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Draft

A type is a specification. A proof is a program that meets it. The creative content of
mathematics is the architecture of that program.

Executive Summary (Non-Technical)
Every mathematical proof connects two points: what you know and what you want to show. We
propose that this connection has a precise geometric structure. The proof lives in a space whose
“dimensions” correspond to the different types of reasoning needed. Most of this space is covered
by well-understood highways — automated procedures that are guaranteed to make progress. The
creative part of mathematics is navigating between these highways: choosing the right intermediate
steps that transform an unfamiliar problem into one a machine can solve.

We ground this framework in data from 25,111 machine-generated proofs across 203 mathematical
domains, built on 7,084 axioms, and validate it externally against 49,649 Mathlib proofs. The
most striking finding is the Recursive Separation Principle: proof work decomposes into layers, and
the separation recurses within each layer. Within our kernel, the proof vocabulary is 34 tactics
with 4.58 bits of creative entropy. However, external validation against Mathlib reveals that this
low entropy is system-specific: Mathlib proofs use 255+ core tactics with 8.68 bits of routing
entropy, and 88% of proof patterns occur only once. The structural decomposition — four layers
from closing to architecture — generalizes; the specific percentages do not.

The genuine creative boundary lies at bridge construction between mathematical domains. Of 175
kernel domains, 76.6% have predictable bridge structure. In the remaining 23.4%, even “creative”
lemma invention decomposes further — 52% fact recall, 36% parameterized schemas, 12% genuine
construction. Adding a pre-formal numerical exploration layer (L0) — where 23% of axioms
could be discovered by computation and sampling — further reduces the creative residue. The truly
irreducible creative content of mathematics is problem selection and architecture: choosing
which questions to ask.

Abstract
We propose a framework that unifies two perspectives on formal proof construction: proof as
pathfinding in a type-theoretic state space and proof as programming via the Curry–Howard
correspondence. The pathfinding view decomposes proof search into routing (creative navigation
between goal classes) and closing (guaranteed completion within decidable fragments). The pro-
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gramming view recasts this decomposition as software architecture: decidable fragments are verified
libraries, bridges are adapter patterns, and proof planning is API design.

We introduce three structural concepts: (i) domains as closer Voronoi cells — regions of the goal
space where a specific decision procedure guarantees convergence; (ii) bridges as cross-domain
theorems that transport goals between domains; and (iii) a fiber bundle structure on the proof state
space that explains its effective dimensionality.

The framework is grounded in analysis of 26,583 proof traces from the Platonic proof kernel across
226 mathematical domains, with external validation against 49,649 tactic-mode proofs from the
Lean 4 Mathlib library. We show: (a) the effective dimensionality of the proof space is 4 (92.2% of
variance via PCA), with domain switching as the 5th dimension (6.4%); (b) 85% of proof steps in
the kernel fall within decidable fragments; (c) dead ends are overwhelmingly routing failures, not
closer failures; (d) cross-domain bridges account for a disproportionate share of creative content;
(e) the kernel’s tactic vocabulary is 34 tactics with routing entropy of 4.58 bits — but the Mathlib
comparison reveals this is system-specific: Mathlib uses 255+ core tactics with routing entropy
of 8.68 bits, and 88% of its proof patterns are single-use; and (f) the Millennium Problems have
distinct geometric fingerprints in the 4D proof space.

These findings lead to the Recursive Separation Principle: proof construction decomposes into
four layers, not two, and the separation recurses within each layer. Closing (L1) and routing
(L2) are both algorithmizable in principle — closing by decidability, routing by pattern mining —
though the effort required scales with corpus diversity. In the kernel (4.58-bit entropy), 6 iterations
suffice; in Mathlib (8.68-bit entropy), 7,000+ patterns would be needed. Planning (L3, bridge
selection in the Category of Proof Domains) is partially algorithmizable via A* search — and
even within L3’s creative core, 88% of intermediate reasoning (lemma invention) reduces to fact
recall and schema instantiation. Architecture (L4, choosing what to prove and assume) is where
mathematics lives and where the Gödel boundary falls. Extending below the formal framework,
a pre-formal numerical exploration layer (L0) can discover axiom candidates by computation
(8.4% of kernel axioms) and suggest conjectures by sampling (14.4%).

The Mathlib cross-validation (§7.6.12) demonstrates that the structure of the decomposition gener-
alizes — the four layers appear in external proof corpora — but the percentages are corpus-specific.
The kernel’s apparent 96% algorithmizability reflects its own proof generation patterns, not a uni-
versal property of mathematical proof.

From the cross-domain formalization of the Poincaré, Navier-Stokes, Yang-Mills, and Goldbach
problems, we extract the Bottleneck Bypass Pattern — a meta-theorem classifying three structural
strategies for resolving domain-specific obstructions, and a fourth multi-path convergent architecture
where 14 independent proof routes provide fault tolerance against hypothesis failure. We develop
a system-agnostic proof planning algorithm that applies to any tactic-based prover (Lean 4, Coq,
Isabelle/HOL), casting proof discovery as navigated software architecture.

1. Introduction
1.1 The Two-Point Problem
Every formal proof connects two points: the hypotheses 𝐻 and the conclusion 𝐶. In a dependently
typed system, this is literally a term inhabitation problem — find a term 𝑡 ∶ 𝐻 → 𝐶. In an
interactive tactic-based system like proof kernel, Lean 4, or Coq, the proof is a sequence of state
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transformations:

𝑆0
𝜏1−→ 𝑆1

𝜏2−→ ⋯
𝜏𝑛−→ 𝑆∅

where each 𝑆𝑖 is a proof state (a list of open goals with their contexts), each 𝜏𝑖 is a tactic, and 𝑆∅
is the empty state (QED).

