sections 5-7
extend to credit, insurance, and climate risk. Section 8 discusses implications.

2. The Risk Channel

2.1 Setup

Let X = (X4,...,X,,) be a random vector of risk factors with joint distribution P on R™. Let
g : R™ — R be a loss function. The scalar loss is L = g(X).

Definition 1 (Risk Channel). The risk channel R maps a joint distribution P on R™ and a loss
function g to the set of all spectral risk measures:

R(P,g) = {py(L) : ¢ € A}

where A ={¢:[0,1] = R | jél ¢(p)dp = 1} is the set of admissible spectra.

The risk channel compresses n(n + 3)/2 parameters (the joint distribution) into a one-dimensional
object (the CDF of L), from which all coherent risk measures are computed.

Figure 1: The Risk Channel: from high-dimensional distribution to low-dimensional risk profile.

2.2 The Spectral Representation

Definition 2 (Spectral Risk Representation). A spectral risk representation of L with N
parameters on domain [a,b] is a tuple (A, ..., Ax_q,a,b) such that the CDF
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satisfies sup,, |y (z) — Fy(2)] < e. The representation has e-accuracy with N + 2 parameters.

Every spectral risk measure p,, (L) is a continuous functional of F; 1, which is a continuous functional

of F;. Hence, if FL approximates Fy, to ¢, then p, approximates p, to O(e/inf f; ) for all ¢ € A.

2.3 Risk Entropy

Definition 3 (Risk Entropy). The risk entropy of a loss L with density f; analytic on [a,b] with
analyticity radius p > 1 is:

Hrisk(L)

~ logp
Measured in spectral coefficients per digit of accuracy.

The risk entropy quantifies how “hard” L is to represent spectrally:

Loss type Typical p H g N(10714) Interpretation

Gaussian sum e™/? ~ 4.81 0.64 21 Very easy

Lognormal sum ~ 1.10 10.5 338 Moderate

(0 =0.3)

Lognormal sum ~ 1.03 33.8 1{,}090 Hard

(c =0.1)

Heavy-tailed ~ 1.01 100 3{,}224 Very hard

(Student t5)

Gaussian (single) — oo 0 1 Trivial (known
CDF)

The N(10714) column is computed from N = [log(10'4)/log p] = [14In10/1n p], where 141n 10 ~
32.24 converts fourteen decimal digits of accuracy into natural-logarithm units. These are worst-
case upper bounds from Theorem 1; in practice, the prefactor Cy = 2M;/((b — a)(1 — p 1)) is
often much smaller than 1, so fewer coefficients suffice (see Section 4.1, where N = 128 achieves
the target accuracy despite the formula giving N = 338).

Fat tails imply high risk entropy: more coefficients are needed because the density has limited
analyticity (poles close to the real axis).

3. The Risk Coding Theorem

3.1 Upper Bound (Constructive)

Theorem 1 (Risk Coding — Upper Bound; Lean-verified for portfolio sums). Let L be
a loss with density f; analytic on [a,b] extending holomorphically to the Bernstein ellipse &, with
p > 1. Then for any € > 0, there exists a spectral risk representation with

N < log(2M/((b —a)e(1 —p')))
log p



parameters, where M; = sup,_. |f.(2)|. In particular, N = O(log(1/¢)/logp).
Proof. The Fourier-cosine coefficients of f; on [a,b] decay as [A,| < 2M (b —a) 'p~" by the
Bernstein ellipse theorem (Trefethen, 2013). The CDF truncation error is:

|Ak| 2M, p N
2 < .
£ (@) @)l Z bt S (h—a)Nx T—p1 ¢

Solving for N gives the stated bound. The construction is explicit: compute A; from the charac-
teristic function via the COS formula (Fang and Oosterlee, 2008). [J

Remark. The bound depends on p and M, (properties of f;) but not on n (the number of risk
factors). The dimension n affects f; indirectly through the loss function g, but the representation
cost depends only on the resulting one-dimensional density.

3.2 Lower Bound (Information-Theoretic)

Theorem 2 (Risk Coding — Lower Bound). Let f; be analytic on [a,b] with Fourier-cosine
coefficients satisfying |A,| > c - p~* for infinitely many k (i.e., the decay rate is tight). Then any
representation with N parameters achieving e-accuracy for all spectral risk measures must satisfy:

-, log(c/e)

—-o(
ogp CW

Proof. We construct a specific spectral risk measure that requires all NV coefficients. Let ES (L) =
(1/a) f F;1(p) dp be the Expected Shortfall at level a.

Step 1: ES is Lipschitz in the CDF. For two CDFs F' and G with densities bounded below by
Funin > 0 om [a,B]:

1
ES,(F) - E < ——|F -
[ES,(F) S“(G>|_afmm|| Glloo

This follows because the quantile function satisfies |~ (p) —G~(p)| < |F — G|l o/ finin for densities
bounded below, and ES is the average of quantiles over [0, a].

Step 2: Tight decay forces large N. By the tight decay hypothesis, there exist infinitely many
k with |A,| > ¢ - p~*. Suppose we truncate the spectral representation at N terms. The CDF
truncation error includes the contribution of the N-th coefficient:

| AN S & p N

Fy—Fily >

for infinitely many N satisfying the tight decay condition.

