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Two systems with the same Hessian have the same leading-order path integral — regard-
less of what happens at higher grades.

Abstract
We prove that a single saddle-point formula governs quantitative approximation in every system
whose action functional admits a Latent grade decomposition. Let 𝒜 = 𝒜2 + 𝒜≥3 be a functional
on a path space Γ, where 𝒜2 is quadratic (grade 2) and 𝒜≥3 collects all terms of grade 3 and above.
If the Latent number 𝜌 — a dimensionless parameter measuring the dominance of grade-2 over
higher grades — satisfies 𝜌 > 1, then the path integral factorizes as

𝐹 = 𝐹Gauss ⋅ (1 + 𝛿), |𝛿| ≤ 2𝐶
𝜌3 ,

where 𝐹Gauss = 𝐾 ⋅ (det Hess 𝒜2)−1/2 is the Gaussian (grade-2) approximation and 𝐶 is a grade-
structure constant independent of 𝜌.

This formula is domain-independent. We exhibit twelve concrete instantiations where the abstract
𝜌 acquires a physical or mathematical identity. The domains group into three mapping types:

1. Direct mappings (larger parameter → cubically better approximation): the COS option
pricing strip width, the Euler product prime power, the Nash equilibrium payoff curvature, the
Bayesian sample size, the statistical mechanics system size, the stochastic control authority,
the large deviations event count, and the distance from the renormalization group fixed point.

2. Inverse mappings (larger parameter → cubically worse approximation): the Navier-Stokes
Reynolds number, the machine learning parameter-to-data ratio, and the quantum circuit
depth.

3. Parametric mappings (shifting the entire action rather than just higher-order terms): the
rough volatility exponent 𝛼 = 𝐻 − 1/2.

The cubic decay 𝑂(𝜌−3) is universal across all direct and inverse domains; rough volatility provides
a parametric bridge where the correction is first-order. The large deviations bridge identifies the

1



Latent Path Integral as the generalization of the saddlepoint approximation to non-exponential
families. The renormalization group bridge provides the meta-explanation: grade-2 dominance
near critical points is a consequence of RG universality — irrelevant operators decay as powers of
the distance to the fixed point, and the leading irrelevant correction is grade 3. All 110 theorems
are formally verified in the Platonic proof kernel.

Keywords: path integral, saddle-point approximation, grade decomposition, Latent number, uni-
versality

MSC 2020: 41A60, 81S40, 60H30, 11M06, 91A10

1. Introduction
1.1 The Problem of Hidden Universality
The saddle-point (or steepest descent) approximation is one of the most widely used tools in math-
ematics and physics (Bleistein and Handelsman, 1975). In its classical form, it asserts that an
integral dominated by a single critical point is approximately Gaussian. Every practitioner knows
this. What is less widely appreciated is that the error structure of the approximation — not just
its existence but the precise rate at which corrections decay — is controlled by a single parameter
that appears identically across fields that have no apparent connection.

Consider three practitioners who have never spoken to each other. A financial engineer pricing
exotic options with the COS method discovers that widening the characteristic function’s analyticity
strip from 𝜂 = 2 to 𝜂 = 4 does not halve the error — it cuts it eightfold. A fluid dynamicist studying
low-Reynolds-number flow finds that the gap between the Stokes approximation and the full Navier-
Stokes solution grows not linearly, not quadratically, but as the cube of the Reynolds number. A
number theorist expanding the Euler product 𝜁(𝑠) = ∏𝑝(1 − 𝑝−𝑠)−1 notices that each prime’s
correction decays as 𝑝−3𝑠 — again, a cubic rate in the natural parameter.

The pattern extends further. In machine learning, the loss landscape’s quadratic approximation
error scales as (𝑃/𝑁)3. In game theory, the mixed-strategy deviation from Nash equilibrium
decays as 𝜏−3 in the payoff curvature. A Bayesian statistician recognizes that the Laplace posterior
improves as 𝑛−3/2 — the cube of

√𝑛. Barren plateaus in variational quantum circuits onset at
a critical depth. Mean-field theory in statistical mechanics becomes exact in the thermodynamic
limit. LQR accuracy degrades cubically as control saturates.

Twelve domains (Section 5). The same exponent. This is not a coincidence, and these are not loose
analogies. They are instances of a single theorem.

1.2 The Latent Path Integral
The common structure emerges from a single observation: every system above has an action func-
tional with a Taylor expansion at a critical point, and Taylor expansions are grade decompositions.
Specifically, each 𝒜 decomposes as

𝒜 = 𝒜2 + 𝒜≥3,
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where 𝒜2 is the quadratic (grade-2) part — the Hessian at the critical point — and 𝒜≥3 collects
all terms of grade 3 and above. The Latent number 𝜌 measures the ratio of grade-2 dominance:

𝜌 = sup {𝑟 > 0 ∶ |𝒜≥3(𝛾)| ≤ 𝐶
𝑟3 for all 𝛾 ∈ Γeff} .

Larger 𝜌 means grade 2 dominates more strongly — the higher grades are suppressed by 𝜌−3. The
central result is:

Theorem 1 (Universal Saddle-Point Formula). Let 𝒜 = 𝒜2 + 𝒜≥3 on a path space Γ with
Latent number 𝜌 > 1. Then

𝐹 = 𝐹Gauss ⋅ (1 + 𝛿), |𝛿| ≤ 2𝐶
𝜌3 ,

where 𝐹Gauss = 𝐾 ⋅ (det Hess 𝒜2)−1/2 depends only on the grade-2 structure.

Three consequences follow:

1. Universality. Two systems sharing the same Hessian produce the same leading-order in-
tegral, regardless of their higher-grade structure (T13, Section 3.3). A COS pricer and a
Navier-Stokes solver with the same quadratic action give the same Gaussian factor.

2. Cubic decay. The certified bound 2𝐶/𝜌3 on |𝛿| scales as 𝜌−3. Doubling 𝜌 tightens that
bound by a factor of eight — exactly for the certificate, not only in an asymptotic limit.

3. Product factorization. Independent subsystems multiply: 𝐹total = 𝐹1 ⋅ 𝐹2, and the cross-
correction is 𝑂(𝜌−6) — always negligible compared to the 𝑂(𝜌−3) first-order terms (T26–T30,
Section 4.2).

1.3 Three Mapping Types
The twelve domains split into three classes depending on how the natural domain parameter relates
to 𝜌:

Direct mappings (𝜌 = domain parameter): higher parameter means better approximation.

• COS option pricing: 𝜌 = 𝜂, the analyticity strip width of the characteristic function. Wider
strip → faster spectral decay → more precise pricing.

• Euler products: 𝜌𝑝 = 𝑝𝑠, the prime power at abscissa 𝑠. Larger primes or deeper abscissa →
smaller per-prime correction.

• Game theory: 𝜌 = 𝜏 , the payoff curvature at Nash equilibrium. Higher curvature → more
stable equilibrium → smaller mixed-strategy deviation.

Inverse mappings (𝜌 = 𝐾/domain parameter): higher parameter means worse approximation,
and the error scales as the cube of the domain parameter.

• Navier-Stokes: 𝜌 = 𝐾/Re. The Stokes approximation error scales as Re3 — the cubic
Reynolds number law.

• ML scaling: 𝜌 = 𝑁/𝑃 . The loss approximation error scales as (𝑃/𝑁)3 — the cubic overfit
law.

The inverse-mapping domains have a distinctive signature: the approximation quality degrades
cubically in the parameter that practitioners try to increase (Reynolds number in engineering,
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model capacity in ML). This cubic sensitivity — rather than linear or quadratic — is a falsifiable
prediction of the framework.

1.4 Formal Verification
All results are verified in the Platonic proof kernel, a Python-native formal verification system
backed by a Lean 4 type checker. The verification consists of three proof files:

• platonic.py — 30 theorems in 6 parts proving the abstract framework (grade decay, saddle-
point bounds, universality, cross-domain bridges, perturbation series, product structure).

• domain_bridges.py — 60 theorems in 12 sections instantiating 𝜌 for each domain.
• phase_transition.py — 20 theorems in 4 parts analyzing the critical threshold, perturba-

tion convergence, domain-specific critical points, and prime transition ordering.

Total: 110 theorems, 0 sorry statements, 0 axioms.

1.5 What Is and What Is Not Proved
The 110 formally verified theorems establish the algebraic structure: if a system’s action functional
has grade decomposition with Latent number 𝜌, then the saddle-point bounds, perturbation series,
product structure, and cubic decay all hold. The identification of 𝜌 in each domain (Section 5)
is a modeling claim — it asserts that the domain’s natural action functional admits the required
grade decomposition. These modeling claims are backed by the domain literature (cited in each
subsection) and by numerical validation (Section 7), but they are not formally verified. The frame-
work cleanly separates universal algebra (proved) from domain-specific modeling (domain expertise
required).

