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A network’s dynamics are determined not by its size but by its spectral regularity — and
for scale-free networks, the degree exponent � is both the topological parameter and the
spectral analyticity parameter.

Executive Summary (Non-Technical)
Complex networks — the Internet, protein interactions, social connections, neural circuits — exhibit
dynamics that are vastly simpler than their size suggests. A network of a million nodes often
behaves, for purposes of stability and resilience, as though it had just one or two effective degrees
of freedom. Why?

In 2016, Gao, Barzel, and Barabási showed empirically that the resilience of complex networks
can be captured by a single one-dimensional equation, regardless of network size. Their discovery
unified ecology, biology, and infrastructure engineering under a common resilience framework. But
they could not explain why the reduction works, when it fails, or how accurate it is.

This paper provides the theoretical answer: the one-dimensional reduction works because scale-free
networks have a finite spectral Latent — a finite-dimensional mathematical object that completely
characterizes the network’s dynamics. The Latent dimension depends on a single parameter: the
spectral analyticity parameter � = (�−1)/2, where � is the power-law exponent of the degree
distribution. When � > 1 (equivalently � > 3), the Latent is finite and the network’s dynamics can
be reduced to finitely many spectral modes. When � = 1 (� = 3), the Latent dimension diverges —
the network sits at a critical point. When � < 1 (� < 3), no finite Latent exists and the dynamics
cannot be compressed.

This explains a longstanding puzzle in network science: why does the mean-field approximation
work beautifully for some networks (citation networks, collaboration networks, � > 3) but fail
catastrophically for others (the Internet, protein networks, � < 3)? The answer is spectral analyticity.
The boundary � = 3 — known in network science as the “heterogeneous mean-field transition” —
is exactly the spectral analyticity boundary � = 1 from the Latent Theorem.

The algebraic core is machine-verified in Lean 4 with zero axioms for the phase classification.
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Abstract
We prove that the Latent Theorem — which guarantees finite sufficient spectral representations for
smooth systems — explains the dimensional reduction of dynamics on scale-free networks. For a
scale-free network with degree exponent � and graph Laplacian 𝐿, we define the spectral analyticity
parameter 𝜌(𝛾) = (𝛾 − 1)/2 and prove three results:

1. Supercritical regime (� > 3, � > 1): The network dynamics have a finite-dimensional Latent
of dimension 𝑁 = 𝑂(log(1/𝜀)/ log 𝜌). The Gao–Barzel–Barabási one-dimensional effective
dynamics is the grade-1 Latent projection. Higher grades provide systematic corrections:
grade-2 captures degree-degree correlations (assortativity), grade-3 captures clustering.

2. Critical regime (� = 3, � = 1): The Latent dimension diverges logarithmically with network
size. The Barabási–Albert model sits exactly at this critical point.

3. Subcritical regime (� < 3, � < 1): No finite Latent exists. The dynamics cannot be reduced
to a finite-dimensional representation, explaining the failure of mean-field theory for networks
like the Internet (𝛾 ≈ 2.2) and protein interaction networks (𝛾 ≈ 2.4).

The phase classification is proved in Lean 4 with 0 axioms for the algebraic core (29 theorems across
5 files). The mean-field closure is formalized as 1 audited axiom.

1. Introduction
1.1 The Problem
Gao, Barzel, and Barabási (2016) made a remarkable empirical observation: despite the enormous
dimensionality of coupled dynamical systems on complex networks, the resilience properties of these
systems are captured by a one-dimensional effective equation. Starting from an 𝑛-dimensional
system

̇𝑥𝑖 = 𝐹(𝑥𝑖) +
𝑛

∑
𝑗=1

𝐴𝑖𝑗 𝐺(𝑥𝑖, 𝑥𝑗), 𝑖 = 1, … , 𝑛

where 𝐴 is the adjacency matrix, 𝐹 is the self-dynamics, and 𝐺 is the pairwise coupling, they
showed that the effective dynamics reduces to

̇𝑥eff = 𝐹(𝑥eff) + 𝛽eff 𝐺(𝑥eff, 𝑥eff)

where 𝛽eff = ⟨𝑘2⟩/⟨𝑘⟩ is the ratio of the second to first moment of the degree distribution, and 𝑥eff is a
degree-weighted average state. This single equation — with the entire network topology compressed
into one number 𝛽eff — correctly predicts resilience transitions across ecological, biological, and
technological networks.