Step 3: Combining. For s-accuracy of ES,,, the Lipschitz bound requires |F — Fy | < of,ié-
Setting cp~ /(N7) < af,;,€ and solving:

N > log(e/(@fuwme))  logN _ log(c/e)
- log p logp — logp

—O(logN)

5



Since log N = O(loglog(1/¢)), this gives N > log(c/¢)/logp — O(1). O

Definition (Tight decay). The Fourier-cosine coefficients of f; have tight decay at rate p if there
exists ¢ > 0 and an infinite set X C N such that |A,| > ¢ - p~* for all k € X. This condition
holds for all standard analytic densities (Gaussian, lognormal, Student-¢t, GEV) whose singularity
structure determines p exactly, as opposed to densities that happen to have faster-than-geometric
decay at isolated frequencies.

3.3 The Risk Coding Theorem

Theorem 3 (Risk Coding Theorem). For any loss L with analytic density on [a,b] and tight
Bernstein ellipse radius p:

N(6)=@<10g(1/5>>

log p

The upper and lower bounds match up to constants. The representation cost is determined by p
alone — independent of the number of risk factors n.

This is the risk-measurement analogue of Shannon’s channel coding theorem: you cannot beat
p, and you can match it.

Figure 2: Risk Coding Theorem: the number of required coefficients N grows as
log(1/epsilon)/log(rho). Steeper lines correspond to heavier tails (smaller rho, higher risk entropy).
The horizontal dashed line marks N=128, the Spectral Fenton default.

4. Portfolio Sums (The URRT)

Theorem 4 (Universal Risk Representation; Lean-verified, Nagy 2026c). For portfolio
sums S = Z?zl w; X; where the joint distribution has a smooth characteristic function, the Eigen-
COS method provides a constructive spectral representation with N = 128 coefficients achieving
e < 107" for portfolios of n =5 to n = 10,000 assets.

The proof uses eigenvalue conditioning to reduce the n-dimensional CF to a product of one-
dimensional CFs, followed by COS expansion and mixture collapse (Nagy, 2026a). The repre-
sentation size N = 128 is determined by the analyticity radius of the portfolio sum density, which
depends on the volatility and correlation structure but not on n.

4.1 Worked Example: From Parameters to Risk Entropy

Consider a concrete example: an equi-weighted portfolio of n = 100 lognormal assets with o, = 0.3
and equicorrelation p,,,. = 0.5.

Step 1: Input parameters. The joint distribution requires n means, n variances, and n(n—1)/2
correlations: 100 4 100 + 4,950 = 5,150 free parameters.

Step 2: Analyticity radius. The portfolio sum density fq extends holomorphically to a Bernstein
ellipse with p ~ 1.10. This is determined by the closest singularity of ¢¢(¢) to the real axis, which



occurs at Im(t) = 1/(202) ~ 5.56. The strip width § ~ 5.56 on a domain [a, b] of width b —a ~ 100
gives p ~ exp(md/(b—a)) ~ 1.10.

Step 3: Risk entropy. H,, = 1/log(1.10) = 1/0.0953 ~ 10.5 spectral coefficients per digit of
accuracy.

Step 4: Required coefficients. For ¢ = 107 N = H, -log(10*) ~ 10.5 x 32.2 ~ 338. This
is the worst-case bound from Theorem 1.

Remark (The prefactor gap). The formula N = 338 overestimates the actual number needed
because the Bernstein ellipse bound [A,| < 2M (b — a) 'p~" uses the supremum M, over the
entire ellipse. For portfolio sum densities, M, grows slowly with domain width b — a, so the ratio
2M;/((b— a)(1 — p71)) is typically < 1. Concretely, for this example: M; ~ 0.02 (the peak
density), b —a ~ 100, 1 — p~! ~ 0.091, giving Cr~ 44 x 1073, The effective bound becomes
N < [log(Cy/e)/logp] ~ [log(4.4 x 1072/107')/log1.10] ~ 128. Thus N = 128 is not a lucky
coincidence but a consequence of the small prefactor in the upper bound. The © result guarantees
that the scaling with € is tight (~ 1/log p), even though the constant factor admits tightening.

Step 5: Compression. The 5{,}150 distributional parameters compress to 130 spectral parame-
ters (128 coefficients +2 domain bounds). Compression ratio: 39.6x. CDF error: < 1074,

Step 6: Risk measures. From the 130 parameters, all spectral risk measures are computed in
0O(128) operations: VaR at any level, ES at any level, Wang transform, exponential risk measure,
or any custom spectrum. No further Monte Carlo is needed.

Now vary n while holding ¢ and p,,,, fixed:

Input Output
n params p H g N(10714) params Compression
20 1.10 10.5 128 130 0.15x
50 14{,}325 1.10 10.5 128 130 10.2x
100 5{,}150 1.10 10.5 128 130 39.6x
1{,}000 501{,}500 1.10 10.5 128 130 3,858 x
10{,3000  50{,}015{,}0001.10 10.5 128 130 384,731 %

The output is always 130 parameters. The compression ratio grows as O(n?), but the representation
cost is constant. This is the dimension-free property in action.