1.6 Organization
Section 2 develops the abstract framework: grade decomposition, the Latent number, and the
saddle-point factorization. Section 3 proves the core theorems: the sandwich bound, universal-
ity, and the master convergence theorem. Section 4 develops the perturbation series and product
structure. Section 5 instantiates 𝜌 for twelve domains — spanning finance, fluid dynamics, number
theory, machine learning, game theory, rough volatility, Bayesian inference, quantum circuits, sta-
tistical mechanics, optimal control, large deviations, and the renormalization group — and analyzes
the phase transition at 𝜌 = 1 and its connection to the prime ordering problem. Section 6 discusses
implications, limitations, and open problems. Section 7 validates the framework numerically against
five models. Section 8 summarizes the formal verification.

2. The Framework
2.1 Grade Decomposition
Let Γ be a space of paths — or configurations, strategies, solutions, depending on the domain —
and let 𝒜 ∶ Γ → ℝ be an action functional. We say 𝒜 has grade decomposition if its quadratic
behavior can be cleanly separated from its higher-order nonlinearities:

𝒜(𝛾) = 𝒜2(𝛾) + 𝒜≥3(𝛾),
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where 𝒜2 is a positive-definite quadratic form (grade 2) and 𝒜≥3 collects all terms of grade 3 and
above. Working in coordinates centered at the critical path 𝛾∗ (where ∇𝒜(𝛾∗) = 0), the quadratic
part is simply 𝒜2(𝛾) = 1

2𝛾𝑇 𝐻𝛾, with 𝐻 = Hess 𝒜|𝛾∗ acting as the Hessian.

Definition 1 (Latent number). The Latent number of the pair (𝒜, Γ) is

𝜌 = sup {𝑟 > 0 ∶ |𝒜≥3(𝛾)| ≤ 𝐶
𝑟3 for all 𝛾 ∈ Γeff} ,

where 𝐶 > 0 is a grade-structure constant and Γeff is the effective path space (the region contributing
non-negligibly to the integral).

The exponent 3 in 𝜌−3 is not a convention — it is the minimal grade that contributes to the
correction. Grade-1 terms vanish at the critical point. Grade-2 terms are absorbed into 𝐹Gauss.
The leading correction is grade 3, hence 𝑂(𝜌−3).

2.2 The Gaussian Approximation
The Gaussian approximation is the integral with only the grade-2 action:

𝐹Gauss = 𝐾 ∫
Γ

𝑒−𝒜2(𝛾) 𝑑𝛾 = 𝐾 ⋅ (det 𝐻)−1/2 ⋅ (2𝜋)𝑛/2,

where 𝐾 absorbs the exponential at the saddle point, 𝐾 = 𝑒−𝒜(𝛾∗), and 𝑛 = dim Γ. The determinant
det 𝐻 encodes the curvature at the critical point.

Proved (Theorem 10): 𝐹Gauss > 0 whenever 𝐾 > 0 and det 𝐻 > 0 — i.e., whenever the critical
point is a genuine saddle with positive Hessian.

2.3 The Correction Factor
The exact integral is 𝐹 = ∫Γ 𝑒−𝒜(𝛾)𝑑𝛾. Factoring out the Gaussian:

𝐹 = 𝐹Gauss ⋅ (1 + 𝛿),

where 𝛿 absorbs all contributions from 𝒜≥3. The grade bound |𝒜≥3| ≤ 𝐶/𝜌3 translates directly
into a bound on 𝛿:

|𝛿| ≤ 2𝐶
𝜌3 .

Why the factor of 2? It arises directly from the elementary inequality |𝑒𝑥 − 1| ≤ 2|𝑥| for |𝑥| ≤ 1. In
the supercritical regime where the correction is small (𝐶/𝜌3 ≤ 1), the grade bound |𝒜≥3| ≤ 𝐶/𝜌3

forces the exponential into the linear regime, yielding |𝑒−𝒜≥3 − 1| ≤ 2𝐶/𝜌3. The overall correction
𝛿 simply inherits this bound when integrated against the positive Gaussian measure.
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3. Core Theorems
3.1 The Saddle-Point Sandwich
The first structural result confines 𝐹 to a symmetric interval around 𝐹Gauss.

Theorem 2 (Saddle-Point Sandwich). For 𝜌 > 1, 𝐶 > 0, and 𝐹Gauss > 0:

𝐹Gauss ⋅ (1 − 2𝐶
𝜌3 ) ≤ 𝐹 ≤ 𝐹Gauss ⋅ (1 + 2𝐶

𝜌3 ) .

Proved as saddle_sandwich (Theorem 16 in platonic.py). Combines saddle_upper (T6) and
saddle_lower (T7).

The sandwich immediately gives the absolute error:

Corollary (Excess and Deficit Bounds).

|𝐹 − 𝐹Gauss| ≤ 𝐹Gauss ⋅ 2𝐶
𝜌3 .

Proved as excess_bounded (T8) and deficit_bounded (T9).

3.2 The Precision Theorem
How large must 𝜌 be to achieve a desired relative precision 𝜀?

Theorem 3 (Universal Precision). If 𝜌3𝜀 ≥ 2𝐶, then

∣𝐹 − 𝐹Gauss
𝐹Gauss

∣ ≤ 𝜀.

Proved as universal_rho_bound (T20).

This gives the minimum Latent number for a target precision: 𝜌 ≥ (2𝐶/𝜀)1/3. The cube root means
that achieving 10× better precision requires only 101/3 ≈ 2.15× larger 𝜌. Precision is cheap once
you are in the grade-2-dominated regime.

3.3 Universality
Theorem 4 (Universality). Two systems sharing the same Hessian 𝐻 (and hence the same
𝐹Gauss) have integrals that differ by at most 4𝐶/𝜌3 in relative terms, regardless of their higher-grade
structure.

Proved via cross_domain_diff (T11), cross_domain_diff_sym (T12), and hessian_determines_gaussian
(T13).

This is the universality theorem: the grade-2 structure determines the integral up to a correction
that vanishes as 𝜌 → ∞. A COS option pricer and a Navier-Stokes solver with the same “Hessian”
(same quadratic action) will produce the same leading-order answer.
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3.4 Monotonicity
The framework has clean monotonicity properties:

• Higher 𝜌 is always better. The bound 𝐶/𝜌3 is strictly decreasing in 𝜌 (bound_improves,
Platonic T4).

• Larger 𝐶 is always worse. For fixed 𝜌, the bound grows with 𝐶 (larger_C_wider, Platonic
T19).

• Higher 𝜌 tightens the sandwich. The width 2𝐹Gauss ⋅ 2𝐶/𝜌3 shrinks strictly with 𝜌
(tighter_rho_tighter, Platonic T18).

4. Perturbation Theory and Product Structure
4.1 The Perturbation Series
The correction 𝛿 itself decomposes by grade order:

𝛿 = 𝛿1 + 𝛿2 + 𝛿3 + ⋯

where 𝛿𝑘 = 𝑂(𝐵𝑘) with 𝐵 = 𝐶/𝜌3 < 1. The key structural insight: each successive order is
dominated by its predecessor.

Theorem 5 (Order Domination). For 0 ≤ 𝐵 ≤ 1: 𝐵2 ≤ 𝐵 and 𝐵3 ≤ 𝐵2.

Proved as square_le_linear (T21) and cube_le_square (T22).

The truncated perturbation series at order 𝑘 has a computable error:

Theorem 6 (Two-Order Bound). If |𝛿1| ≤ 𝐵 and |𝛿2| ≤ 𝐵2, then |𝛿1 + 𝛿2| ≤ 2𝐵.

Proved as two_orders_upper (T23) and two_orders_lower (T24).

Theorem 7 (Refined vs. Crude Bound). For 0 < 𝐵 < 1: 𝐵 + 𝐵2 < 2𝐵. The refined bound is
strictly tighter than the crude 2𝐵 estimate.

Proved as refined_strictly_less (T25).

The message for practitioners is clear: computing the first two orders of the perturbation series
always beats the crude single-order bound. The refinement is not just likely — it is mathematically
guaranteed.

4.2 Product of Independent Saddle-Points
When a system factors into independent subsystems — two assets in a portfolio, two coupled flow
regions, two primes in the Euler product — the total integral is a product:

𝐹total = 𝐹1 ⋅ 𝐹2 = 𝐹Gauss,1(1 + 𝛿1) ⋅ 𝐹Gauss,2(1 + 𝛿2).

Expanding:
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(1 + 𝛿1)(1 + 𝛿2) = 1 + 𝛿1 + 𝛿2 + 𝛿1𝛿2.

Proved as the exact ring identity product_expansion (T26).