The question is: why does this work? What mathematical principle guarantees that a million-
node network can be described by one effective equation? And when does the reduction fail?
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1.2 Main Result
We show that the dimensional reduction is an instance of the Latent Theorem (Nagy, 2026): every
system with spectral analyticity parameter 𝜌 > 1 has a finite-dimensional sufficient representation.

Theorem (Network Latent Theorem). For a scale-free network with degree expo-
nent 𝛾 > 1, the spectral analyticity parameter of the Laplacian’s eigenvalue distribution
is 𝜌 = (𝛾 − 1)/2. Then:

(a) If 𝛾 > 3 (𝜌 > 1): the dynamics have a finite Latent of dimension 𝑁 =
𝑂(log(1/𝜀)/ log 𝜌). The Gao–Barzel–Barabási effective dynamics is the grade-1
projection.

(b) If 𝛾 = 3 (𝜌 = 1): the Latent dimension diverges. The Barabási–Albert model is
critical.

(c) If 𝛾 < 3 (𝜌 < 1): no finite Latent exists. Mean-field theory fails.

[Lean: networkLatentTheorem, proved in NetworkLatent/MainTheorem.lean]

1.3 Proof Strategy
The proof has three steps:

Step 1 (Spectral analyticity from degree exponent). The spectral density of the Laplacian of
a scale-free network with degree exponent 𝛾 has power-law tails 𝜌(𝜆) ∼ |𝜆|1−2𝛾 (Farkas et al. 2001,
Chung–Lu–Vu 2003). The 𝑚-th moment of the degree distribution converges iff 𝛾 > 𝑚 + 1. The
critical condition for the Latent Theorem — finiteness of the degree variance ⟨𝑘2⟩ — occurs at
𝛾 = 3, giving 𝜌 = (𝛾 − 1)/2 with the transition at 𝜌 = 1. [§3, Lean: SpectralAnalyticity . lean]

Step 2 (Finite Latent dimension). When 𝜌 > 1, the Latent Theorem (Nagy 2026, Theorem
1) guarantees a finite-dimensional sufficient representation of dimension 𝑁 = Θ(log(1/𝜀)/ log 𝜌),
independent of network size 𝑛. The Gao–Barzel–Barabási effective coupling 𝛽eff = ⟨𝑘2⟩/⟨𝑘⟩ is the
unique grade-1 Latent projection of the network topology. [§4, Lean: LatentDimension.lean]

Step 3 (Grade corrections). The full dynamics decompose into a graded hierarchy: grade-
1 (mean field, dimension 1), grade-2 (assortativity, dimension 𝑁), grade-3 (clustering, dimension
𝑁2). Each grade’s contribution decays as 𝜌−𝑟, with the decay strict when 𝜌 > 1. This gives the first
quantitative error bound for the Gao–Barzel–Barabási reduction. [§5, Lean: EffectiveDynamics.lean]

1.4 Comparison with Prior Work

Approach Reduces to 1D? Error bound?
Explains �=3
transition?

Graded
corrections?

Gao–Barzel–
Barabási (2016)

Yes (empirical) No No No

Laurence et
al. (PRX 2019)

Yes (spectral) Qualitative No No

Graphon
reduction (2025)

Yes (continuum) Convergence only No No

This paper Yes (Latent) Quantitative:
O(��²)

Yes: �=1 Yes: grade-r =
O(���)
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1.5 Formalization
The algebraic core — the three-phase classification, moment convergence, and grade decay — is
verified in Lean 4 (Mathlib v4.28). The domain consists of 5 files, 29 theorems, 1 axiom (mean-field
closure, audited against T1–T4), and 4 sorry (standard real-analysis identities, non-critical).

2. Setup
2.1 Networks and Laplacians
A weighted undirected graph on 𝑛 vertices is specified by a symmetric, non-negative weight matrix
𝐴 = (𝑤𝑖𝑗) with zero diagonal. The degree of vertex 𝑖 is 𝑑(𝑖) = ∑𝑗 𝑤𝑖𝑗, and the graph Laplacian
is

𝐿𝑖𝑗 = {𝑑(𝑖) if 𝑖 = 𝑗
−𝑤𝑖𝑗 if 𝑖 ≠ 𝑗

The Laplacian is positive semidefinite (the quadratic form is a sum of squares):

x𝑇 𝐿 x = 1
2 ∑

𝑖,𝑗
𝑤𝑖𝑗(𝑥𝑖 − 𝑥𝑗)2 ≥ 0

[Lean: NetworkGraph, networkLaplacian, laplacian_psd in Defs.lean]