The fundamental question: is there a procedure that guarantees we get closer to 𝑆∅ with
every step?

The answer is nuanced: yes for specific goal classes (decidable fragments), provably no in general
(Gödel), and practically yes for most real mathematics through a two-layer decomposition. This
paper develops that theory, and makes it operational: via the Curry–Howard correspondence, the
pathfinding framework becomes a software architecture methodology for proof planning that applies
to any tactic-based prover.

1.2 Four Guiding Questions
This work is organized around four questions:

1. What are the domains? Can we define the regions of proof space where guaranteed
progress is possible, and characterize their boundaries?

2. What connects the domains? Are there systematic “bridges” between domains — cross-
domain theorems that transport goals from one decidable fragment to another?

3. What is the dimensionality? How many independent degrees of freedom does the proof
space have, and how does this relate to proof difficulty?

4. How do we plan? Given domain structure, bridges, and dimensionality, how does a prover
(human or machine) design a proof before executing tactics — and what does the Curry–
Howard correspondence tell us about this process?

1.3 Motivation: Empirical Evidence
This work is motivated by empirical observation of AI agents conducting extended proof campaigns
in the proof kernel proof system. Analysis of 9,394 successful proof traces reveals:

• 5 dominant closing tactics (linarith, nlinarith, ring, rfl, assumption) close 85% of all goals
• These closers are decision procedures — they either succeed or fail in bounded time, with no

partial progress
• The remaining 15% of goals require routing — creative intermediate steps (intro, have, note,

rewrite) that transform the goal into a form where a closer applies
• Agents that “think in prose” for many steps before formalizing exhibit circular reasoning

patterns; agents that formalize incrementally make monotone progress

1.4 The Operational Curry–Howard
The Curry–Howard correspondence (Howard, 1980) establishes that proofs and programs are the
same mathematical object: a proof of 𝐴 → 𝐵 is a function from 𝐴 to 𝐵; a proof of ∀𝑥 ∶ 𝑇 , 𝑃 (𝑥) is a
dependent function; a proof of 𝐴∧𝐵 is a pair. This is usually treated as a foundational observation
— a bridge between logic and type theory that justifies the design of proof assistants.
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We propose an operational reading: the Curry–Howard correspondence is a design method-
ology for proof discovery. If a proof is a program, then finding a proof is software engineering.
The concepts that make software engineering tractable — modular architecture, interface bound-
aries, design patterns, refactoring, test-driven development — transfer directly to proof construc-
tion.

Table: The operational dictionary

Software engineering Proof construction This paper
Specification (type signature) Theorem statement (goal type) 𝑔 ∈ 𝑆
Implementation (program
body)

Proof term (inhabiting term) Path 𝑆0 → 𝑆∅

Module boundary (API) Domain boundary (𝜕𝒟) §2.3
Adapter pattern (interface
bridge)

Cross-domain theorem
(bridge)

§3.4

Refactoring step (preserves
behavior)

Tactic application (preserves
provability)

𝜏 ∶ 𝑆 → 𝑆′

Unit test (checks one property) Decision procedure (closes one
goal class)

Closer in 𝒟𝑐

Test-driven development Formalize-early principle §6.5
Tech debt (untested code) Sorry / axiom debt 𝛽-penalty in 𝑑(𝑆)
Dependency graph Axiom dependency graph Proof strength tiers
Code coverage metric Decidable fragment coverage 85% closer coverage
Architectural pattern Proof architecture §5.7 (three architectures)

This dictionary is not a metaphor — it is a theorem. Each row follows from the Curry–Howard
correspondence applied to the corresponding software concept. A decision procedure IS a verified
library (a module whose correctness is guaranteed by its type). A bridge IS an adapter (a function
that converts one interface to another). A routing tactic IS a refactoring step (a transformation
that preserves the program’s specification while changing its structure).

The planning consequence. If proof construction is software engineering, then proof planning
is software architecture. Before writing code, a software architect surveys the available libraries
(decidable fragments), identifies the interfaces that need bridging (cross-domain gaps), and designs
the module structure (proof strategy). The domain map (§2.3), bridge catalog (§3.4), and progress
metric (§4) provide exactly this architectural toolkit for proofs.

This reframing resolves a tension in the automated reasoning literature: proof search is typically
modeled as tree search (explore all possible tactic sequences), but human mathematicians do not
search — they plan. The Curry–Howard perspective explains why: they are doing software architec-
ture, not brute-force compilation. The decidable fragments are pre-built libraries; the bridges are
known design patterns; the creative work is choosing the right architecture for the specific problem.

1.5 Relation to Prior Work
Pólya’s heuristic framework. The deepest intellectual ancestor of this work is Pólya’s How
to Solve It (1945), which proposed a four-phase model of mathematical problem-solving: Under-
stand the Problem, Devise a Plan, Carry Out the Plan, and Look Back. Pólya catalogued a “Short
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Dictionary of Heuristic” — informal reasoning patterns such as analogy, auxiliary elements, decom-
position and recombination, generalization, specialization, working backwards, and the Inventor’s
Paradox (“the more ambitious plan may have more chances of success”). These heuristics, described
in natural language and intended for human mathematicians, have shaped mathematics pedagogy
for eighty years.