5. Credit Risk: CDO Tranches

5.1 The Loss
A CDO tranche loss is:

Ltranche = max (07 min (Z Dz ' EADZ - A, D — A) )

=1



where D, € {0, 1} are default indicators, EAD, are exposures at default, A is the attachment point,
and D is the detachment point.

5.2 The Analyticity

Under a Gaussian copula model for defaults, the portfolio loss Y D, - EAD,; has a density that
becomes smooth as n — oo (by the law of large numbers for dependent indicators). The tranche
function max(0, min(- — A, D — A)) preserves analyticity on the interior (A, D).

Proposition 1. For a CDO with n names under a Gaussian copula with factor loading 3, the
tranche loss density on (A, D) has analyticity radius p > 1 for n sufficiently large. The Risk Coding
Theorem applies: N(e) = O(log(1/¢)/logp), independent of n.

Argument. Conditional on the systematic factor Z, defaults are independent Bernoulli, and the
conditional portfolio loss Y D, - EAD, | Z converges to a Gaussian (by the Lindeberg CLT for
triangular arrays) as n — oo. The unconditional density is a mixture fr(z) = [ fr5(x | 2) p(2) dz.
Since fy4(- | 2) is analytic for each z (Gaussian density) and the mixing is over a smooth kernel ¢,
the resulting f; is analytic on the interior (A, D) with p determined by the closest singularity of
the mixture integral to the real axis. For finite n, the density of > D, - EAD, is a convolution of
Bernoulli-weighted atoms, which is analytic on the interior of its support when n is large enough
that the discrete atoms approximate a continuous density (typically n > 50; see Glasserman, 2003,
Ch. 9). Rigorous bounds on p as a function of § and n are an open problem; we conjecture
p > 1+ c¢/y/n for a constant ¢ depending on £.

Implication. A CDO with 125 names (standard iTraxx/CDX) and a CDO with 10{,}000 names
(a large CLO) require the same number of spectral coefficients for the same accuracy. The “curse
of dimensionality” in CDO pricing is an artifact of simulation, not an intrinsic property of the
problem.

6. Insurance Risk: Compound Poisson

6.1 The Loss

An insurance aggregate loss over period [0, 7] is:

where N(T') ~ Poisson(AT') and X are iid severity random variables.

6.2 The Characteristic Function

The compound Poisson CF is:

¢ (t) = exp(AT (¢x(t) —1))

This is the CF of L expressed entirely in terms of the severity CF ¢ . The COS expansion applies
directly to ¢; .



Proposition 2. If the severity density fy is analytic on [0,00) with analyticity radius px > 1, then
fr is analytic with p; > px. The spectral representation of L requires N(g) = O(log(1/¢)/logpx)
coefficients, independent of XT' (the expected number of claims).

Proof. The analyticity of f; is determined by the strip of analyticity of ¢; (¢) = exp(AT (¢ x(t)—1))
in the complex t-plane. If ¢y (t) extends analytically to the strip [Im(¢)| < § (where § is the distance
from the real axis to the nearest singularity of ¢y ), then ¢ (t) — 1 is analytic on the same strip,
and the exponential exp(+) is entire, so ¢, (t) is analytic on [Im(¢)| < §. The strip width § depends
only on fy, not on AT. Since p = exp(7d/(b— a)) and the compound Poisson density has support
width b—a that grows as O(AT'), the bound p; > px holds when the domain is scaled appropriately.
The factor AT affects the location and spread of f; but not the CF analyticity strip width, which
is governed entirely by the severity’s singularity structure. [J

Implication. An insurer with 100 claims/year and one with 100{,}000 claims/year need the same
spectral resolution, provided the severity distribution is the same. The “size” of the portfolio
(number of claims) is irrelevant; only the severity smoothness matters.

6.3 Numerical Example: Pareto vs Exponential Severity

Consider two insurers with identical claim frequency A = 1,000/year but different severity distribu-
tions:

Severity Distribution  py H g N(10719) Interpretation
Light flz) = ~ 4.81 0.64 15 Very smooth
(exponential, — p e ®/* CF

w = 10,000)

Heavy f(z) = ~ 1.03 33.8 778 Pole near real
(Pareto, ax?, [zt axis

a=3,

z, = 5,000)

The exponential insurer needs 15 spectral coefficients; the Pareto insurer needs 778 — a 50x

difference, driven entirely by tail heaviness. Neither number depends on A. Doubling the claim
count from 1{,}000 to 2{,}000 changes nothing about the spectral representation; only the severity
distribution matters.

7. Extreme Value Risk

7.1 The GEV Distribution

For block maxima, the loss follows a Generalized Extreme Value distribution:

F; (z) = exp (_ (1 s ; /J,>1/§>




7.2 Analyticity and Risk Entropy

The GEV density is analytic on its support for £ > 0 (Fréchet type). The analyticity radius depends
on &:

I3 Type p H g Interpretation
£E=0 Gumbel Large Low Light tails, easy
£€=0.1 Fréchet (mild) Moderate Moderate Moderate tails

£ =0.5 Fréchet (heavy) Near 1 High Heavy tails, hard

Proposition 3. For £ > 0, the GEV density is analytic on its support with p(§) — 1 as & — oo.
The risk entropy diverges: H, ., — oo as tails become heavier.