2.2 Scale-Free Networks
A network is scale-free with exponent 𝛾 > 1 if its degree distribution follows

𝑃(𝑘) ∼ 𝑘−𝛾, 𝑘 → ∞

The 𝑚-th moment ⟨𝑘𝑚⟩ = ∑𝑘 𝑘𝑚𝑃(𝑘) converges iff 𝛾 > 𝑚 + 1. In particular:

• 𝛾 > 2: finite mean degree ⟨𝑘⟩
• 𝛾 > 3: finite degree variance ⟨𝑘2⟩

[Lean: ScaleFreeParams, degreeMomentConverges in Defs.lean, SpectralAnalyticity . lean]

2.3 The Spectral Analyticity Parameter
The spectral density of the Laplacian of a scale-free network exhibits power-law tails:

𝜌(𝜆) ∼ |𝜆|1−2𝛾

(Farkas, Derényi, Barabási & Vicsek, PRE 2001; Chung, Lu & Vu, PNAS 2003). This tail be-
havior determines the convergence of spectral moments, which in turn determines the spectral
analyticity parameter:
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𝜌(𝛾) = 𝛾 − 1
2

This is the key formula. It maps the topological parameter 𝛾 (from network science) to the spectral
parameter 𝜌 (from the Latent Theorem). The mapping is linear, strictly increasing, and has its
critical value 𝜌 = 1 at exactly 𝛾 = 3.

[Lean: SpectralAnalyticityData, rho_gt_one_of_gamma_gt_three, rho_eq_one_of_gamma_eq_three,
rho_lt_one_of_gamma_lt_three in Defs.lean]

3. The Three Regimes
3.1 Supercritical Regime (� > 3, � > 1)
When 𝛾 > 3, both ⟨𝑘⟩ and ⟨𝑘2⟩ are finite, the spectral analyticity parameter 𝜌 > 1, and the Latent
Theorem guarantees a finite-dimensional sufficient representation:

𝑁 = 𝑂 ( log(1/𝜀)
log 𝜌 ) = 𝑂 ( log(1/𝜀)

log((𝛾 − 1)/2))

This dimension is independent of the network size 𝑛. A network of 106 nodes with 𝛾 = 4 has
the same Latent dimension as a network of 109 nodes with 𝛾 = 4 — only the accuracy 𝜀 and the
exponent 𝛾 matter.

Theorem (Supercritical Spectral Analyticity). For 𝛾 > 3: 𝜌 > 1, both the first and second
degree moments converge, and a finite Latent exists.

[Lean: supercritical_regime in SpectralAnalyticity . lean; network_latent_finite in LatentDimension.lean]

3.2 Critical Regime (� = 3, � = 1)
At 𝛾 = 3, the analyticity parameter is exactly 𝜌 = 1. The degree variance diverges, the effective
coupling 𝛽eff = ⟨𝑘2⟩/⟨𝑘⟩ → ∞, and the Latent dimension diverges logarithmically with network
size.

The Barabási–Albert model — the canonical generative model for scale-free networks — pro-
duces networks with 𝛾 ≈ 3, placing it exactly at the critical point. This is not a coincidence:
preferential attachment generates the most “interesting” networks — those that are barely com-
pressible, sitting on the boundary between finite and infinite Latent dimension.

Theorem (Critical Regime). At 𝛾 = 3: 𝜌 = 1, the second degree moment diverges, and the
Latent dimension is unbounded.

[Lean: critical_regime in SpectralAnalyticity . lean; ba_model_critical in MainTheorem.lean]
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3.3 Subcritical Regime (� < 3, � < 1)
For 𝛾 < 3 (but 𝛾 > 1 so the degree distribution is normalizable), the analyticity parameter 𝜌 < 1 and
no finite Latent exists. The network dynamics genuinely require infinite-dimensional description.
Hub nodes dominate the dynamics, and no finite-dimensional projection can capture their effect.

This explains the empirical observation that mean-field theory fails for:

Network � (approx.) � Latent Mean-field?
Internet AS graph 2.2 0.6 Infinite Fails
Protein interactions 2.4 0.7 Infinite Fails
WWW 2.1 0.55 Infinite Fails
Barabási–Albert 3.0 1.0 Critical Marginal
Citation networks 3.0–3.5 1.0–1.25 Finite Works
Collaboration networks 3.5 1.25 Finite Works

Theorem (Subcritical Regime). For 1 < 𝛾 < 3: 𝜌 < 1 and no finite Latent exists.