Our framework can be understood as a formalization and empirical grounding of Pólya’s program.
Table 1 makes the correspondence precise: Pólya’s four phases map to our five-layer decomposition
(L0–L4), his heuristic dictionary entries correspond to specific tactics and planning operations, and
his informal questions become computable predicates on proof states. The key advance is threefold:
(i) what Pólya described as informal “mental habits” we identify as operations in a category of
proof domains with measurable entropy; (ii) the distinction Pólya left implicit between plan-level
creativity and execution-level technique we formalize as the L2/L3 boundary with a precise entropy
threshold (4.58 bits for routing, zero residual for closing); and (iii) Pólya’s “Look Back” phase
— the injunction to verify, generalize, and seek alternative proofs — we give operational content
through kernel verification, the Book Test (§6), and the multi-path convergent architecture (§5.15).

Three of Pólya’s heuristics suggest formalizations not yet realized in our system:

1. “Did you use all the data?” — Pólya’s meta-question about hypothesis utilization. In
tactic-based proving, this becomes: does the proof reference every hypothesis in the local
context? An unused hypothesis signals either a redundant assumption or an incomplete proof
that could be strengthened. We have implemented this as the hyp_utilization metric in
ProofMetrics — but it is not yet used as a quality gate or reported in proof traces.

2. “Can you derive the result differently?” —Pólya’s dual-proof principle. A result proved
by two independent methods is qualitatively stronger than one proved by one. Our 14-path
Goldbach architecture (§5.15) is an extreme instance. We formalize this as a proof diversity
score 𝛿 ∈ [0, 1] computed via pairwise Jaccard distance on tactic bigrams across alternative
proof traces. A theorem with 𝛿 = 0 has a single known proof; 𝛿 → 1 indicates maximally
diverse routes. This quantifies the fault tolerance of multi-path proofs: high 𝛿 means failure
of one approach’s assumptions does not invalidate the others.

3. The Inventor’s Paradox — “a more general problem may have more chances of success.”
We tested this directly against 32,422 proof traces. The result is striking: revert (the gen-
eralization tactic) appears in exactly zero traces, while specialize (the opposite) appears in
602 (1.9%). Provers universally specialize — they never generalize mid-proof. This is not
a refutation of Pólya but a layer clarification: the Inventor’s Paradox operates at L4 (Ar-
chitecture — choosing what to prove), not at L1/L2 (tactic execution). You generalize the
theorem statement before opening a proof, not during it. The paradox is real but invisible at
the tactic trace level — it manifests in the gap between the problem a mathematician poses
and the problem that existed before the insight of generalization.

Table 1. Correspondence between Pólya’s heuristic framework and the formal proof-theoretic
framework of this paper.

Pólya phase / heuristic Framework concept Formal realization
Phase 1: Understand the
Problem

L4 Architecture — problem
selection and goal formulation

divine(target), goal
complexity 𝜅(𝑇 ), domain
classification
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Pólya phase / heuristic Framework concept Formal realization
Phase 2: Devise a Plan L3 Bridge Planning — route

selection in Cat(Dom)
proof_plan(), A* search with
bridge costs (§6.4.5)

Phase 3: Carry Out the Plan L1 Closing + L2 Routing —
tactic execution

Decision procedures (linarith,
ring, …) + routing tactics

Phase 4: Look Back Verification + proof quality Kernel typecheck (L3/L4),
proof_strength(), Book Test

“Do you know a related
problem?”

Proof memory recall L1/L2/L3 memory
fingerprinting (§5.14)

“Could you restate the
problem?”

Goal transformation (routing) change, suffices , conv tactics

“Can you solve a more general
problem?”

Inventor’s Paradox —
generalize before specialize

revert followed by
domain-specific closer

“Can you solve a special case
first?”

Specialization / grounding specialize , cases — domain
grounding

“Decomposing and
recombining”

Domain decomposition split , obtain, cases — L2
routing

“Auxiliary elements” Context enrichment have, let — introduce
intermediate terms

“Auxiliary problem” Subgoal introduction suffices — backward planning
“Working backwards” Backward chaining suffices , by_contra — reverse

search direction
“Analogy” Pattern matching / bridge

transport
Bridge mining, memory
fingerprint, functorial
transport

“Variation of the problem” Goal reformulation change(target), equivalence
rewriting

“Did you use all the data?” Hypothesis utilization hyp_utilization metric on
proof state (implemented)

“Can you derive it
differently?”

Multi-path architecture Proof diversity 𝛿 ∈ [0, 1]
(implemented) — §5.15

“Induction” Structural recursion induction, auto_induction
tactics

“Reductio ad absurdum” Indirect proof by_contra, exfalso
“Signs of progress” Convergence tracking 𝑑(𝑆) monotonicity,

ts .progress() — §4.1–§4.3
“Routine problem” L1 decidable fragment Goals in 𝒟: “nothing but care

and patience”
“Diagnosis” Dead-end analysis Routing failure classification

(§5.5)
“Examine your guess” L0 numerical exploration Pre-formal conjecture testing

(§7.6.10)
“Pappus (Analysis &
Synthesis)”

Forward/backward reasoning have (synthesis) vs suffices
(analysis)

“Test by dimension” Type checking as dimensional
analysis

Curry–Howard: types ARE
dimensions

“Separate the various parts” Hypothesis decomposition obtain, cases, rcases

6



Pólya phase / heuristic Framework concept Formal realization
“Look at the unknown” Goal-directed search Target-type-driven tactic

selection
“If you cannot solve the
proposed problem”

Problem weakening suffices with weaker target,
then strengthen

“Corollary” / “Can you use
the result?”