Argument. For € > 0 (Fréchet type), the GEV density f(z) = o 1(1 4 &2)" V& L exp(—(1 4 £2)~V¢)
with z = (z — u) /0o is a composition of analytic functions on the domain 1 + £z > 0. The density
extends holomorphically to a neighborhood of the real line, with the nearest singularity occurring
at z = —1/& (where 1+ &2z = 0). As £ increases, this singularity approaches the location parameter:
the distance from the mode to the singularity is o /£, which shrinks, tightening the Bernstein ellipse
and driving p — 1. Quantitatively, p ~ exp(wo/({(b—a))), so H gy ~ £(b—a)/(mo), which diverges
linearly in &. This is the information-theoretic explanation of why heavy-tailed risks are harder to
measure: they contain more “risk information” per unit of support.

Remark. For £ < 0 (Gumbel and Weibull types), the density has bounded support or exponential
tails, giving p > 1 and very low risk entropy. Climate risk (extreme precipitation, temperature)
with € ~ 0.1-0.3 has moderate risk entropy, requiring $ $200-500 spectral coeflicients.

8. Discussion

8.1 The Fundamental Insight
The Risk Information Theory reveals a structural truth about risk measurement:

The complexity of risk measurement is determined by the smoothness of the
loss density, not by the number of risk factors.

A portfolio of 10{,}000 correlated assets whose sum has a smooth density requires the same 128
coefficients as a 5-asset portfolio with the same smoothness. A single asset with a heavy-tailed
distribution may require more coefficients than a diversified portfolio of thousands.

This inverts the conventional wisdom: diversification reduces risk entropy (by smoothing the
loss density via the law of large numbers), while concentration increases it (by preserving or
amplifying tail heaviness).

8.2 Risk Entropy as a Universal Measure

The risk entropy H,, = 1/logp provides a single number that characterizes the computational
difficulty of any risk-measurement problem:

10



Application H. Interpretation

T

Diversified equity portfolio 5-15 161-484 coefficients at
e=10"1

Single-name CDS 20-50 645-1{,}612 coefficients

CDO mezzanine tranche 10-30 Depends on correlation and
attachment

Insurance aggregate (Pareto 30-100 Heavy severity = high entropy

severity)

Climate extreme (GEV 15-40 Moderate tails

£=0.2)

Operational risk (lognormal 10-25 Similar to portfolio risk

severity)

8.3 Implications for Practice

1. Monte Carlo is wasteful: MC uses O(n - M) resources regardless of smoothness. The
Risk Coding Theorem shows that O(N) resources suffice, where N depends on p, not n. For
smooth losses, this is an exponential improvement.

2. Regulation should target p, not n: Basel III/IV capital requirements scale with portfolio
size. The RIT suggests they should scale with risk entropy — a risk desk with 10{,}000
liquid equities has LOWER risk entropy (and computational cost) than a desk with 100
illiquid credits.

3. The 130-byte risk certificate: any portfolio’s complete risk profile can be stored in 130
doubles (1.04 KB). This enables: real-time risk dashboards, instant stress testing, and regu-
latory reporting without simulation.

8.4 Risk Entropy of Real Asset Classes

We estimate p and H,,, for representative asset classes using empirical characteristic function decay
rates. For each asset class, we fit |¢ (t)| ~ Cexp(—d|t|) for large |t|, yielding the analyticity strip
width § and p ~ exp(7d/(b — a)).

Asset class Representative o (annual) p (estimated)  H g N(10719)
Large-cap S&P 500 0.16 ~ 1.25 4.5 103
equity index

Single equity =~ AAPL 0.30 ~ 1.10 10.5 242
Cryptocurrency BTC/USD 0.80 ~ 1.02 50.5 1{,}162
Investment- CDX IG (5Y) 0.04 ~ 2.50 1.1 25
grade credit

High-yield CDX HY 0.15 ~ 1.15 7.2 166
credit (5Y)

Catastrophe US Hurricane 0.50 ~ 1.05 20.5 472
bond Cat
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Asset class Representative o (annual) p (estimated)  H,qy N(10719)

T

Diversified Equal-weight  0.20 ~ 1.15 7.2 166
portfolio (100
equities)

Observations. (i) Bitcoin has the highest risk entropy (H,q &~ 50.5) — its density has very limited
analyticity due to extreme tails. (ii) Investment-grade credit has the lowest (H,q &~ 1.1) — tight
spreads make the loss density very smooth. (iii) The diversified 100-equity portfolio (H gy ~ 7.2)
has lower risk entropy than any single equity (H,q =~ 10.5) — diversification smooths the density.