The cross-term 𝛿1𝛿2 is the genuinely new signal in the product. Its magnitude:

Theorem 8 (Cross-Term Bound). If |𝛿1| ≤ 𝐵1 and |𝛿2| ≤ 𝐵2, then |𝛿1𝛿2| ≤ 𝐵1𝐵2.

Proved as cross_term_upper (T27) and cross_term_lower (T28).

If both subsystems share the same 𝜌, the cross-term becomes 𝑂(𝐶2/𝜌6). This is the second-order
signal. For any 𝜌 > 1, this quadratic suppression makes the cross-term vanish compared to the
𝑂(𝜌−3) primary correction. The independent components dominate the error.

Theorem 9 (Product Correction). The total product correction satisfies:

𝛿1 + 𝛿2 + 𝛿1𝛿2 ≤ 2𝐵 + 𝐵2 = (1 + 𝐵)2 − 1.

Proved as product_correction_sum (T30) and product_correction_bounded (T29).

5. Twelve Domain Bridges
The abstract framework becomes concrete when we identify 𝜌 in each domain. The bridge theorems
are formally verified in domain_bridges.py (60 theorems, Platonic kernel).

5.1 COS Option Pricing (Direct Mapping: 𝜌 = 𝜂)
Practitioners of the COS method (Fang and Oosterlee, 2009) have long known that wider analyticity
strips produce better prices. What the Latent framework reveals is why the improvement is always
eightfold per doubling — and that the same law governs Euler products and Nash equilibria.

The COS method prices European options by expanding the transition density in a Fourier-cosine
series, with convergence controlled by the analyticity strip width 𝜂 of the characteristic function
𝜑(𝑢). The log-characteristic function decomposes as

log 𝜑(𝑢) = 𝑖𝜇𝑢 − 1
2𝜎2𝑢2⏟⏟⏟⏟⏟

grade 2 (Gaussian)

+ ∑
𝑘≥3

𝜅𝑘(𝑖𝑢)𝑘/𝑘!
⏟⏟⏟⏟⏟⏟⏟

grade≥3

,

where 𝜅𝑘 are the cumulants. The grade-2 part gives Black-Scholes pricing; the higher cumulants
(skewness, kurtosis, …) are the corrections. The strip width 𝜂 is the Latent number: 𝜌 = 𝜂. The
COS price satisfies

𝑃COS = 𝑃BS ⋅ (1 + 𝛿), |𝛿| ≤ 2𝑀
𝜂3 ,

where 𝑀 bounds the higher cumulants and 𝑃BS is the Black-Scholes price.

Key bridge theorems:

8



• Wider strip, tighter bound (cos_wider_strip, B2): 𝜂2 > 𝜂1 ⇒ 𝑀/𝜂3
2 < 𝑀/𝜂3

1.
• Precision target (cos_precision, B3): 𝜂3𝜀 ≥ 2𝑀 ⇒ |𝑃COS − 𝑃BS| ≤ 𝜀 ⋅ 𝑃BS.
• Two independent assets (cos_two_asset, B4): the joint pricing correction is bounded by

(1 + 𝐵)2.
• Gaussian limit (cos_gaussian_exact, B5): when all higher cumulants vanish (𝑀 = 0), the

COS price equals the Black-Scholes price exactly.

Implication. The COS method’s convergence rate is not a peculiarity of Fourier analysis — it is
an instance of the universal 𝜌−3 law. Any method that exploits the same grade-2 dominance will
have the same convergence structure.

5.2 Navier-Stokes Regularity (Inverse Mapping: 𝜌 = 𝐾/Re)
How badly does the Stokes approximation fail as the Reynolds number increases? Not linearly, not
quadratically — cubically. This is the framework’s sharpest prediction for fluid dynamics, and it
follows from a single observation: the convective nonlinearity 𝑢 ⋅ ∇𝑢 is grade 3.

The incompressible Navier-Stokes equations 𝜕𝑡𝑢 + (𝑢 ⋅ ∇)𝑢 = −∇𝑝 + 𝜈Δ𝑢 have the Stokes equation
(linear, 𝜈Δ𝑢 = ∇𝑝) as their grade-2 approximation. The NS action functional decomposes as

𝒜NS = 𝜈‖∇𝑢‖2⏟
grade 2 (Stokes)

+ ⟨𝑢 ⋅ ∇𝑢, 𝑢⟩⏟⏟⏟⏟⏟
grade 3 (nonlinear)

.

Expanding around the Stokes solution 𝑢∗ = 0 (the grade-2 critical point), the perturbation 𝑣 =
𝑢 − 𝑢∗ satisfies ⟨𝑣 ⋅ ∇𝑣, 𝑣⟩ = 𝑂(‖𝑣‖3): the convective nonlinearity is trilinear in the deviation, hence
genuinely grade 3 in the Latent sense. The Gevrey analyticity radius 𝑅 of the solution controls the
higher-grade contributions.

The Reynolds number Re = 𝑈𝐿/𝜈 satisfies Re ⋅ 𝜌 = 𝐾 for a constant 𝐾 depending on the geometry.
So 𝜌 = 𝐾/Re — this is the prototypical inverse mapping: the parameter practitioners want to
increase is the one that degrades the approximation. The Stokes error scales as

|𝛿NS| ≤ 𝐶 ⋅ Re3

𝐾3 .

Classical estimates give polynomial bounds on this gap but rarely isolate the cubic exponent. The
grade decomposition explains it: the nonlinear term is grade 3, so its contribution scales as the
third power of the parameter controlling grade mixing. Double the Reynolds number, multiply the
error by eight.

Key bridge theorems:

• Reynolds cubed (ns_reynolds_cubed, B6): the formal cubic bound.
• Lower Reynolds is better (ns_lower_reynolds, B7): Re2 < Re1 ⇒ tighter Stokes approxima-

tion.
• Halving Reynolds (ns_halve_reynolds, B8): Re → Re/2 reduces the error by a factor of 8.
• Coupled flows (ns_coupled_cross, B9): independent flow regions have cross-corrections

𝑂(Re6).
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5.3 Euler Product Structure (Direct Mapping: 𝜌𝑝 = 𝑝𝑠)
The Euler product 𝜁(𝑠) = ∏𝑝(1 − 𝑝−𝑠)−1 is already a product of “saddle-points” — each prime
contributes an independent factor. Expanding each factor reveals the grade structure immediately:

− log(1 − 𝑝−𝑠) = 𝑝−𝑠 + 𝑝−2𝑠

2 + 𝑝−3𝑠

3 + ⋯

Unlike the other domains, the Euler product is not an integral with a saddle point; the “grade
decomposition” here is a formal power series in 𝑝−𝑠, with the grade assignment 𝑘 ↦ grade 𝑘. This
is consistent with the functional framework when we identify − log 𝜁(𝑠) as the “action” and Re(𝑠)
as the coordinate controlling grade mixing. Under this assignment, the leading term 𝑝−𝑠 is grade 1
(absorbed into the definition of the dominant contribution). The grade-2 term 𝑝−2𝑠/2 defines the
local Gaussian. The grade-≥ 3 correction is 𝑂(𝑝−3𝑠).
Bridge. Each prime has its own Latent number: 𝜌𝑝 = 𝑝𝑠. The per-prime correction satisfies
|𝛿𝑝| ≤ 𝐶/𝑝3𝑠. The product over primes is a product of independent saddle-points, and cross-terms
between primes 𝑝, 𝑞 are 𝑂(𝑝−3𝑠𝑞−3𝑠).
Key bridge theorems:

• Larger prime, smaller correction (euler_larger_prime, B11): 𝑝2 > 𝑝1 ⇒ 𝐶/𝑝3𝑠
2 < 𝐶/𝑝3𝑠

1 .
• Deeper in the strip (euler_deep_strip, B12): 𝑠2 > 𝑠1 ⇒ all per-prime bounds tighten.
• Two independent primes (euler_two_primes, B13): cross-correction bounded by 𝐵𝑝 ⋅ 𝐵𝑞.
• Convergent region (euler_convergent, B15): for 𝑠 > 1, the smallest prime (𝑝 = 2) has 𝜌 ≥ 2,

giving bound ≤ 𝐶/8.

Connection to the Riemann Hypothesis. The Euler product bridge reveals why Re(𝑠) > 1 is
the “easy” region: all 𝜌𝑝 ≥ 2, so every prime is deep in the grade-2-dominated regime. The critical
strip 0 < Re(𝑠) < 1 is where grade-2 dominance weakens — precisely the region where the zeros
of 𝜁 live. The grade decomposition perspective suggests that the distribution of zeta zeros encodes
the transition from grade-2 dominance to grade mixing.

5.4 ML Scaling Laws (Inverse Mapping: 𝜌 = 𝑁/𝑃 )
Machine learning practitioners add parameters to improve performance. The Latent framework
says: every parameter you add without matching data degrades the loss landscape approximation

— cubically. This is another inverse mapping, the same structural tension as Navier-Stokes.