Bridge creation Proved theorem → morphism
in Cat(Dom)

“Setting up equations” Formalization Natural language →
type-theoretic encoding

Pólya’s complete dictionary contains 67 entries. Table 1 maps the 33 with direct formal correspon-
dences; the remainder are pedagogical (“Rules of teaching”), historical (“Descartes”, “Bolzano”), or
psychological (“Subconscious work”, “Determination, hope, success”) — valuable for understanding
human problem-solving but outside the scope of a formal proof-theoretic framework.

Two entries deserve special attention. Pólya’s “Signs of progress” (pp. 108–111) contains a striking
passage: “We watch eagerly for signs of progress as Columbus and his companions watched for signs
of approaching land.” He then identifies three expressible signs: (i) bringing a previously unused
datum into play, (ii) satisfying an additional clause of the condition, and (iii) the emergence of a
simpler analogous problem. Our 𝑑(𝑆) metric (§2.2.1) is a quantitative realization of exactly this:
each tactic application either decreases 𝑑 (favorable sign — Columbus sees birds) or increases it
(unfavorable — open sea). The convergence tracking in ProofMetrics (§4.1–§4.3) formalizes what
Pólya described as the alternation of “hesitation” and “rising spirits” during search.

Pólya’s “Routine problem” is equally prescient: “a problem that can be solved by substituting
special data into a formerly solved general problem, or by following step by step some well-worn
conspicuous example.” This is precisely our L1 layer — goals within decidable fragments 𝒟 where
a known decision procedure closes the goal without creative input. Pólya notes dryly that teach-
ing only routine problems “is well under the level of the cookbook.” Our framework quantifies
the complementary claim: 85% of proof steps are routine (L1), and the remaining 15% is where
mathematics lives.

Proof planning and search. The routing-closing decomposition has more recent antecedents
in several computational traditions. Proof planning (Bundy, 1988) distinguishes methods from
tactics. The “hammers” of Isabelle/HOL and Coq (Czajka & Kaliszyk, 2018) are industrial-scale
closers. HyperTree proof search (Lample et al., 2022) and LeanDojo (Yang & Swope, 2023) use
learned routing. Our contribution is the domain-theoretic framework that unifies these approaches,
the empirical dimensionality analysis, the connection to Perelman’s entropy monotonicity, and the
operational Curry–Howard perspective that recasts proof search as navigated software architecture.

The Curry–Howard correspondence. The correspondence itself dates to Curry (1934) and
Howard (1969/1980), with extensions to dependent types by Martin-Löf (1984). The Programs
from Proofs tradition (Constable et al., 1986) extracts computational content from formal proofs.
Our contribution inverts this: we extract architectural content from the proof search process, using
the correspondence to import software engineering methodology into proof planning.
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2. Proof State Space
2.1 Formal Definition
A proof state 𝑆 in a tactic-based system consists of:

𝑆 = ⟨𝐺, Γ, ℰ⟩

where 𝐺 = {𝑔1, … , 𝑔𝑘} is a set of open goals (each a type to be inhabited), Γ𝑖 is the local context
(hypotheses) for goal 𝑔𝑖, and ℰ is the global environment (declared axioms and proved theorems).

A tactic 𝜏 is a partial function 𝜏 ∶ 𝑆 ⇀ 𝑆′ that transforms a proof state. Tactics may: - Close
a goal (remove it from 𝐺) - Transform a goal (replace 𝑔𝑖 with 𝑔′

𝑖) - Split a goal (replace 𝑔𝑖 with
𝑔𝑖,1, … , 𝑔𝑖,𝑚) - Enrich the context (add hypotheses to Γ𝑖)

2.2 The Proof Space as a Quasi-Metric Space
The proof state space carries a natural geometric structure that makes the pathfinding analogy
precise.

2.2.1 Goal Complexity and Proof Distance

Define the goal complexity of a type expression:

𝜅(𝑇 ) =

⎧{{{{
⎨{{{{⎩

1 if 𝑇 is atomic
1 + 𝜅(𝐴) + 𝜅(𝐵) if 𝑇 = 𝐴 → 𝐵
1 + 𝜅(𝐵[𝑥]) if 𝑇 = ∀𝑥 ∶ 𝐴, 𝐵
𝜅(𝐴) + 𝜅(𝐵) if 𝑇 = 𝐴 ∧ 𝐵
max(𝜅(𝐴), 𝜅(𝐵)) if 𝑇 = 𝐴 ∨ 𝐵
1 + 𝜅(𝐴) if 𝑇 = ∃𝑥 ∶ 𝐴, 𝐵

The proof distance of a state to QED:

𝑑(𝑆) =
|𝐺|
∑
𝑖=1

𝜅(𝑔𝑖) + 𝛽 ⋅ |{𝑔𝑖 ∶ 𝑔𝑖 ∉ 𝒟}|

where 𝒟 is the set of goal types within decidable fragments, and 𝛽 > 0 is a penalty for goals
requiring creative routing.

Key property: For goals within decidable fragments (𝑔𝑖 ∈ 𝒟), applying the appropriate decision
procedure either closes the goal (reducing 𝑑 by 𝜅(𝑔𝑖)) or proves no proof exists. For goals outside
𝒟, no such guarantee exists.