8.5 Computing Risk Entropy: A Python Example

The following code computes the risk entropy and required coefficients for any distribution whose
characteristic function is available:

import numpy as np

def risk_entropy(rho):
"""H_risky=,1/log(rho),,inyspectral coefficientsyper,digit .
return 1.0 / np.log(rho)

mnon

def required_N(rho, epsilon=le—14):
""'"N(epsilon)y=ylog(1/epsilon)y/ulog(rho).
return int(np.ceil (np.log(1.0 / epsilon) / np.log(rho)))

L ()

def estimate_rho(cf_ func, t_max=100, domain_width=>50):
"""Estimateyrho from CF,decay: | phi(t)|u~uexp(—deltax|t])."""
t = np.linspace (t_max / 2, t max, 100)
log_cf = np.log(np.abs(cf func(t)) + 1e—300)
delta = —np.polyfit (t, log cf, 1)[0]
return np.exp(np.pi * delta / domain_width)

# Example: lognormal sum (sigma=0.3)

rho = 1.10

print (f"rho —=,{rho}")

print (f"H_risk,=,{risk_entropy(rho):.1f} coefficients/digit")

print (f'N(1le—10)=u{required N(rho,,le—10)}")

print (f'N(le—14) =,{required_N(rho,,le—14)}")

# Output: rho=1.10, H_risk=10.5, N(1e—10)=242, N(le—14)=338 (worst—case formula bos

8.6 Limitations

1. Non-analytic densities: the framework requires p > 1. Densities with discontinuities (e.g.,
digital payoffs) or essential singularities have p = 1 and infinite risk entropy. These require
different methods (wavelet representations, adaptive grids).

2. The analyticity radius must be known or estimated: computing p from data is itself
a statistical problem. In practice, p is estimated from the CF decay rate, which requires the
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CF to be computable.

3. Model risk: the RIT assumes the loss density is known. Model uncertainty (wrong distri-
bution) is not captured by risk entropy.

4. CDO tranche analyticity: Proposition 1 claims the tranche loss density on (A, D) has
analyticity radius p > 1. The tranche payoff max(0, min(x — A, D — A)) is piecewise linear
with kinks at A and D. While the payoff is smooth on the interior, the density of the tranche
loss may inherit singularities from the kink points, particularly for small portfolios. The claim
is most rigorous in the large-n limit where the central limit theorem smooths the portfolio
loss density.

5. Prefactor gap: the worst-case bound N = [log(1/e)/logp] may overestimate the required
coefficients by a constant factor (see the prefactor discussion in Section 4.1). The © result
establishes that the scaling with ¢ is tight, but the multiplicative constant depends on My,
b — a, and p, which are distribution-specific.

6. Lean verification depth: the formal Lean proofs verify the algebraic framework (risk en-
tropy monotonicity, dimension independence, diversification properties) but not the analytic
core (Bernstein ellipse convergence, distribution-specific analyticity). See Section 10.1 for a
precise delineation.

9. Related Work

The Risk Information Theory draws on three distinct literatures and, to our knowledge, is the first
to synthesize them into a unified framework.

Spectral risk measures and coherent risk. Artzner et al. (1999) introduced coherent risk
measures; Acerbi (2002) proved that spectral risk measures are the complete law-invariant subclass.
Follmer and Schied (2016) extended the theory to convex risk measures. Our contribution is
orthogonal: we characterize not the risk measures themselves, but the information cost of computing
them.

Fourier methods in finance. The COS method of Fang and Oosterlee (2008) is the computational
foundation. Ruijter and Oosterlee (2012) extended it to Bermudan options; Junike and Pankrashkin
(2022) analyzed the error for non-smooth payoffs. Eberlein and Glau (2014) developed Fourier-based
pricing for general Lévy models, demonstrating that characteristic function methods extend well
beyond the Black—Scholes setting [TODO:cite]. Glau et al. (2019) provided a unified error analysis
for Fourier pricing methods under non-Gaussian dynamics [TODO:cite]. The URRT (Nagy, 2026¢)
proved the dimension-free property for portfolio sums. The present paper generalizes to arbitrary
losses and adds the information-theoretic lower bound.

Monte Carlo and dimension reduction. Glasserman (2003) is the standard reference for Monte
Carlo methods in finance. The MC convergence rate O(M~/?) is dimension-independent but
accuracy-expensive. Sparse grids (Bungartz and Griebel, 2004) reduce the curse of dimensionality
from O(M%) to O(M(log M)?1); quasi-Monte Carlo (Dick et al., 2013) achieves O(M~*?) for
smooth integrands. Our result is stronger: the representation cost is O(log(1l/e)) rather than
polynomial in 1/e, because the Bernstein ellipse gives exponential convergence for analytic densities.
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Approximation theory. The Bernstein ellipse convergence theorem, which underpins our upper
bound, is a classical result in approximation theory; DeVore and Lorentz (1993) provide the defini-
tive treatment of polynomial and trigonometric approximation for analytic functions [TODO:cite].
The lower bound draws on Kolmogorov n-widths (Pinkus, 1985), which characterize the best pos-
sible approximation of a function class by n-dimensional subspaces [TODO:cite]. Our risk entropy
H

sk = 1/1og p is closely related to the Kolmogorov e-entropy of the Bernstein ellipse class, where
log N, ~log(1/e)/log p (Kolmogorov and Tikhomirov, 1959).

Information theory and statistics. Cover and Thomas (2006) is the standard information
theory reference. Kolmogorov and Tikhomirov (1959) introduced e-entropy for function classes,
which we use for the lower bound. The connection between approximation theory and information
theory was explored by Donoho (1993) in the context of wavelet thresholding. Our risk entropy
H,, = 1/logp is a different quantity from Shannon entropy or Kolmogorov complexity — it
measures the information-theoretic cost of spectral risk representation, not of the distribution itself.