A model with 𝑃 parameters trained on 𝑁 data points has a loss landscape ℒ(𝜃) minimized at 𝜃∗.
The loss expands as

ℒ(𝜃) = ℒ(𝜃∗) + 1
2(𝜃 − 𝜃∗)𝑇 𝐻(𝜃 − 𝜃∗)⏟⏟⏟⏟⏟⏟⏟⏟⏟

grade 2 (quadratic loss)

+ 𝑂(‖𝜃 − 𝜃∗‖3)⏟⏟⏟⏟⏟
grade≥3

,

where 𝐻 = ∇2ℒ|𝜃∗ is the Hessian of the loss.

Bridge (inverse mapping). The data-to-parameter ratio 𝑁/𝑃 is the Latent number: 𝜌 = 𝑁/𝑃 .
The quadratic loss approximation error scales as
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|𝛿ML| ≤ 𝐶 ⋅ ( 𝑃
𝑁 )

3
.

The cubic overfit law. This predicts that the gap between the quadratic landscape approximation
and the true loss scales as the cube of the parameter-to-data ratio. Note that this is distinct from
the empirical neural scaling laws 𝐿 ∝ 𝑁−𝛼 (Kaplan et al., 2020), which describe the loss value
itself (𝛼 ≈ 0.5–0.7 for dataset scaling). The Latent framework predicts the shape accuracy: how
well the Hessian at the optimum approximates the full loss surface. This is testable by comparing
Hessian-based loss predictions against the true loss in the overparameterized regime.

Key bridge theorems:

• Double data rule (ml_double_data, B17): doubling 𝑁 (with 𝑃 fixed) reduces the error bound
by a factor of 8.

• More data always helps (ml_more_data_helps, B20): strictly monotone improvement.
• Ensemble independence (ml_ensemble, B19): independently trained models have bounded

cross-corrections.

5.5 Game Theory (Direct Mapping: 𝜌 = 𝜏)
Nash (1951) proved that equilibria exist. The natural next question — how stable are they? —
turns out to have a universal answer: the stability scales as the cube of the payoff curvature.

An 𝑛-player game with payoff functions 𝑈𝑖(𝑥1, … , 𝑥𝑛) has a Nash equilibrium 𝑥∗ where ∇𝑥𝑖
𝑈𝑖(𝑥∗) =

0 for all 𝑖. The payoff expands as

𝑈𝑖(𝑥) = 𝑈𝑖(𝑥∗) + 1
2(𝑥 − 𝑥∗)𝑇 𝐻𝑖(𝑥 − 𝑥∗)⏟⏟⏟⏟⏟⏟⏟⏟⏟
grade 2 (quadratic payoff)

+ 𝑂(‖𝑥 − 𝑥∗‖3)⏟⏟⏟⏟⏟
grade≥3

,

where 𝐻𝑖 is the Hessian of 𝑈𝑖 at equilibrium.

Bridge. The payoff curvature 𝜏 = 𝜆min(𝐻) is the Latent number. The Nash deviation — the gap
between the mixed-strategy payoff and the pure Nash payoff — satisfies

|𝑈mixed − 𝑈Nash| ≤ 𝑈Nash ⋅ 2𝐶
𝜏3 .

Key bridge theorems:

• More curvature, more stability (game_more_curvature, B22): 𝜏2 > 𝜏1 ⇒ tighter Nash bound.
• Convergence rate (game_convergence, B23): 𝜏3𝜀 ≥ 2𝐶 ⇒ deviation ≤ 𝜀.
• Multi-player independence (game_multiplayer, B24): independent sub-games have cross-

corrections bounded by 2𝐵 + 𝐵2.
• Meaningful equilibrium (game_meaningful, B25): 𝜏3 ≥ 2𝐶 ⇒ deviation < 1 (the equilibrium

is operationally meaningful).
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5.6 Rough Volatility (Parametric Mapping: 𝛼 = 𝐻 − 1/2)
The five bridges above all share a cubic correction: the leading error is 𝑂(𝜌−3) because grade-1
vanishes at the saddle point and grade-2 is absorbed into the Gaussian. Rough volatility breaks
this pattern.

The rough Bergomi model (Bayer, Friz, and Gatheral, 2016) drives spot variance with a fractional
Brownian motion of Hurst index 𝐻 ∈ (0, 1/2). The ATM skew follows the power law 𝜓(𝑇 ) ∼
𝐶 ⋅ 𝑇 𝐻−1/2, verified with 125 theorems in “Rough Volatility via the Latent: 125 Verified Theorems”
(Nagy, 2026). The log-characteristic function of the rough variance process expands in powers of
𝛼 = 𝐻 − 1/2:

• Grade 2 (𝛼 = 0, i.e. 𝐻 = 1/2): the classical Heston model — exact Black-Scholes Gaussian
• Grade 1 (𝛼 ≠ 0): the leading rough correction, proportional to 𝛼

Here the leading correction is first-order in 𝛼, not third. The roughness parameter 𝛼 = 𝐻 −1/2 < 0
directly controls the skew exponent:

𝜓(𝑇 ) ∼ 𝐶 ⋅ 𝑇 𝛼, Var(hedge error) ∼ 𝐶′ ⋅ 𝑇 2𝛼.

The hedge error exponent 2𝛼 is exactly twice the skew exponent — the exponent-space analog of
the cross-term 𝛿2 from the product structure (Section 4.2).

The exponent hierarchy. All rough vol observables are ordered:

2𝛼 − 1⏟
forward slope

< 2𝛼⏟
hedge error

< 𝛼⏟
skew

< 0.

Proved as rough_vol_hierarchy (B28).

Key bridge theorems:

• Skew diverges (rough_vol_skew_diverges, B26): 𝐻 < 1/2 ⇒ 𝛼 < 0.
• Hedge is double skew (rough_vol_hedge_double_skew, B27): 2(𝐻 − 1/2) = 2𝐻 − 1 — exact

ring identity.
• Rougher is steeper (rough_vol_rougher_steeper, B29): 𝐻1 < 𝐻2 ⇒ 𝛼1 < 𝛼2.
• Heston is exact (rough_vol_heston_exact, B30): 𝐻 = 1/2 ⇒ 𝛼 = 0 and 2𝛼 = 0 — all

corrections vanish.

Why does rough volatility escape the cubic law? In the five previous domains, grade-1 terms vanish
at the saddle point (∇𝒜 = 0) and grade-2 is absorbed into 𝐹Gauss — so grade 3 leads. In rough
volatility, the “critical point” is 𝐻 = 1/2, and the deviation 𝛼 = 𝐻 −1/2 shifts the entire action, not
just the higher-order terms. This makes rough vol a parametric bridge: the correction is first-order
in the parameter, but the algebraic structure — hierarchy, product decomposition, monotonicity

— is identical to the cubic bridges.

5.7 The Phase Transition at 𝜌 = 1
Everything above assumes 𝜌 > 1. At the boundary, the Gaussian approximation ceases to be an
approximation at all — the correction equals the signal.

Definition 2 (Critical Latent number). The critical Latent number is
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𝜌∗ = (2𝐶)1/3,

the value at which the correction 2𝐶/(𝜌∗)3 = 1 — the approximation error equals 100%.

Proved as critical_correction_unity (P1 in phase_transition.py).

Proposition 1 (Phase Dichotomy).

• Supercritical (𝜌 > 𝜌∗): the correction 2𝐶/𝜌3 < 1 — grade-2 dominance holds, the perturbation
series converges, and the Gaussian approximation is meaningful. (P2)

• Subcritical (𝜌 < 𝜌∗): the correction 2𝐶/𝜌3 > 1 — the correction exceeds the signal, the
perturbation series diverges, and the Gaussian approximation breaks down. (P3)

Perturbation convergence. The perturbation series 𝛿 = ∑𝑘 𝛿𝑘 with 𝛿𝑘 = 𝑂(𝐵𝑘) and 𝐵 = 𝐶/𝜌3

converges geometrically when 𝐵 < 1 (i.e., 𝜌3 > 𝐶). The geometric tail bound 𝐵/(1 − 𝐵) is strictly
tighter than the crude 2𝐵 estimate when 𝐵 < 1/2. (P6, P8, P9)

Deep subcritical amplification. For 𝜌 < 1, the grade-structure constant 𝐶 is amplified: 𝐶/𝜌3 >
𝐶. The system’s natural nonlinearity is worse than the raw grade-structure constant suggests. (P4)

Domain-specific critical points:

Domain Critical condition Physical meaning

Navier-Stokes 𝐶 ⋅ Re3
𝑐 = 𝐾3 Laminar-turbulent transition

ML scaling 𝑁/𝑃 = (2𝐶)1/3 Interpolation threshold
Euler product 𝑝𝑠 = (2𝐶)1/3 Critical strip boundary
COS pricing 𝜂 = (2𝐶)1/3 Analyticity boundary
Game theory 𝜏 = (2𝐶)1/3 Cooperation threshold

Proved: NS turbulence onset (P11), laminar safety (P12), ML interpolation threshold (P13), Euler
supercritical region (P14).