2.2.2 Quasi-Metric Structure

The state space 𝒮 admits a quasi-metric (asymmetric distance):
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𝜌(𝑆, 𝑆′) = inf{
𝑛

∑
𝑖=1

𝑤(𝜏𝑖) ∣ 𝜏𝑛 ∘ ⋯ ∘ 𝜏1(𝑆) = 𝑆′}

where the infimum runs over all finite tactic sequences transforming 𝑆 into 𝑆′, and 𝑤(𝜏) is the
weight of tactic 𝜏 :

𝑤(𝜏) =
⎧{
⎨{⎩

1 routing tactic (intro, rewrite, note, ...)
0 closing tactic that succeeds (linarith, ring, rfl)
∞ if 𝜏 is undefined on 𝑆

Closing tactics have zero weight because they represent the “highways” — once on a highway, the
remaining distance is zero. Routing tactics cost 1 each because they represent the creative steps.
This makes 𝜌(𝑆, 𝑆∅) count the routing distance to QED: the number of creative decisions needed.

Proposition (quasi-metric axioms). (𝒮, 𝜌) satisfies:

1. 𝜌(𝑆, 𝑆) = 0 (identity)
2. 𝜌(𝑆, 𝑆′) + 𝜌(𝑆′, 𝑆″) ≥ 𝜌(𝑆, 𝑆″) (triangle inequality)
3. 𝜌(𝑆, 𝑆′) = 0 ⟹ 𝑆 = 𝑆′ or 𝑆′ = 𝑆∅ and 𝑆 ∈ 𝒟

Proof. (1) The empty sequence has cost 0. (2) Concatenating optimal paths gives a valid path,
so the cost is at most the sum. (3) Zero routing cost means either no tactics were needed or only
closing tactics were used; the latter means 𝑆 was decidable. □

Asymmetry. In general 𝜌(𝑆, 𝑆′) ≠ 𝜌(𝑆′, 𝑆) because tactics are not invertible. An intro step can
always be taken, but “un-intro” (re-abstracting a variable) is not a standard tactic. This asymmetry
is why proof search is hard in one direction but trivial in the other: verifying a proof (forward) is
polynomial, but finding one (backward) can be exponential.

2.2.3 Topology of the Proof Space

The quasi-metric 𝜌 induces a topology on 𝒮:

𝐵𝑟(𝑆) = {𝑆′ ∈ 𝒮 ∶ 𝜌(𝑆, 𝑆′) ≤ 𝑟}

is the forward ball of states reachable from 𝑆 in at most 𝑟 routing steps. This topology has two
key features:

Decidable domains are open. If 𝑆 ∈ 𝒟𝑐 for some closer 𝑐, then 𝐵0(𝑆) = {𝑆∅} — the closer
reaches QED in zero routing steps. Hence 𝒟𝑐 is a subset of the “immediate neighborhood” of QED.

The creative zone is metrically distant from QED. Goals outside all decidable fragments
have 𝜌(𝑆, 𝑆∅) ≥ 1, and goals requiring bridge composition have 𝜌 ≥ 𝑘 where 𝑘 is the minimum
bridge chain length.

Path compactness. In practice, the reachable states from any initial state 𝑆0 form a compact
subset of 𝒮 (finitely many goals, each with bounded complexity). This compactness explains why
exhaustive search (BFS/DFS over tactics) sometimes works for shallow proofs — the ball 𝐵𝑟(𝑆0)
is finite for finite 𝑟.
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2.2.4 Geodesics and Optimal Proof Strategies

A geodesic in (𝒮, 𝜌) is a proof path of minimal routing cost. Finding a geodesic is the proof planning
problem:

optimal proof = arg min
𝜏1,…,𝜏𝑛

𝑛
∑
𝑖=1

𝑤(𝜏𝑖) s.t. 𝜏𝑛(⋯ 𝜏1(𝑆0) ⋯) = 𝑆∅

This is equivalent to shortest path in a weighted directed graph where: - Vertices: proof states
𝑆 ∈ 𝒮 - Edges: tactic applications 𝑆 𝜏−→ 𝑆′ - Weights: 𝑤(𝜏) as defined above - Source: 𝑆0 (initial
proof state) - Sink: 𝑆∅ (QED)

The decidable fragments are “portals” in this graph: any edge entering 𝒟𝑐 connects directly to 𝑆∅
at zero cost. The optimal proof minimizes the number of routing edges — the creative content of
the proof.

Theorem (geodesic decomposition). Every geodesic from 𝑆0 to 𝑆∅ decomposes uniquely into
maximal routing segments and closing segments:

𝑆0
𝑤>0−−−→
route

𝑆1
𝑤=0−−→
close

𝑆2
𝑤>0−−−→
route

𝑆3
𝑤=0−−→
close

⋯ 𝑤=0−−→
close

𝑆∅

The number of routing segments equals the geodesic dimension of the proof — the irreducible
creative content. For 61% of proofs in our dataset, this dimension is exactly 1 (one routing move,
then a closer). For 7%, it is 0 (immediate close).

Relationship to d(S). The proof distance 𝑑(𝑆) is an upper bound on the geodesic distance
𝜌(𝑆, 𝑆∅). For decidable goals, 𝑑(𝑆) = 0 and 𝜌 = 0. For creative goals, 𝑑(𝑆) overestimates 𝜌 because
the penalty 𝛽 does not account for nearby bridges. The tighter relationship is:

𝜌(𝑆, 𝑆∅) ≤ min
𝑐

𝛿(𝑆, 𝜕𝒟𝑐) ≤ 𝑑(𝑆)

where 𝛿(𝑆, 𝜕𝒟𝑐) is the routing distance from 𝑆 to the boundary of the nearest decidable domain.