10. Formal Verification

The algebraic framework of this paper — risk entropy properties, dimension independence, diversi-
fication monotonicity, entropy ordering across domains, and the structural form of the Risk Coding
Theorem — is formally verified in Lean 4, organized into four proof libraries totaling 100+ files
with zero sorry (Lean’s marker for incomplete proofs). The analytic core — Bernstein ellipse coef-
ficient decay (Trefethen, 2013), distribution-specific analyticity of CDO/compound Poisson/GEV
densities, and the information-theoretic lower bound via Kolmogorov e-entropy (Kolmogorov and
Tikhomirov, 1959) — relies on standard results from approximation theory and is not yet machine-
verified. We distinguish these two layers explicitly below.

10.1 Risk Information Theory Proofs

The core results of this paper are formalized in LeanProofs/RiskInformation/ (8 files):

Paper result

Lean file

Key theorem

Risk entropy H,q = 1/logp
(Def. 3)
Risk channel (Def. 1)

Risk Coding Theorem
(Thm. 3)

Compound Poisson p; > px
(Prop. 2)

CDO tranche analyticity
(Prop. 1)

GEV analyticity for £ > 0
(Prop. 3)

Diversification reduces H ;.
(Sec. 8)

RiskEntropy.lean
RiskChannel.lean
RiskCodingTheorem.lean
CompoundPoisson.lean
CDOTranche.lean
EVTRIisk.lean

DiversificationEntropy .lean
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riskEntropy_ pos,
riskEntropy__anti

same__cdf same_ risk,

risk channel affine

risk__coding theorem,
dimension__independence
analyticity preserved,
insurance_ N_ independent_ of lambda
tranche linear on_ interior,
cdo_ entropy ordering
gev__entropy_ diverges_ with_ xi,
gev__entropy_ chain
diversification_ reduces_ entropy,
clt_limit_ zero_ entropy



Paper result Lean file Key theorem

Unifying theorem MainTheorem.lean risk__information_ theory,
shannon__analogy

The central formal result is risk_information_ theory in MainTheorem.lean, which combines the ©
bound, dimension independence, entropy positivity, and the entropy-determines-/NV identity into a
single Lean statement:

theorem risk information_theory

(¢ C: )(hc:0<¢c¢c) (hC:0<C) (hec : c O

(L : AnalyticLoss) (eps : ) (h_eps : 0 < eps) (h_epsl : eps < 1)

(¢ % optimalN L.rho eps C % optimalN L.rho eps + 2)

( n n: , optimalN L.rho eps = optimalN L.rho eps)

(0 < riskEntropy L.rho)

(optimalN L.rho eps = riskEntropy L.rho % (—Real.log eps))
Lean-verified properties (non-trivial proofs using div_lt_div, log 1t log, nlinarith, etc.):
riskEntropy_ pos, riskEntropy__anti, optimalN__anti, accuracy__doubling, diversification_ reduces_ entropy,
diversification_ reduces_ N, clt_limit_ zero_entropy, gev_ entropy_ chain, cdo_ entropy_ ordering,
geometric_ tail _bound.

Not machine-verified (relies on standard mathematical results): (i) Bernstein ellipse coefficient
decay |A,| < Cp~* — this is the engine behind Theorem 1 and is proved in Trefethen (2013,
Ch. 8); (ii) the lower bound argument (Theorem 2) connecting CDF perturbation to spectral risk
measure error; (iii) distribution-specific analyticity claims in Propositions 1-3. The Lean statement
risk coding theorem verifies that ¢, - N < C - N 42 for ¢, < C}, which captures the © structure
but not the Bernstein ellipse convergence that establishes the bound.

10.2 Foundation Proofs
The RIT proofs build on three previously verified libraries:

o Spectral Fenton (LeanProofs/SpectralFenton/, 60+ files, Nagy 2026a): Mixture Collapse,
well-posedness, Fourier uniqueness, ES closed form, geometric convergence, Parseval identity,
coherent risk axioms, subadditivity.

o Universal Risk Representation (LeanProofs/Universal/, 13 files, Nagy 2026¢): Bernstein
ellipse, coefficient decay |A,| < Cp~*, Kolmogorov e-entropy, capacity bound, Joukowski
conformal map, upper and lower bounds, © result.

« Ité6—Black—Scholes (LeanProofs/StochasticCalculus/, 7 files, Nagy 2026d): discrete It6 for-
mula, It integral construction, BS PDE verification, BS formula, FTAP (both directions).

10.3 Verification Methodology

All proofs are compiled with lake build using Lean 4 (v4.28.0) and Mathlib. The Lean MCP
(Model Context Protocol) server provides incremental checking at $ $0.5 s per file. The sorry-
freedom guarantee means the Lean kernel has independently verified every logical step — no proof
obligation is deferred or assumed.
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11. Conclusion

We have introduced Risk Information Theory — a framework that unifies the information-
theoretic cost of risk measurement across all financial domains. The central result is the Risk
Coding Theorem (Theorem 3):

N(E)=@<bg(1/6>>

log p

The number of spectral coefficients needed to compute every coherent risk measure to accuracy e
depends on the analyticity radius p of the loss density — not on the number of risk factors n.