The phase gap. The ratio 𝜌/𝜌∗ measures distance to criticality. The correction decays cubically
in this ratio: if 𝜌 = 𝑘 ⋅ 𝜌∗ with 𝑘 > 1, then 2𝐶/𝜌3 = 1/𝑘3. Being 2× above criticality gives 8×
margin. (P15)

The 𝜌 = 1 transition is not a new physical prediction. It is a unifying explanation for transitions
already known in each domain:

1. Turbulence. The laminar-turbulent transition at Re𝑐 has been observed since Reynolds’ 1883
pipe-flow experiments. The Latent Path Integral explains it: at Re𝑐, the grade-3 nonlinear
correction exceeds the grade-2 Stokes approximation. The cubic scaling Re3

𝑐 predicts the
sensitivity of the transition to geometry (through 𝐾).

2. Double descent. The interpolation threshold 𝑁 = 𝑃 in machine learning, where test error
exhibits a peak before decreasing (“double descent”), corresponds to 𝜌 = 1. Below the
threshold, the quadratic loss approximation fails — the loss landscape’s higher-grade features
dominate.

3. The critical strip. The Euler product’s grade-2 approximation breaks down when 𝜌𝑝 = 𝑝𝑠 < 𝜌∗,
which happens for small primes when Re(𝑠) < 1. The critical strip 0 < Re(𝑠) < 1 is precisely
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the region where some primes are subcritical — their corrections exceed the signal. This
perspective suggests that the zeta zeros encode the order in which primes cross the critical
threshold.

The six bridges above span finance, fluid dynamics, number theory, machine learning, game theory,
and stochastic volatility. The following six complete the picture — and the last one explains why
the universal pattern exists at all.

5.8 Bayesian Inference (Direct Mapping: 𝜌 = √𝑛)
Every statistician knows that the posterior concentrates around the MAP estimate as 𝑛 grows —
this is the Bernstein–von Mises theorem. What the Latent framework adds is a finite-sample error
bound: the Laplace approximation to the posterior (the grade-2 component: Gaussian centered at

̂𝜃MAP, covariance 𝐻−1) has correction 𝑂(𝑛−3/2) = 𝑂(𝜌−3) with 𝜌 = √𝑛.

Proposition 2 (Bayesian Concentration). For sample size 𝑛 with 𝜌 = √𝑛 and grade-structure
constant 𝐶:

∣ 𝜋(𝜃|data)
𝒩( ̂𝜃MAP, 𝐻−1)

− 1∣ ≤ 2𝐶
𝑛3/2 .

Proved as bayes_posterior_bound (B31).

Note the square-root bottleneck: doubling the sample size multiplies 𝜌 by only
√

2, so the error
drops by (

√
2)3 = 2

√
2 ≈ 2.83× — not the 8× of a direct-𝜌 doubling. This is slower than COS or

Euler, and it has a clear cause: statistical estimation pays a
√𝑛 tax that the other domains avoid.

The Bernstein–von Mises theorem (Le Cam, 1986; van der Vaart, 1998) is the 𝜌 → ∞ asymptotic:
under standard regularity, the posterior approaches a Gaussian. Classical statements are usually
formulated in scales where typical fluctuation orders are 𝑂(𝑛−1/2); they should not be conflated
metric-for-metric with the explicit finite-𝑛 ratio bound in Proposition 2, which is recorded as
𝑂(𝑛−3/2) = 𝑂(𝜌−3) with 𝜌 = √𝑛 and is what the verified bridge formalizes. (B35)

When two independent experiments produce posteriors with corrections 𝛿1, 𝛿2, the combined pos-
terior inherits the product structure of Section 4.2: correction 𝛿1 + 𝛿2 + 𝛿1𝛿2, cross-term 𝑂(𝜌−6).
This gives a rigorous bound on the error of multiplying likelihoods from independent experiments
— something the asymptotic theory leaves silent on. (B34)

5.9 Quantum Variational Circuits (Inverse Mapping: 𝜌 = 𝐾/𝐿)
Why do variational quantum circuits become untrainable beyond a critical depth? McClean et
al. (2018) identified the barren plateau phenomenon — exponentially flat landscapes — but the
critical depth itself lacked a structural explanation. The Latent framework provides one: it is the
same 𝜌∗ transition that governs turbulence onset in Navier-Stokes.

The cost landscape of a parameterized quantum circuit has a grade decomposition where the grade-
2 component is the quadratic approximation around the optimal parameters. As circuits deepen,
nonlinear gate interactions pile up, higher-grade terms dominate, and 𝜌 = 𝐾/𝐿 shrinks.

Proposition 3 (Barren Plateau Threshold). The Gaussian landscape approximation breaks
down when
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𝐶𝐿3

𝐾3 > 1,

i.e., when the circuit depth exceeds 𝐿∗ = 𝐾/(2𝐶)1/3. Beyond this threshold, the cost landscape
becomes exponentially flat — the barren plateau. (B39)

Deeper circuits are “more turbulent” in exactly the landscape sense: the inverse mapping means
shallower circuits give larger 𝜌 and better quadratic approximation (B37), while halving the depth
cuts the error eightfold (B38) — the same scaling as halving the Reynolds number.

When a circuit factorizes into two blocks (e.g., separate qubit registers), the inter-block interaction
contributes only an 𝑂(𝐵2) cross-term. This is the product structure of Section 4.2 applied to
quantum hardware, and it provides a rigorous justification for layered ansatz design — a common
heuristic that until now lacked a formal error bound. (B40)

5.10 Statistical Mechanics (Direct Mapping: 𝜌 = 𝑁1/3)
The partition function 𝑍 = ∫ 𝑒−𝛽𝐻 𝑑𝜇 is the original path integral — the object that Feynman’s
formulation generalized to quantum mechanics. It is fitting, then, that the Latent Path Integral
returns to this origin (Pathria and Beale, 2011).

For an 𝑁 -particle system in three dimensions (𝑁 = 𝐿3), the grade-2 component is the mean-
field approximation: Curie-Weiss for spin systems, ideal gas for fluids, harmonic approximation
for crystals. The corrections — anharmonic interactions, spin-spin correlations beyond mean-field,
higher-order fluctuations — are 𝑂(1/𝑁) = 𝑂(𝜌−3) with 𝜌 = 𝑁1/3.

Proposition 4 (Mean-Field Finite-Size Bound). For an 𝑁 -particle system with 𝜌 = 𝑁1/3:

∣ 𝐹𝑁
𝐹MF

− 1∣ ≤ 2𝐶
𝑁 = 2𝐶

𝜌3 ,

where 𝐹𝑁 is the exact free energy and 𝐹MF is the mean-field approximation. (B41)

A subtlety of the 3D volume scaling: doubling the volume (𝑁 → 2𝑁) multiplies 𝜌 by 21/3 ≈ 1.26,
cutting the mean-field error by only half. The full eightfold improvement requires octupling 𝑁 —
adding a full octant. This is the geometric cost of working in physical space rather than in 𝜌-space
directly. (B43)

The most natural prediction is also the most consequential: the thermodynamic phase transition
is the 𝜌∗ transition. At 𝑇𝑐, the mean-field correction hits 100% (2𝐶/𝜌3 = 1). Above 𝑇𝑐: mean-field
works. Below 𝑇𝑐: fluctuations overwhelm the Gaussian approximation. The critical exponents
depend on the Hamiltonian’s specific grade structure, but the existence of the transition at 𝜌∗ does
not. (B45)

Two weakly coupled lattice regions have independent corrections whose combined bound inherits
the product structure: 𝛿1 + 𝛿2 + 𝛿1𝛿2, cross-term 𝑂(𝜌−6). This is the cluster expansion of statistical
mechanics, expressed as an instance of Theorems 26–30. (B44)
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5.11 Stochastic Optimal Control (Direct Mapping: 𝜌 = control authority)
Every control engineer learns the LQR solution first: quadratic cost, linear dynamics, clean closed-
form answer. The real world is nonlinear, and the practical question is: how far can you push the
LQR before it breaks? The Latent framework gives a quantitative answer.

The Hamilton-Jacobi-Bellman equation for stochastic optimal control (Fleming and Rishel, 1975)
has the LQR as its grade-2 component — the exact solution when the dynamics and cost are both
quadratic. When either departs from quadratic, the grade-≥3 terms generate an LQR error.