2.3 Domains as Closer Voronoi Cells
Definition. A domain 𝒟𝑐 is the set of goal types for which a closer 𝑐 is a complete decision
procedure:

𝒟𝑐 = {𝑔 ∈ 𝒢 ∶ 𝑐(𝑔) ∈ {QED,UNSAT}}

That is, 𝑐 always terminates on goals in 𝒟𝑐 and either closes the goal or certifies that no proof
exists. The domains partition the decidable fragment of goal space:

𝒟 = ⋃
𝑐

𝒟𝑐

and goals outside 𝒟 constitute the creative zone where no closer applies directly.
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Empirical domain structure. The proof kernel proof database records 143 distinct goal types.
The dominant clusters, with their primary closers:

Domain cluster Primary closer Goal count % of traces
Universally quantified (structural) intro (routing) 7,813 83%
Polynomial equality ring, rfl 749 8%
Linear/nonlinear ordering linarith, nlinarith 483 5%
Logical conjunction split 194 2%
Topological properties none (creative) 16 0.2%
Convergence properties none (creative) 14 0.1%
Complexity classes none (creative) 6 0.06%

The forall type (83%) is a structural wrapper, not a true domain — it requires intro (routing)
to expose the inner goal, which then falls into one of the substantive domains. The true domain
structure is visible after intro-peeling.

The topological, convergence, and complexity-class goals have no automated closer — they lie
in the creative zone. Their resolution requires importing domain-specific axioms via note, then
transforming the goal until a closer applies. These are the hardest goals in the system, despite
being numerically rare.

2.4 Dimensionality of the Proof Space
The proof state space is formally infinite-dimensional (any type expression can appear as a goal).
In practice, the effective dimensionality is far lower.

2.4.1 Fiber Bundle Structure

The proof state space has a natural fiber bundle structure:

𝜋 ∶ 𝐸 → 𝐵

where the base space 𝐵 is the set of goal types (143 types empirically, clustered into ~5-6 major
domains), and the fiber 𝐹𝑏 = 𝜋−1(𝑏) over each goal type 𝑏 is the set of compatible contexts Γ
(varying dimension, typically 5-20 hypotheses).

The total effective dimension of the proof space is:

dimeff(𝐸) = dim(𝐵) + 𝔼[dim(𝐹𝑏)] ≈ 6 + 12 ≈ 18

But this overestimates the creative dimension — the number of independent choices that determine
the proof. Most fiber dimensions correspond to context hypotheses that are used mechanically
(passed to closers), not creatively selected.

Connection on the bundle. A tactic 𝜏 acts on the total space 𝐸: it maps a proof state (𝑏, 𝛾)
(goal type 𝑏, context 𝛾 ∈ 𝐹𝑏) to a new state (𝑏′, 𝛾′). This action decomposes into a horizontal
component (changing the goal type: 𝑏 → 𝑏′) and a vertical component (changing the context:
𝛾 → 𝛾′ within the same fiber).
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This decomposition defines a connection on the bundle — a splitting of each tangent space into
horizontal and vertical directions:

𝑇(𝑏,𝛾)𝐸 = 𝐻(𝑏,𝛾) ⊕ 𝑉(𝑏,𝛾)

where 𝐻 is generated by routing tactics (which change the goal type) and 𝑉 is generated by
context-enriching tactics (note, have, specialize ) that leave the goal type unchanged.

Curvature. The curvature of this connection measures the non-commutativity of routing: does
the order of routing steps matter? If 𝜏1, 𝜏2 are two routing tactics, define:

Ω(𝜏1, 𝜏2) = 𝜏1 ∘ 𝜏2 − 𝜏2 ∘ 𝜏1

When Ω = 0, the routing moves commute and can be done in any order (flat connection). When
Ω ≠ 0, the order matters and the proof space is curved — different orderings reach different states.

Empirical observation. The dominant routing tactics (intro, intro) commute perfectly: introduc-
ing variable 𝑥 then 𝑦 reaches the same state as introducing 𝑦 then 𝑥 (modulo naming). But
rewrite note and note rewrite do NOT commute in general: the rewrite may change the goal in
a way that makes the note inapplicable. This non-commutativity is the source of backtracking in
proof search.

Curvature and proof difficulty. We conjecture that proof difficulty correlates with curvature:
proofs in flat regions (commuting tactics) are easy because the order of steps does not matter.
Proofs in curved regions (non-commuting tactics) are hard because the agent must find the specific
ordering that works. This would explain why intro intro linarith (commuting intros + closer)
is trivial while rewrite note nlinarith (non-commuting combination) is creative.

Section obstruction. A global section of the bundle is a proof strategy that works uniformly
across all goal types — a function 𝑠 ∶ 𝐵 → 𝐸 with 𝜋(𝑠(𝑏)) = 𝑏 for all 𝑏. If a global section exists,
proof search is trivial: apply 𝑠 to the current goal type and obtain a proof.

The non-existence of a global section (guaranteed by Gödel for sufficiently rich systems — §4.3)
means proof strategies must be local: they work in some neighborhood of 𝐵 but not everywhere.
Patching together local sections (strategies that work in different domains) is exactly what bridge
composition does. The obstruction to extending a local section to a global one measures the
irreducible creative content of mathematics.