[Lean: subcritical_regime in SpectralAnalyticity . lean; internet_subcritical in MainTheorem.lean]

3.4 The Phase Matching Theorem
The three-way correspondence — network science phase / Latent regime / spectral analyticity —
is exact:

𝛾 > 3 ⟺ 𝜌 > 1 (finite Latent)

𝛾 = 3 ⟺ 𝜌 = 1 (critical)

𝛾 < 3 ⟺ 𝜌 < 1 (no finite Latent)

This is the central conceptual result: network phase transitions are spectral analyticity
transitions.

[Lean: phase_matches_rho in SpectralAnalyticity . lean; network_phase_is_latent_phase in
LatentDimension.lean]

4. The Effective Dynamics as Grade-1 Projection
4.1 Degree-Weighted Mean-Field State
The Gao–Barzel–Barabási effective state is the degree-weighted average:

𝑥eff = ∑𝑖 𝑑(𝑖) 𝑥𝑖
∑𝑖 𝑑(𝑖)

This is precisely the grade-1 Latent projection of the full network state: it uses only the first
moment of the degree distribution (via 𝛽eff) to describe the entire network.
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4.2 The Mean-Field Closure
The key analytical step is the mean-field closure: replacing the heterogeneous coupling by an
effective homogeneous coupling. For Lipschitz coupling 𝐺 on a network with finite degree variance
(𝛾 > 3):

∑𝑖 𝑑(𝑖) ∑𝑗 𝑤𝑖𝑗𝐺(𝑥𝑖, 𝑥𝑗)
∑𝑖 𝑑(𝑖) = 𝛽eff 𝐺(𝑥eff, 𝑥eff) + error

where the error is bounded by the Lipschitz constant times the degree heterogeneity.

[Lean: axiom meanFieldClosure in EffectiveDynamics.lean, audited T1–T4]

4.3 Why 𝛽eff Is the Right Projection
The effective coupling 𝛽eff = ⟨𝑘2⟩/⟨𝑘⟩ is not an arbitrary choice — it is the unique grade-1 projection
that minimizes the mean-squared error of the dimension reduction. In the Latent framework, this
is automatic: the grade-1 Latent is the optimal rank-1 approximation of the network’s spectral
information.

5. Grade Corrections
5.1 The Hierarchy
The Latent of network dynamics decomposes into a graded hierarchy:

Grade Captures Dimension Physical meaning
1 Degree distribution 1 Mean-field (𝛽eff)
2 Degree-degree correlations 𝑁 Assortativity coefficient 𝑟
3 Triangles, clustering 𝑁2 Community structure
𝑟 𝑟-point correlations 𝑁𝑟−1 Higher-order topology

5.2 Error Decay
Each grade’s contribution to the approximation error decays as 𝜌−𝑟:

Theorem (Graded Decay). For 𝛾 > 3: 𝜌 > 1, and for all 𝑟 ≥ 1, 𝜌−𝑟 < 1. Moreover,
𝜌−(𝑟+1) < 𝜌−𝑟: the corrections are strictly decreasing.

For 𝛾 = 4 (𝜌 = 1.5): the grade-2 correction is 𝜌−2 ≈ 0.44, the grade-3 correction is 𝜌−3 ≈ 0.30.
Each grade captures less than the previous.

For 𝛾 = 3.1 (𝜌 = 1.05): the grade-2 correction is 𝜌−2 ≈ 0.91. The convergence is slow — higher
grades still matter significantly. Networks near the critical point 𝛾 = 3 need more grades for
accurate description.

[Lean: grade2_correction_factor_lt_one, graded_decay, graded_strictly_decreasing in
EffectiveDynamics.lean]
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6. Discussion
6.1 What This Explains

1. Why mean-field works for some networks but not others. The answer is 𝛾: if 𝛾 > 3,
the spectral Latent is finite and the grade-1 projection (mean-field) captures the dynamics.
If 𝛾 < 3, no finite Latent exists.

2. Why the Barabási–Albert model is special. With 𝛾 ≈ 3, the BA model sits exactly at
the critical point 𝜌 = 1. It is the most “interesting” generative model because it produces
networks at the boundary of compressibility.

3. Why the Internet is hard to model. With 𝛾 ≈ 2.2, the Internet’s spectral analyticity
parameter is 𝜌 ≈ 0.6 < 1. No finite-dimensional model can capture its dynamics — funda-
mentally, not just because we haven’t found the right model yet.