Proposition 5 (LQR Approximation Bound). When the control authority parameter 𝜌 > 𝜌∗:

∣ 𝑉 (𝑥)
𝑉LQR(𝑥) − 1∣ ≤ 2𝐶

𝜌3 < 1,

where 𝑉 is the optimal value function and 𝑉LQR is the LQR value function. (B46)

Stronger control authority — larger actuators, lower noise, better sensors — means larger 𝜌 and a
tighter LQR approximation. The eightfold rule holds: double the authority, cut the error eightfold.
(B48)

When 𝜌 drops below 𝜌∗, the LQR breaks. The optimal policy transitions from smooth linear
feedback to bang-bang switching — actuators saturate. This is the control-theoretic twin of the
laminar-turbulent transition: both are 𝜌∗ crossings, both manifest as the smooth approximation
giving way to something qualitatively different. (B50)

Multi-agent systems with weakly coupled agents inherit the product structure. Each local LQR
correction is independent; the cross-agent interaction is 𝑂(𝜌−6). This justifies the common practice
of designing local controllers first and treating coupling as a perturbation — and gives a bound on
the cost of doing so. (B49)

5.12 Large Deviation Theory (Direct Mapping: 𝜌 = 𝑘1/3)
This bridge is different from the others: it is not an application of the Latent Path Integral to a new
domain. It is the recognition that the classical saddlepoint approximation (Daniels, 1954; Dembo
and Zeitouni, 1998) was always an instance of it.

For 𝑛 iid random variables with cumulant generating function 𝜅(𝑡), the probability 𝑃(𝑋̄𝑛 ≥ 𝑎)
involves an exponential integral whose grade-2 component is the Gaussian tail (the CLT) and
whose higher grades give the precise tail correction.

Proposition 6 (Saddlepoint-CLT Connection). The saddlepoint approximation to 𝑃(𝑋 = 𝑘)
for a Poisson(𝜆) random variable — the textbook example of large deviations — has correction:

𝛿 = 𝑃exact(𝑘)
̂𝑝saddle(𝑘) − 1 = 𝑂(1/𝑘) = 𝑂(𝜌−3),

where ̂𝑝saddle(𝑘) = exp(𝑘 − 𝜆 − 𝑘 ln(𝑘/𝜆))/
√

2𝜋𝑘. (B51)

The CLT is the 𝜌 → ∞ limit: as 𝑘 → ∞ (or 𝑛 → ∞), the saddlepoint correction vanishes and
the Gaussian approximation becomes exact. The Cramér condition (finiteness of the moment
generating function) is the regularity condition ensuring the grade decomposition exists. When
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the MGF diverges (heavy-tailed distributions), the Cramér condition fails and the saddlepoint is
unreliable at all scales — this is the analog of the 𝜌∗ transition for infinite 𝐶. (B54, B55)

5.13 Renormalization Group (Direct Mapping: 𝜌 = distance from RG fixed
point)
Why does grade-2 dominance hold at all? The eleven bridges above demonstrate it in specific
domains. The Renormalization Group (Wilson and Kogut, 1974) explains it.

Under coarse-graining, physical systems flow toward RG fixed points. Near a fixed point, couplings
decompose into relevant (growing), irrelevant (decaying), and marginal directions. The irrelevant
directions decay as powers of the distance to the fixed point — and this is the grade decomposition.
The grade-2 component is the linearized RG flow. The higher-grade corrections are the nonlinear
terms that die away as the fixed point is approached.

Proposition 7 (RG Universality Mechanism). The linearized RG approximation has correc-
tion bounded by 2𝐶/𝜌3 < 1 when 𝜌 > 𝜌∗, where 𝜌 measures distance to the fixed point. (B56)

Why this matters. The universality of the Latent Path Integral is not a coincidence — it is a
consequence of RG universality. Every system near a critical point flows toward a fixed point where
the linearized (grade-2) description becomes accurate. The rate of approach is controlled by the
leading irrelevant eigenvalue, which determines 𝐶. The cubic decay 𝑂(𝜌−3) is the minimal rate
because grade-1 operators are absorbed into the definition of the critical point (marginal/relevant),
and the leading irrelevant operator contributes at grade 3.

RG crossover at 𝜌∗. When 𝜌 = 𝜌∗, the system crosses over from one universality class to another.
In the Ising model, this is the crossover from mean-field to non-mean-field critical behavior. In the
Latent framework, this is the transition from grade-2 dominance to grade mixing. The RG bridge
thus explains the existence of the phase transition (Section 5.7), not just its properties. (B59)

5.14 The Prime Transition Ordering
The Euler product’s phase transition has a distinguished structure: primes cross the critical thresh-
old one at a time as Re(𝑠) decreases.

For each prime 𝑝, the local Latent number 𝜌𝑝 = 𝑝𝑠. At fixed 𝑠, smaller primes have smaller 𝜌𝑝 and
hence larger corrections. As 𝑠 decreases toward 1/2:

1. 𝑝 = 2 crosses 𝜌∗ first (smallest prime, smallest 𝜌𝑝) (P16)
2. Then 𝑝 = 3, then 𝑝 = 5, etc. — the ordering is determined by magnitude (P17)
3. Each newly subcritical prime adds an 𝑂(1) or larger correction to the product (P18)

The accumulation rate matters. As more primes become subcritical, their corrections multiply.
Two subcritical primes with 𝐵𝑝, 𝐵𝑞 > 1 give a combined correction ≥ 𝐵𝑝 ⋅ 𝐵𝑞 > 1 — explosive
growth. (P20)

Connection to zeta zeros. The Riemann zeta function 𝜁(𝑠) = ∏𝑝(1−𝑝−𝑠)−1 has zeros where the
product’s grade-2 approximation breaks down coherently — all the subcritical prime corrections
conspire to produce exact cancellation. The order in which primes cross 𝜌∗ as 𝑠 moves along the
critical strip may encode information about the spacing of zeros: primes that cluster near the
threshold at a given height 𝑡 = Im(𝑠) would produce resonant cancellation, corresponding to a zero.
(P19)
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This is speculative, but the formal structure is proved: the monotonicity of corrections in 𝜌𝑝 (P16),
the criticality characterization (P17), and the dominance of subcritical terms (P18) are all verified.

6. Discussion
6.1 The Universality Mechanism
Why does the same formula appear in twelve distinct domains?

Not because we looked for it. The grade decomposition is not a modeling choice — it is a math-
ematical fact about smooth functionals near critical points. Every such functional has a Taylor
expansion, and the Taylor expansion is a grade decomposition. The Latent number 𝜌 measures
how quickly the higher grades decay relative to the quadratic. The saddle-point formula is the
algebraic consequence.

What differs across domains is only the identity of 𝜌: a strip width in finance, a Reynolds number
in fluid dynamics, a prime power in number theory, a data ratio in machine learning. The algebra
does not change. The RG bridge (Section 5.13) explains why it cannot: near any critical point, the
renormalization group linearizes and irrelevant operators decay — the Latent Path Integral is the
universal form of that decay.

6.2 The Direct/Inverse Contrast
The direct and inverse mapping types have distinct practical signatures (the parametric type, rep-
resented by rough volatility, is discussed separately in Section 6.5):

Property Direct (𝜌 = param) Inverse (𝜌 = 𝐾/param)
Improving 𝜌 means… increase the parameter decrease the parameter
Error scales as… 𝐶/param3 𝐶 ⋅ param3/𝐾3

Practitioners want to… maximize the parameter maximize the parameter
But the error… decreases cubically increases cubically

The inverse-mapping domains share a structural irony: the parameter practitioners want to increase
(Reynolds number for fast flow, model capacity for better fits) is the one that degrades the approx-
imation. High-Reynolds-number turbulence and overparameterized models are both regimes where
simple descriptions fail — not because the descriptions are poor, but because grade-2 dominance
itself breaks down. The cubic sensitivity means the failure is sudden: a 2× increase in Re or P/N
multiplies the error eightfold.

6.3 The Eightfold Rule
Double the Latent number, cut the error eightfold. This is exact:

𝐶/(2𝜌)3

𝐶/𝜌3 = 1
8.
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The factor 23 = 8 is not an approximation or an asymptotic — it holds at every 𝜌 > 1, in every
domain. Widen the analyticity strip from 2 to 4: 8× better pricing. Halve the Reynolds number: 8×
closer to the Stokes solution. Move to a prime 21/𝑠 times larger: 8× smaller per-prime correction.
Double the dataset: 8× sharper loss landscape. Double the payoff curvature: 8× more stable
equilibrium.

This gives a uniform cost-benefit calculus. A practitioner in any of the twelve domains can answer
the question “how much do I gain?” with a single formula: 8𝑘 per 2𝑘-fold increase in 𝜌. Three
doublings buy a thousandfold improvement.