In Perelman’s proof (§4.4), the surgery procedure is precisely this patching: the Ricci flow provides
a local section (strategy) that works away from singularities. At singularities, a different local
section (surgery) is needed. The topological obstruction to extending the flow through singularities
is the geometric content of the Poincaré conjecture itself.

2.4.2 Empirical Dimensionality from Tactic Diversity

A more direct measure: how many distinct tactics does a proof use?
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Distinct tactics Trace count % Interpretation
1 640 7% Single closer —

0-dimensional (point)
2 5,735 61% One router + one

closer —
1-dimensional

3 1,484 16% Two routers or router
+ two closers —
2-dimensional

4 865 9% 3-dimensional
5 497 5% 4-dimensional
6+ 196 2% High-dimensional

(complex proofs)

Finding: The typical proof is 1-2-dimensional. Only 7% of proofs require 5 or more distinct
reasoning strategies. This explains why proof search is tractable despite the exponential worst case:
the effective search space collapses to a low-dimensional manifold.

2.4.3 Trigram Analysis and Stereotyped Paths

The 3-step sequential patterns reveal that proof paths are highly stereotyped:

Trigram Count Structure
intro → intro → intro 14,102 Deep quantifier peeling
rfl → rewrite → rfl 2,480 Equation chain
intro → intro → nlinarith 2,422 Peel and close
rewrite → rfl → rewrite 2,025 Alternating chain
intro → intro → linarith 1,508 Peel and close
rewrite → rewrite → rewrite 750 Multi-step rewriting
intro → intro → ring 641 Peel and normalize
intro → ring → linarith 526 Peel, normalize, bound

The dominant trigram (intro intro intro, 14,102) is pure structural peeling with zero creative
content. The next cluster ( rfl rewrite alternations) is mechanical equation chaining. The first
genuinely “creative” trigram is intro ring linarith (526) — a cross-domain pattern using ring
normalization to set up a linear arithmetic close. This confirms that the creative dimension is small:
most proof volume is stereotyped traversal.

2.4.4 Dimensional Reduction via Progress Metrics

The deepest answer to “how many dimensions?” comes from asking whether a good progress metric
𝑑(𝑆) exists. If it does, the effective dimension collapses to 1: every proof is a monotone decreasing
curve in 𝑑.
For decidable fragments, such metrics exist (§4.1). For creative routing, the Perelman analogy (§4.4)
suggests that finding a good progress metric is equivalent to solving the mathematical problem itself
— the metric IS the insight.
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3. The Two-Layer Decomposition
3.1 Layer 1: Decidable Closers (Highways)
Within specific goal classes, complete decision procedures exist that are guaranteed to find a proof
if one exists:

Goal class Decision procedure Complexity Monotone?
Polynomial identity
𝑎 = 𝑏

Ring normalization 𝑂(𝑛𝑑) Yes — canonical form

Linear arithmetic
𝑎 ≤ 𝑏

Farkas certificate
(Fourier-Motzkin)

Polynomial Yes — variable
elimination

Nonlinear arithmetic Cylindrical algebraic
decomposition

Doubly exponential Yes (real closed fields)

Sum-of-squares
0 ≤ 𝑝(𝑥)

SOS decomposition SDP Yes — witness
construction

Propositional 𝑃 SAT / truth table NP-complete Yes — assignment
search

Numeric 2 + 3 = 5 Evaluation 𝑂(1) Immediate

These are the “highways” of proof space — regions where forward progress is guaranteed and
measurable. The decision procedure either reaches QED or proves the goal is false, in bounded
steps.

Empirical finding: In the proof kernel proof database, these decidable closers account for 85%
of all goal closures (linarith: 4,159, nlinarith: 3,346, ring: 1,600, rfl: 4,356, assumption: 750 out of
~52,000 total tactic applications).

3.2 Layer 2: Creative Routing (Navigation)
Between the decidable highways, the proof requires routing — tactics that transform the goal
without closing it:

Routing tactic What it does Progress guarantee
intro Peel a ∀ or → binder Reduces 𝜅 by 1
split Decompose 𝑃 ∧ 𝑄 Increases goal count, reduces

per-goal 𝜅
have h : T Introduce intermediate lemma Increases goal count

(temporarily)
note Import axiom into context Enriches Γ without changing

goal
rewrite Transform goal via equation May increase or decrease 𝜅
specialize Instantiate ∀-hypothesis Simplifies context

Some routing tactics guarantee progress on 𝜅 (intro, split ). Others may temporarily increase
complexity (have) but bring the goal closer to a decidable fragment. The creative content of
mathematics lies in choosing the right sequence of routing moves.
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3.3 The Routing-Closing Interface
A proof decomposes as:

route⏟
creative

→ close⏟
mechanical

→ route⏟
creative

→ close⏟
mechanical

→ ⋯

The key insight: the quality of a proof system is determined by how wide the highways
are (how many goal classes have decision procedures) and how short the routing segments
are (how few creative steps are needed between decidable fragments).

Expanding the decidable fragment — adding new decision procedures — directly reduces the cre-
ative burden. This is the primary value proposition of proof system engineering.

3.4 Cross-Domain Bridges
Definition. A bridge between domains 𝒟𝐴 and 𝒟𝐵 is a theorem 𝜙 whose premise involves types
in 𝒟𝐴 and whose conclusion involves types in 𝒟𝐵:

𝜙 ∶ 𝑇𝐴 → 𝑇𝐵, 𝑇𝐴 ∈ 𝒟𝐴, 𝑇𝐵 ∈ 𝒟𝐵

Bridges are the routing steps that transport goals between domains. They are the “on-ramps” and
“off-ramps” connecting different highways.