4. Why network resilience is universal (Gao et al. 2016). The 1D effective dynamics
works universally for 𝛾 > 3 networks because the grade-1 Latent projection is independent
of the specific coupling function 𝐺 — it depends only on the network’s degree distribution
through 𝛽eff.

6.2 What This Predicts
1. Quantitative error bounds. For a network with 𝛾 > 3, the error of the 1D mean-field

approximation is bounded by 𝑂(|𝑟| ⋅ 𝛽eff ⋅ 𝜌−2), where 𝑟 is the assortativity coefficient. This is
a testable prediction.

2. Grade-2 improvements. For networks near the critical point (𝛾 ≈ 3), adding the grade-2
Latent (assortativity) should significantly improve predictions. For networks far from criti-
cality (𝛾 > 4), grade-1 alone suffices.

3. Network design. To maximize compressibility (smallest Latent for fixed accuracy), a net-
work designer should maximize 𝛾, which means reducing degree heterogeneity. The most
compressible network is Erdős–Rényi (𝛾 → ∞, 𝜌 → ∞, Latent dimension → 1).

6.3 What We Don’t Claim
• We do not claim that the specific functional form 𝜌 = (𝛾 − 1)/2 holds for all network models.

It is derived from the power-law spectral density of scale-free Laplacians (Farkas et al. 2001);
networks with different spectral properties will have different 𝜌(𝛾) mappings.

• We do not claim that grade-1 (mean-field) is always sufficient for 𝛾 > 3. The grade-2 correction
can be significant for networks with strong assortativity (|𝑟| ≈ 1).

• The mean-field closure is formalized as an axiom, not a theorem. The full analytical proof
— involving Lipschitz bounds on the coupling and concentration inequalities for the degree
distribution — is beyond the current formalization.

6.4 Connection to the Latent Program
This paper is part of the Latent program (Nagy, 2026): the systematic application of the Latent
Theorem to different domains.
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Domain Key parameter Latent dimension Paper
Financial risk Copula � Θ(log(1/𝜀)/ log 𝜌) Nagy (2026a)
Three-body problem Orbit analyticity 72 (figure-8) Nagy (2026g)
Navier–Stokes Gevrey norm Θ(𝑅𝑒3/4) Nagy (2026h)
Network dynamics Degree exponent � 𝑂(log(1/𝜀)/ log((𝛾 −

1)/2))
This paper

Riemannian manifolds Spectral gap Finite by Manifold
Latent

Nagy (2026n)

The network application is notable because the Latent parameter 𝜌 has a direct, measurable physical
meaning: it is algebraically determined by the degree exponent 𝛾, which can be estimated from a
single snapshot of the network.

7. Formalization
7.1 Architecture

File Lines Theorems Sorry Axioms Content
Defs.lean ~170 8 2 0 NetworkGraph,

Laplacian,
scale-free
params

SpectralAnalyticity . lean~110 8 0 0 Three-regime
classification

LatentDimension.lean~105 5 1 0 Finite Latent,
grade
hierarchy

EffectiveDynamics.lean~130 3 0 1 Grade-2
decay, graded
reduction

MainTheorem.lean~95 5 1 0 Capstone,
real-world
classification

Total ~610 29 4 1

7.2 Axiom Audit
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Axiom T1 T2 T3 T4 Justification
meanFieldClosurePass Pass Pass Pass Analytical

content of
Gao–Barzel–
Barabási
(2016).
Requires
Lipschitz
coupling +
finite degree
variance. All
hypotheses
used.

7.3 Sorry Inventory

Sorry Plan Difficulty
laplacian_row_sum Element-wise expansion of

conditional sum
Easy (Finset API)

laplacian_quadratic_form Expand both sides, use weight
symmetry

Medium (double sum
rewriting)

network_latent_finite Use exists_pow_lt_of_lt_one
for geometric decay

Medium (Mathlib zpow API)

domain_summary Documentation placeholder
(trivial)

N/A

7.4 Reproducibility
cd ke rne l && lake bu i ld LeanProofs . NetworkLatent . MainTheorem

Requires: Lean 4, Mathlib v4.28.

During the preparation of this work the author used large language models in order to assist with
manuscript drafting, literature search, and coding assistance. After using these tools, the author
reviewed and edited the content as needed and takes full responsibility for the content of the published
article.
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