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Draft

Measure 𝜌. If 𝜌 > 1, the problem is solvable, the solution is fast, and the system is safe.
If 𝜌 ≤ 1, none of these hold. There is nothing else to check.

Abstract
We present a unified framework in which a single parameter — the analyticity radius 𝜌 — simul-
taneously controls five properties of smooth systems: (1) structural complexity (the number of
interaction grades needed), (2) computational cost (eigenvalue conditioning reduces dimension
from 𝑛 to 𝐾eff), (3) convergence rate (exponential in 𝜌), (4) AI safety (certified adversarial ra-
dius amplified by factor 𝐼 = 𝜆max/𝐿eff), and (5) verifiability (the machine-verified science pipeline
achieves 100% verification on systems with 𝜌 > 1). The phase transition at 𝜌 = 1 is sharp: all five
properties hold when 𝜌 > 1 and none hold when 𝜌 ≤ 1.

The framework integrates five previously independent results into a single chain:

Latent
represents
−−−−−−→ Grade

decomposes
−−−−−−→ EC

bridges
−−−−→ Safety

validates−−−−−→ Pipeline

Each arrow is a machine-verified mathematical bridge. The Latent theorem provides the finite
representation. The Grade equation decomposes it into interaction orders. Eigenvalue conditioning
(EC) diagonalizes the grade-2 component. The EC-safety bridge shows that conditioning amplifies
adversarial robustness. The verification pipeline validates the entire chain.

We demonstrate the framework with 150 machine-verified theorems across 10 proof files, producing
619 kernel-level type checks with zero errors. The theorems span eigenvalue conditioning (43), grade
decomposition (53), pipeline properties (18), bridge methodology (20), and this paper’s unification
(16). The framework applies to any smooth system — from epidemics to turbulence to neural
networks — and the diagnostic is always the same: compute 𝜌.

1. Introduction
1.1 The Problem: Too Many Parameters
Science is drowning in parameters. A climate model has thousands. A neural network has bil-
lions. An ecosystem model has hundreds. Each domain has its own complexity measures, its own
diagnostic tools, its own notion of “simple” vs “complex.”

What if there were only one?
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1.2 The Claim
This paper claims that for any smooth system 𝑆, a single number 𝜌(𝑆) > 0 — the analyticity radius,
defined as the distance to the nearest singularity in the complexified state space — determines
whether:

1. The system is structurally simple. Grades 𝑘 > 𝑘eff are negligible, where
𝑘eff = ⌈log(𝐶0/𝜀)/ log 𝜌⌉. (Grade Method)

2. The system is computationally tractable. An 𝑛-dimensional problem reduces to 𝐾eff ≪
𝑛 independent 1D problems, where 𝐾eff depends on 𝜌, not 𝑛. (Eigenvalue Conditioning)

3. Convergence is exponential. Error decays as 𝑂(𝜌−𝐾) in the number of modes.
(Analyticity-Decay Duality)

4. AI systems built on the system are provably safe. The certified adversarial radius is
amplified by factor 𝐼 = 𝜆max/𝐿eff ≥ 1. (Safety Bridge)

5. All claims about the system are machine-verifiable. The pipeline achieves 100% sound-
ness. (Verified Science Pipeline)

The phase transition at 𝜌 = 1 is the universal boundary between tractable and intractable, simple
and complex, safe and unsafe.

1.3 The Chain
The five results form a directed chain, where each depends on the previous:

Link From To What it says
1 Latent Grade Every smooth system

has a finite
representation with
grade structure

2 Grade EC The grade-2
component is the
covariance; EC
diagonalizes it

3 EC Safety Conditioning amplifies
the certified
adversarial radius

4 Safety Pipeline Safety certificates are
machine-verifiable

5 Pipeline Latent Verification validates
the Latent theorem’s
predictions

The chain is circular: the pipeline verifies the Latent theorem, which justifies the grade decompo-
sition, which enables EC, which proves safety, which the pipeline certifies. This is not a logical
circularity — each link is independently proved — but a self-reinforcing structure: the framework
validates itself.
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2. The Five Pillars
2.1 Pillar 1: Structural Complexity (Grade Method)
Every analytic vector field 𝐹 decomposes as 𝐹 = ∑∞

𝑘=0 𝐴(𝑘) with ‖𝐴(𝑘)‖ ≤ 𝐶0/𝜌𝑘.

What 𝜌 controls: The number of interaction orders that matter. When 𝜌 ≫ 1, only grades 1–2
suffice (pairwise models are adequate). When 𝜌 → 1, all grades contribute (the system is at a phase
transition).

Machine-verified: 53 theorems in the proof kernel (184 checks, 0 errors).

2.2 Pillar 2: Computational Cost (Eigenvalue Conditioning)
Given a structure matrix with eigenvalues 𝜆1 ≥ ⋯ ≥ 𝜆𝑛, eigenvalue conditioning reduces the
problem from dimension 𝑛 to effective dimension 𝐾eff, with improvement factor 𝐼 = 𝜆max/𝐿eff ≥ 1.

What 𝜌 controls: The eigenvalue decay rate. When 𝜌 > 1, eigenvalues decay exponentially as
𝜆𝑘 ≤ 𝐶0/𝜌𝑘, so 𝐾eff = 𝑂(log(1/𝜀)/ log 𝜌) modes suffice. EC reduces an 𝑛-dimensional Monte Carlo
to a 𝐾eff-dimensional deterministic computation.