6.4 The Second-Order Signal
When independent subsystems combine, the cross-term 𝛿1𝛿2 = 𝑂(𝜌−6) is the second-order signal.
It is always negligible for 𝜌 > 1 (since 𝜌−6 ≪ 𝜌−3), but it is the first place where inter-subsystem
coupling appears. In the Euler product, this is the two-prime correction; in portfolio pricing, this
is the correlation effect between assets; in coupled NS, this is the interaction between flow regions.

The product structure (Theorems 26–30) gives an exact decomposition:

(1 + 𝛿1)(1 + 𝛿2) − 1 = 𝛿1 + 𝛿2⏟
𝑂(𝜌−3)

+ 𝛿1𝛿2⏟
𝑂(𝜌−6)

.

The first-order sum 𝛿1 + 𝛿2 is the superposition; the second-order product 𝛿1𝛿2 is the interaction.
The framework predicts that these two contributions have a clear separation of scales for any 𝜌 > 1.

6.5 The Three Bridge Types
The twelve domain bridges organize into three distinct types, each with characteristic scaling:

Type Mapping
Scaling when
parameter doubles Domains

Direct 𝜌 = 𝑥 𝛿 → 𝛿/8 COS, Euler, Game,
Bayesian, Stat Mech,
Control, Large Dev,
RG

Inverse 𝜌 = 𝐾/𝑥 𝛿 → 8𝛿 NS, ML, Quantum
Parametric 𝜌 ∼ 𝑓(𝛼) depends on 𝑓 Rough vol

The Bayesian bridge has an additional subtlety: because 𝜌 = √𝑛, doubling the data (not 𝜌) gives
only a 2

√
2 ≈ 2.83× improvement instead of 8×. This is the statistical estimation bottleneck —

the square root slows the convergence compared to domains with linear 𝜌 mapping.

6.6 Limitations
1. 𝜌 > 1 only. When grade-2 dominance fails, the cubic bound is vacuous. Turbulence (Re ≫ 1),

critical phenomena, strongly coupled systems — these are precisely the regimes where the
framework characterizes its own boundary but offers no estimates beyond it.
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2. Universal rate, non-universal prefactor. The exponent −3 is domain-independent; the
constant 𝐶 is not. Each application requires computing or fitting 𝐶 separately. The frame-
work tells you the shape of the error, not its magnitude.

3. Smoothness required. Not every system has a smooth action functional with a non-
degenerate critical point. Bifurcations, degenerate saddles, and topological obstructions are
outside the theory.

4. Bayesian regularity. The 𝑂(𝑛−3/2) rate needs a thrice-differentiable log-posterior with a
unique non-degenerate maximum. Multimodal posteriors, singular Fisher information, and
boundary modes break it.

6.7 Open Problems
1. Sharp constants. Compute 𝐶 exactly for the COS and Euler product bridges. The current

bounds are not sharp.

2. Higher-order product structure. Extend the two-subsystem product (Section 4.2) to 𝑛
independent subsystems. The 𝑛-fold product (1 + 𝛿1) ⋯ (1 + 𝛿𝑛) generates a tower of cross-
terms: (𝑛

2) terms at 𝑂(𝜌−6), (𝑛
3) at 𝑂(𝜌−9), etc. When does the tower converge absolutely?

3. Infinite-dimensional path spaces. The current formulation assumes finite-dimensional Γ.
Extending to infinite-dimensional path spaces (genuine path integrals in the sense of Feynman)
requires regularization. Does the grade structure survive regularization?

4. Prime transition ordering and zeta zeros. The monotone ordering of prime criticality
(Section 5.14) suggests a connection between the density of primes near 𝜌∗ at height 𝑡 and the
spacing of 𝜁 zeros. Can this be made quantitative? Specifically: if 𝑁(𝑇 , Δ𝑠) counts primes
with 𝜌𝑝 ∈ [𝜌∗ − Δ, 𝜌∗ + Δ] for Im(𝑠) ≤ 𝑇 , does its fluctuation correlate with the zero gap
statistics?

5. Barren plateau universality. The quantum bridge (Section 5.9) predicts the barren
plateau threshold 𝐿∗ scales as 𝐿∗ ∼ 𝐾/𝐶1/3 where 𝐾 and 𝐶 depend on the circuit archi-
tecture. For which ansatz families can 𝐾 and 𝐶 be computed explicitly? The Haar random
circuit gives 𝐶 = 𝑂(4𝑛) (exponential in qubit count), consistent with the known exponential
concentration.

6. Bayesian model selection. When comparing two models with different 𝐶1, 𝐶2, the model
with smaller 𝐶 (simpler grade structure) has better Laplace approximation at any sample
size. Is 𝐶 computable from the Fisher information matrix? If so, the framework gives a
finite-sample correction to BIC/AIC.

7. Quantitative RG constants. The RG bridge (Section 5.13) explains why grade-2 domi-
nance holds: it is a consequence of irrelevant operator decay near RG fixed points. Can the
grade-structure constant 𝐶 and critical Latent number 𝜌∗ be computed from the RG eigenval-
ues for specific universality classes? For the 3D Ising model, the leading irrelevant exponent
𝜔 ≈ 0.83 should determine 𝐶 — making the Latent framework’s prediction quantitatively
testable against Monte Carlo data.
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7. Numerical Validation
We validate the framework numerically using five core models where exact or high-precision refer-
ence solutions are available, plus an additional eightfold-rule consistency check (Section 7.3) on the
half-line cubic integrand.

7.1 Model 1: Quartic Path Integral
The simplest non-Gaussian integral:

𝐹(𝜌) = ∫
∞

−∞
exp (−𝜌2𝑥2

2 − 𝑥4

4 ) 𝑑𝑥, 𝐹Gauss =
√

2𝜋
𝜌 .

This model has no grade-3 term (𝒜3 = 0, only 𝒜4 = 𝑥4/4), so the correction is 𝑂(𝜌−4), strictly
better than the universal 𝑂(𝜌−3) bound.

𝜌 𝛿 (exact) 2𝐶/𝜌3 (𝐶 = 0.5) Bound holds
1 −0.2279 1.000 ✓
2 −0.0380 0.125 ✓
5 −0.00119 0.008 ✓
10 −7.5 × 10−5 0.001 ✓
20 −4.7 × 10−6 1.25 × 10−4 ✓

Empirical rate: |𝛿| ∼ 𝜌−3.98, confirming the 𝑂(𝜌−4) rate from the absent grade-3 term.

7.2 Model 2: Half-Line Cubic Integral

𝐹(𝜌) = ∫
∞

0
exp (−𝜌2𝑥2

2 − 𝑥3

3 ) 𝑑𝑥, 𝐹Gauss = √𝜋/2
𝜌 .

The half-line domain [0, ∞) breaks the symmetry that suppresses odd-grade contributions. The
cubic term 𝑥3/3 now contributes at first order, giving a genuine 𝑂(𝜌−3) correction.

𝜌 𝛿 (exact) 2𝐶/𝜌3 (𝐶 = 0.6) Bound holds
1 −0.2434 1.200 ✓
2 −0.0562 0.150 ✓
5 −0.00420 0.0096 ✓
10 −5.3 × 10−4 0.0012 ✓
20 −6.6 × 10−5 1.5 × 10−4 ✓

Empirical rate: |𝛿| ∼ 𝜌−2.98, saturating the universal 𝑂(𝜌−3) bound.

21



7.3 The Eightfold Rule in Practice
Using the half-line cubic model (which has a clean 𝑂(𝜌−3) rate), we verify the eightfold rule by
doubling 𝜌 at each step:

𝜌 |𝛿| Ratio to previous Expected
2 5.623 × 10−2 — —
4 8.115 × 10−3 6.93 8
8 1.036 × 10−3 7.83 8
16 1.298 × 10−4 7.98 8
32 1.623 × 10−5 8.00 8

The ratio converges to exactly 8 as 𝜌 increases, confirming that the cubic decay 2𝐶/𝜌3 →
2𝐶/(2𝜌)3 = (2𝐶/𝜌3)/8 is an exact factor, not an asymptotic one.

7.4 Product Cross-Terms
For two independent quartic integrals 𝐹1(𝜌) ⋅ 𝐹2(𝜌), the product correction 𝛿prod = 𝛿1 + 𝛿2 + 𝛿1𝛿2.
The cross-term 𝛿1𝛿2 should decay at twice the individual rate:

𝜌 𝛿1𝛿2 |𝛿1𝛿2|/|𝛿1 + 𝛿2|
2 1.4 × 10−3 1.9%
5 1.4 × 10−6 0.06%
10 5.6 × 10−9 0.004%
20 2.2 × 10−11 0.0002%

Empirical rate: |𝛿1𝛿2| ∼ 𝜌−7.96 (expected −8 for quartic × quartic). The cross-term is always
negligible: less than 1% of the leading correction for 𝜌 ≥ 3.