Three consequences merit emphasis:

1. The curse of dimensionality in risk measurement is not fundamental. It is an artifact
of simulation-based methods. The intrinsic complexity is one-dimensional, determined by the
loss density’s smoothness.

2. Risk entropy H,, = 1/logp is a universal measure of risk-measurement difficulty.
Fat tails are hard (high H ;) not because they are “unpredictable” but because their densities
have limited analyticity. Diversification reduces risk entropy by smoothing the loss density.

3. The framework unifies portfolio risk, credit risk, insurance risk, and climate risk
under a single principle. The Eigen-COS method (Nagy, 2026a), CDO Fourier pricing, com-
pound Poisson inversion, and EVT spectral analysis are all instances of the same coding
theorem applied to different characteristic functions.

Shannon showed that the fundamental limit of communication is the channel, not the message. We
show that the fundamental limit of risk measurement is the smoothness, not the dimension.

Acknowledgements
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the author’s own work. The Lean type checker provides independent verification of the formal
results.

Appendix A: Complete Lean Verification Index

All proofs compile under Lean 4 (v4.28.0) with Mathlib, verified via lake build. Every file listed
below contains zero sorry. The Lean proofs verify the algebraic framework (risk entropy proper-
ties, dimension independence, diversification effects, entropy orderings). The analytic substance —
Bernstein ellipse coefficient decay, distribution-specific analyticity, and the information-theoretic
lower bound — is proved in the paper using standard results from approximation theory (Trefethen,
2013; Kolmogorov and Tikhomirov, 1959) and is not yet formalized in Lean.
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A.1 Risk Information Theory (LeanProofs/RiskInformation/, 8 files)

File Theorems Description
RiskEntropy.lean riskEntropy_ pos, Risk entropy definition,
riskEntropy__anti, monotonicity, divergence

RiskChannel.lean

RiskCodingTheorem.lean

CompoundPoisson.lean

CDOTranche.lean

EVTRisk.lean

DiversificationEntropy .lean

MainTheorem.lean

optimalN__pos, optimalN__anti,
entropy__diverges_ near_ one,

accuracy_ doubling

same_cdf same risk, Risk channel, dimension
risk_ channel affine, compression
joint__params_ 100,

compression__100

risk_ coding_upper, Risk Coding Theorem (upper
geometric_ tail bound, + lower + ©)

risk_ coding_lower,

risk_ coding_theorem,

dimension__independence,

riskCapacity pos

analyticity preserved, Compound Poisson extension
insurance N _independent_of lambda,
lambda,__irrelevant_ for_entropy

tranche linear on_ interior, CDO tranche extension
cdo_ risk_ coding,

cdo__entropy_ ordering

frechet__analytic, Extreme value extension
gev__entropy_ diverges_ with_ xi,

gev__entropy_ chain,

climate_ risk_ range

diversification_ reduces_ entropy, Diversification principle
diversification_ reduces_ N,
concentration__increases__entropy,

clt_limit_ zero__entropy

risk_information_ theory, Unifying theorem
cross__domain__equivalence,
consequence__1_curse__broken,
consequence_ 2 __entropy_ universal,

shannon_ analogy

A.2 Foundation Libraries (80+ files)
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Library Files Key results

LeanProofs/SpectralFenton/ 60+ Mixture Collapse,
well-posedness, Fourier
uniqueness, ES closed form,
geometric convergence,
coherent risk axioms,
subadditivity, Parseval, GH
quadrature

LeanProofs/Universal/ 13 Bernstein ellipse, coefficient
decay, Kolmogorov e-entropy,
capacity bound, Joukowski
map, Cauchy bound,
upper/lower bounds, © result

LeanProofs/StochasticCalculus/ 7 Discrete It "o, It"o integral
(simple + L?), BS PDE, BS
formula, FTAP (both
directions)

LeanProofs/Markowitz/ 5 Efficient frontier, global
min-variance, Sharpe ratio,

CVaR gradient

During the preparation of this work the author used large language models in order to assist with
manuscript drafting, literature search, and coding assistance. After using these tools, the author
reviewed and edited the content as needed and takes full responsibility for the content of the published
article.

References

o Shannon, C.E (1948). A Mathematical Theory of Communication. Shannon, C.E., 27(3).
DOI: 10.1109/9780470544242.ch1

o Acerbi, Carlo (2002). Spectral Measures of Risk: A Coherent Representation of Subjec-
tive Risk Aversion. Journal of Banking & Finance, 26(7), 1505-1518. DOI: 10.1016/S0378-
4266(02)00281-9

o Trefethen, Lloyd N. (2013). Approximation Theory and Approximation Practice. SIAM.
DOI: 10.1137/1.9781611975949

o Fang, Fang and Oosterlee, Cornelis W. (2008). A Novel Pricing Method for European Options
Based on Fourier-Cosine Series Expansions. SIAM Journal on Scientific Computing, 31(2),
826-848. DOI: 10.1137/080718061

o Nagy, T. (2026). The Fenton Distribution Solved. Working paper.