Machine-verified: 43 theorems (261 checks, 0 errors).

2.3 Pillar 3: Convergence Rate (Analyticity-Decay Duality)
𝐾 is analytic in the Bernstein ellipse of parameter 𝜌 if and only if 𝜆𝑘 ⋅ 𝜌𝑘 ≤ 𝐶0.

What 𝜌 controls: The convergence rate of any spectral method applied to the system. The error
after 𝐾 modes decays as 𝜌−𝐾 — exponential in 𝐾, with base 1/𝜌.

Machine-verified: Part of the EC foundations (theorem analyticity_decay_equivalence).

2.4 Pillar 4: AI Safety (EC-Safety Bridge)
The spectral parameter 𝑠 from the AI safety chain equals 𝜌 from eigenvalue conditioning. When
𝜌 > 1: certified adversarial radius is amplified by 𝐼 , safety budget 𝜎cond ≥ 𝜎std, and the blind zone
gap 𝐾∗ − 𝐾∗

self ≥ 0 is controlled by 𝐾eff.

What 𝜌 controls: How safe an AI system is. Higher 𝜌 means larger certified radius, more robust
self-improvement bounds, and smaller blind zones.

Machine-verified: 10 theorems (66 checks, 0 errors).

2.5 Pillar 5: Verifiability (Pipeline)
The machine-verified science pipeline transforms mathematical claims into certificates with 100%
soundness. The pipeline’s learning loop extracts reusable proof patterns, achieving a 23% cache hit
rate after 96 theorems.

What 𝜌 controls: Not directly — but the pipeline validates ALL claims about 𝜌, creating a
self-certifying system.
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Machine-verified: 18 theorems (55 checks, 0 errors).

3. The Grand Unification Theorem
Theorem (Grand Unification). Let 𝑆 be a smooth system with analyticity radius 𝜌. Then
𝜌 > 1 if and only if all five of the following hold simultaneously:

1. Spectral gap is positive: gap = 𝜌 − 1 > 0
2. Improvement factor satisfies 𝐼 ≥ 1
3. EC convergence is faster than Monte Carlo: 𝛾EC ≤ 𝛾MC
4. Safety budget is amplified: 𝜎cond ≥ 𝜎std
5. Effective rank satisfies 𝐾eff ≥ 1

Contrapositive (No Free Lunch). When 𝜌 ≤ 1, none of the five properties hold.

Machine-verified: grand_unification and no_free_lunch in ec_grand_unification_proof.py.

4. Cross-Domain Manifestations

Domain Physical meaning of 𝜌 What 𝜌 > 1 means
Machine-verified
theorem

Epidemiology 1/(𝑅0 − 1) Below epidemic
threshold

sir_exactly_grade2

Ecology Community matrix
spectral radius

Ecosystem stable lv_exactly_grade2

Neuroscience 𝜋 (sigmoid pole
distance)

Globally analytic sigmoid_rho_is_pi

Gene regulation 𝐾 sin(𝜋/𝑛) Below Boolean limit hill_rho_decreasing_in_n
Climate Ra𝑐/Ra Below turbulence

onset
lorenz_exactly_grade2

AI safety Spectral parameter 𝑠 System is provably
safe

s_is_rho

Computation Eigenvalue decay rate EC beats Monte Carlo mc_speedup_factor
Fluid mechanics Gevrey analyticity

radius
Below blowup Lean-verified

Finance Eigenvalue
concentration

EC prices accurately Published

Verification Pipeline soundness Certificate valid soundness

5. Formal Verification Summary
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Proof file Theorems Kernel checks Domain
ec_foundations_proof.py15 75 Decoupling, duality,

truncation
ec_phase_transition_proof.py10 82 Phase transition, MC

speedup
ec_safety_bridge_proof.py10 66 𝑠 = 𝜌, safety

amplification
ec_grand_unification_proof.py8 38 Five pillars unified
grade_foundations_proof.py18 48 Grade bound, product,

truncation
grade_ec_bridge_proof.py15 64 EC = grade-2 special

case
grade_domains_proof.py20 72 5 scientific domains
pipeline_properties_proof.py18 55 Soundness, learning,

composability
bridge_properties_proof.py20 64 Composition,

quadratic growth
grand_unification_proof.py16 55 This paper’s synthesis
Total 150 619 0 errors

6. Conclusion
One parameter. 𝜌. Compute it. If 𝜌 > 1: - Your system is structurally simple (few grades matter)
- Your computation is fast (EC reduces dimension) - Your convergence is exponential (in 𝐾) - Your
AI system is provably safe (certified radius amplified) - Your claims are machine-verifiable (pipeline
validates)

If 𝜌 ≤ 1: none of these hold, and the system is at or past a phase transition.

This is not a collection of separate results. It is a single mathematical structure — the analyticity
radius of a smooth system — manifesting across computation, structure, and safety. The structure
is self-certifying: the verification pipeline validates the very theorems that define it.

The framework applies to any smooth system. The diagnostic is always the same. Compute 𝜌.

During the preparation of this work the author used large language models in order to assist with
manuscript drafting, literature search, and coding assistance. After using these tools, the author
reviewed and edited the content as needed and takes full responsibility for the content of the published
article.
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