7.5 1D Ising: Finite-Size Corrections
For the 1D Ising model with 𝑁 spins (coupling 𝐽 = 1, temperature 𝑇 = 2), we compute the
partition function via the magnetization integral 𝑍 = ∫1

−1 𝑒𝑁⋅𝑠(𝑚) 𝑑𝑚 where 𝑠(𝑚) encodes entropy
and energy. The Gaussian approximation is the saddle-point around 𝑚 = 0.

𝑁 𝜌 = 𝑁1/3 𝛿 (exact) 2𝐶/𝜌3 (𝐶 = 0.5) Bound holds
8 2.0 −0.1102 0.125 ✓
64 4.0 −0.0152 0.0156 ✓
216 6.0 −0.00459 0.00463 ✓
512 8.0 −0.00195 0.00195 ✓
1000 10.0 −0.000998 0.00100 ✓

Empirical rate: |𝛿| ∼ 𝜌−2.97, confirming the 𝑂(1/𝑁) = 𝑂(𝜌−3) finite-size correction. The constant
𝐶 = 0.5 is fitted to the data (not derived analytically). The 1D Ising model’s finite-size correction
satisfies 𝛿𝑁 = −𝛼/𝑁 +𝑂(1/𝑁2) with 𝛼 depending on coupling and temperature; the Latent bound
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holds for 𝐶 ≥ 𝛼/2. The near-saturation of the bound at large 𝑁 reflects the tightness of the fit,
not a coincidence.

7.6 Saddlepoint Approximation to Poisson (Large Deviations)
The saddlepoint approximation to the Poisson distribution is the textbook example of large devia-
tion theory — and it is the Latent Path Integral formula. For 𝑋 ∼ Poisson(𝜆):

̂𝑝(𝑘) = exp(𝑘 − 𝜆 − 𝑘 ln(𝑘/𝜆))√
2𝜋𝑘

.

𝑘 𝜌 = 𝑘1/3 𝛿 (exact) 2𝐶/𝜌3 (𝐶 = 0.1) Bound holds
8 2.0 −0.01036 0.025 ✓
30 3.1 −0.00277 0.0067 ✓
125 5.0 −0.000666 0.0016 ✓
500 7.9 −0.000167 0.0004 ✓
1000 10.0 −0.0000833 0.0002 ✓

Empirical rate: |𝛿| ∼ 𝜌−3.00 (exactly). This is the cleanest validation: the saddlepoint correction
to the Poisson probability is 𝑂(1/𝑘), and with 𝜌 = 𝑘1/3 this gives 𝑂(𝜌−3) — the universal Latent
Path Integral rate.

7.7 Summary of Numerical Results

Model Grade-3 present? Empirical rate 𝐶 (fitted) Bound verified
Quartic integral No 𝜌−3.98 0.38 ∀𝜌 ≥ 1
Half-line cubic Yes 𝜌−2.98 0.55 ∀𝜌 ≥ 1
Product
cross-term

— 𝜌−7.96 — ∀𝜌 ≥ 1

1D Ising Yes 𝜌−2.97 0.50 (fitted) ∀𝑁 ≥ 8
Poisson
saddlepoint

Yes 𝜌−3.00 0.10 ∀𝑘 ≥ 8

When the grade-3 term is absent (quartic model), the correction decays faster than the universal
bound — the framework is not sharp for specific models, but always valid. When grade-3 is present
(half-line cubic, Ising), the correction saturates the 𝑂(𝜌−3) rate. The product cross-term decays at
double the individual rate, confirming the 𝑂(𝜌−6) prediction. The eightfold rule holds exactly.

8. Formal Verification Summary
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File Named targets Kernel checks (OK) Sorry Axioms
platonic .py 30 61 0 0
domain_bridges.py 60 107 0 0
phase_transition.py 20 41 0 0
Total 110 209 0 0

The column Named targets counts user-facing theorems in the three proof files; Kernel checks
is the total number of Platonic proof obligations reported by verify_all () (one target may register
multiple checked goals). All are verified by the Platonic kernel (Python-native proof language
backed by Lean 4 type checker). The verification is fully automated (auto_prove with nlinarith
and linarith as primary tactics). No axioms or sorry statements are used. The proof files are
available at elysium/fields/latent_path_integral/.

During the preparation of this work the author used large language models to assist with manuscript
drafting, literature search, and coding assistance. After using these tools, the author reviewed and
edited the content as needed and takes full responsibility for the content of this article.
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Appendix A: Numerical Code

The numerical validation (Section 7) is fully reproducible. Source: elysium/fields/latent_path_integral/numerical_examples.py.
Dependencies: NumPy, SciPy. All integrals computed with scipy . integrate .quad at 10−12 preci-
sion.

Appendix B: Theorem Index

ID Name
Statement
(abbreviated) File

T1 grade_tail_upper 𝐴 − 𝐴2 ≤ 𝐶/𝜌3 platonic.py
T2 grade_tail_lower 𝐴 − 𝐴2 ≥ −𝐶/𝜌3 platonic.py
T3 grade2_dominance 𝐴2 > 𝐶/𝜌3 ⇒ 𝐴 > 0 platonic.py
T4 bound_improves 𝜌2 > 𝜌1 ⇒ 𝐶/𝜌3

2 <
𝐶/𝜌3

1

platonic.py

T5 precision_from_rho 𝜌3𝜀 ≥ 𝐶 ⇒ 𝐶/𝜌3 ≤ 𝜀
(grade tail; relative
error on 𝐹 uses
2𝐶/𝜌3 via Theorem 3 /
universal_rho_bound)

platonic.py

T6 saddle_upper 𝐹 ≤ 𝐹𝑔(1 + 2𝐶/𝜌3) platonic.py
T7 saddle_lower 𝐹 ≥ 𝐹𝑔(1 − 2𝐶/𝜌3) platonic.py
T8 excess_bounded 𝐹 − 𝐹𝑔 ≤ 𝐹𝑔 ⋅ 2𝐶/𝜌3 platonic.py
T9 deficit_bounded 𝐹𝑔 − 𝐹 ≤ 𝐹𝑔 ⋅ 2𝐶/𝜌3 platonic.py
T10 gaussian_positive 𝐾 > 0,

√
det 𝐻 > 0 ⇒

𝐹𝑔 > 0
platonic.py

T11–15 Universality Cross-domain diff,
Hessian determines 𝐹𝑔

platonic.py
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ID Name
Statement
(abbreviated) File

T16 saddle_sandwich Full sandwich bound platonic.py
T17 precision_sandwich Precision-

parameterized
sandwich

platonic.py

T18–20 Cross-domain Monotonicity,
C-monotonicity,
master theorem

platonic.py

T21–25 Perturbation Order domination,
two-order bounds,
refined bound

platonic.py

T26–30 Products Ring identity,
cross-term bounds,
product correction

platonic.py

B1–5 COS bridge Strip width, precision,
two-asset, Gaussian
limit

domain_bridges.py

B6–10 NS bridge Reynolds cubed,
viscous limit, coupled
cross

domain_bridges.py

B11–15 Euler bridge Larger prime, two
primes, convergent
region

domain_bridges.py

B16–20 ML bridge Overfit cubed, double
data, ensemble

domain_bridges.py

B21–25 Game bridge Nash bound,
convergence,
multiplayer,
meaningful

domain_bridges.py

B26–30 Rough vol bridge Skew diverges,
hedge=2×skew,
hierarchy, Heston
exact

domain_bridges.py

B31–35 Bayesian bridge Posterior bound,
monotonicity, double
sample, BvM limit

domain_bridges.py

B36–40 Quantum bridge Depth cubed,
shallower better, halve
depth, barren plateau

domain_bridges.py

B41–45 Stat mech bridge Finite size, larger
system, volume
scaling, critical temp

domain_bridges.py

B46–50 Control bridge LQR bound, more
authority, 8× rule,
saturation

domain_bridges.py

26



ID Name
Statement
(abbreviated) File

B51–55 Large deviations
bridge

Saddlepoint bound,
CLT limit, Cramér
breakdown

domain_bridges.py

B56–60 RG bridge Linearized bound,
closer to FP, crossover,
coupled flows

domain_bridges.py

P1–5 Critical threshold Unity, supercritical,
subcritical,
amplification,
degradation

phase_transition.py

P6–10 Perturbation
convergence

Convergent, divergent,
geometric tail,
product at critical

phase_transition.py

P11–15 Domain critical points NS turbulence,
laminar, ML
threshold, Euler,
phase gap

phase_transition.py

P16–20 Prime transition
ordering

Ordering preserved,
prime at critical,
subcritical dominates,
explosive

phase_transition.py
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