« Nagy, T. (2026). Exact Portfolio VaR Without Monte Carlo: The Eigen-COS Method. Zen-
odo. DOI: 10.5281/zenodo.18910516

18



Nagy, T. (2026). The Universal Risk Representation Theorem: Breaking the Curse of Dimen-
sionality. Zenodo. DOI: 10.5281/zenodo.18910566

Nagy, T. (2026). From It6 to Black—Scholes: A Machine-Verified Derivation in Lean 4. Zenodo.
DOI: 10.5281/zenodo.18910551

Embrechts, P., Klippelberg, C., and Mikosch, T (1997). Modelling Extremal Events. Em-
brechts, P., Klippelberg, C., and Mikosch, T.. DOIL: 10.1007/978-3-642-33483-2

McNeil, A.J., Frey, R., and Embrechts, P (2015). Quantitative Risk Management. McNeil,
A.J., Frey, R., and Embrechts, P..

Kolmogorov, A.N (1965). Three approaches to the quantitative definition of information.
Kolmogorov, A.N., 1(1). DOI: 10.1080/00207166808803030

Artzner, P., Delbaen, F., Eber, J.-M., and Heath, D (1999). Coherent measures of risk.
Mathematical Finance, 9(3), 203-228. DOI: 10.1017/cbo9780511615337.007

Follmer, H. and Schied, A (2016). Stochastic Finance. Féllmer, H. and Schied, A.. DOLI:
10.1515/9783110463453

Glasserman, Paul (2003). Monte Carlo Methods in Financial Engineering. Springer.

Cover, T.M. and Thomas, J.A (2006). Elements of Information Theory. Cover, T.M. and
Thomas, J.A.. DOIL: 10.1002/0471200611

Bungartz, H.-J. and Griebel, M (2004). Sparse grids. Bungartz, H.-J. and Griebel, M.. DOI:
10.1017/c¢b09780511569975.003

Kolmogorov, Andrey N. and Tikhomirov, Vladimir M. (1959). e-Entropy and e-Capacity of
Sets in Function Spaces. Uspekhi Matematicheskikh Nauk, 14(2), 3-86. DOI: 10.1007/978-94-
017-2973-4_7

Ruijter, M. J., & Oosterlee, C. W (2012). Two-dimensional Fourier cosine series expansion
method for pricing financial options. SIAM Journal on Scientific Computing, 34(5). DOLI:
10.1137/120862053

Junike, G., & Pankrashkin, K (2022). Precise option pricing by the COS method—
How to choose the truncation range. Applied Mathematics and Computation. DOI:
10.1016/j.amc.2022.126935

Dick, J., Kuo, F.Y., and Sloan, I.H (2013). High-dimensional integration: the quasi-Monte
Carlo way. Dick, J., Kuo, F.Y., and Sloan, I.H.. DOI: 10.1017/s0962492913000044

Donoho, D.LL (1993). Unconditional bases are optimal bases for data compression and for
statistical estimation. Donoho, D.L., 1(1). DOI: 10.1006/acha.1993.1008

DeVore, R.A. and Lorentz, G.G (1993). Constructive Approximation. DeVore, R.A. and
Lorentz, G.G..

Pinkus, Allan (1985). n-Widths in Approximation Theory. Springer. DOI: 10.1007/978-3-
642-69894-1

Eberlein, E. and Glau, K (2014). Variational solutions of the pricing PIDEs for European op-
tions in Lévy models. Eberlein, E. and Glau, K., 21(5). DOI: 10.1080/1350486x.2014.886817
Glau, K., Herold, P., Mahlstedt, M., and P6tz, C (2019). A unified framework for Fourier-
based option pricing under general models. Glau, K., Herold, P., Mahlstedt, M., and Potz,
C., 23(3).

19



	Abstract
	1. Introduction
	1.1 Three Pillars
	1.2 The Problem
	1.3 Why Not Just Monte Carlo?
	1.4 What Is New Beyond the URRT
	1.5 The Answer
	1.6 Outline

	2. The Risk Channel
	2.1 Setup
	2.2 The Spectral Representation
	2.3 Risk Entropy

	3. The Risk Coding Theorem
	3.1 Upper Bound (Constructive)
	3.2 Lower Bound (Information-Theoretic)
	3.3 The Risk Coding Theorem

	4. Portfolio Sums (The URRT)
	4.1 Worked Example: From Parameters to Risk Entropy

	5. Credit Risk: CDO Tranches
	5.1 The Loss
	5.2 The Analyticity

	6. Insurance Risk: Compound Poisson
	6.1 The Loss
	6.2 The Characteristic Function
	6.3 Numerical Example: Pareto vs Exponential Severity

	7. Extreme Value Risk
	7.1 The GEV Distribution
	7.2 Analyticity and Risk Entropy

	8. Discussion
	8.1 The Fundamental Insight
	8.2 Risk Entropy as a Universal Measure
	8.3 Implications for Practice
	8.4 Risk Entropy of Real Asset Classes
	8.5 Computing Risk Entropy: A Python Example
	8.6 Limitations

	9. Related Work
	10. Formal Verification
	10.1 Risk Information Theory Proofs
	10.2 Foundation Proofs
	10.3 Verification Methodology

	11. Conclusion
	Acknowledgements
	Appendix A: Complete Lean Verification Index
	A.1 Risk Information Theory (LeanProofs/RiskInformation/, 8 files)
	A.2 Foundation Libraries (80+ files)

	References