Examples from mathematics:

Bridge Source domain Target domain Proof effect
Fourier transform PDE (differential eqs) Algebra (polynomial) Turn PDE into

algebraic problem
Montgomery-Odlyzko Number theory (zeta

zeros)
Random matrix
theory (GUE)

Statistics of zeros �
eigenvalues

Itô formula Stochastic calculus PDE (Kolmogorov eq) Martingale →
expectation PDE

Perelman W-entropy Statistical mechanics Riemannian geometry Entropy monotonicity
→ topology

Biot-Savart law Vorticity (vector
calculus)

Velocity (fluid
mechanics)

Curl inversion

Spectral theorem Operator theory Linear algebra Operator →
eigenvalue problem

Generating functions Combinatorics Complex analysis Counting → contour
integrals

Empirical bridge catalog. We mined all 9,394 traces in the proof kernel proof database for
routing → closer transitions — pairs where a creative tactic is immediately followed by a decidable
closer. These are empirical instances of domain boundary crossings.

Table: Top single-step bridges (routing → closer)
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Bridge pattern Count Primary goal type Interpretation
rewrite rfl 2,670 forall (1820), eq (841) Normalization →

equality close
intro nlinarith 2,509 forall (2509) Binder peeling →

nonlinear arithmetic
intro linarith 1,662 forall (1662) Binder peeling →

linear arithmetic
have exact 1,251 forall (1036), lt (85) Intermediate lemma

→ direct proof
intro ring 889 forall (889) Binder peeling → ring

normalization
note linarith 284 forall (76), le (74), eq

(63)
Axiom import →
arithmetic close

split exact 294 and (228), forall (66) Conjunction
decomposition →
direct

note nlinarith 238 forall (162), lt (30) Axiom import →
nonlinear close

specialize assumption 236 forall (236) Universal
instantiation → match

split linarith 268 forall (180), and (88) Conjunction →
arithmetic close

Table: Top two-step bridges (routing → routing → closer)

Bridge pattern Count Interpretation
intro intro nlinarith 2,428 Double binder peel →

nonlinear
intro intro linarith 1,514 Double binder peel → linear
intro intro ring 641 Double binder peel → ring
intro have exact 403 Peel, lemma, close
derive have exact 264 Axiom instantiation →

intermediate → close
note specialize assumption 205 Axiom → instantiate → match
note note nlinarith 137 Two axiom imports →

nonlinear close
intro split linarith 132 Peel → decompose →

arithmetic
rewrite rewrite rfl 131 Double normalization →

equality

Closer domain map. The domain-specific effectiveness of closers:
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Closer Total uses Top goal types
rfl 4,356 forall (3000), eq (1282)
linarith 4,167 forall (3514), eq (271)
nlinarith 3,375 forall (3123), lt (111)
exact 2,966 forall (2062), and (453)
ring 1,601 forall (1371), eq (198)
assumption 756 forall (575), Continuous (14)

Note that “forall” dominates because most goals in the proof kernel system start with universal
quantification; after intro peels the binders, the inner goal falls into the appropriate domain. The
forall count thus includes goals that are effectively in the equality or ordering domain but have not
yet been introduced.

Bridge density and proof difficulty. We conjecture that the difficulty of a mathematical prob-
lem is proportional to the number of cross-domain bridges required in its proof. Problems within a
single domain are routine (one closer suffices). Problems requiring one bridge are exercises. Prob-
lems requiring novel bridges are research contributions. Millennium Prize problems may require
the invention of new bridges between previously unconnected domains.

Implementation. The bridge catalog has been implemented as a runtime system in the proof
kernel v2.8: classify_goal_domain() returns domain classification and closer candidates for each
open goal, and TacticState.progress() displays them alongside the complexity metric. This enables
agents to see not just where they are in proof space, but which routes have historically succeeded
from similar positions.

3.5 External Bridge Mining: Mathlib as a Bridge Atlas
We conducted a systematic bridge mining analysis of Mathlib (Lean 4’s mathematical library,
293,698 declarations, 7,648 source files across 33 top-level domains) to empirically characterize the
cross-domain structure of formalized mathematics.

Import graph analysis. Only 103 of 7,648 files (1.3%) directly import from a different top-level
Mathlib domain. This extreme sparsity confirms that formalized mathematics is highly modular —
cross-domain work is concentrated in a small number of bridge files.

Top domain bridges by file count:

Domain A Domain B Bridge files Example
Analysis Topology 8 Analysis/Convex/Approximation.lean
Algebra Data 8 Algebra/Lie/CartanMatrix.lean
Algebra LinearAlgebra 6 Algebra/AffineMonoid/Embedding.lean
MeasureTheory Topology 5 MeasureTheory/Measure/Regular.lean
Algebra Analysis 5 Analysis/CStarAlgebra/ApproximateUnit.lean

Hub domains. Algebra is the most connected domain (48 bridge files to 13 partners), followed
by Analysis (24 files, 7 partners) and Topology (20 files, 6 partners). These hubs serve as routing
infrastructure — a goal in any domain is likely reachable through an algebraic or topological
reformulation.
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Theorem-level cross-domain analysis. Keyword co-occurrence in declaration names reveals
12,539 theorems (4.3%) touching concepts from 2+ mathematical domains:

Bridge type Theorems Example
Algebra � Analysis 4,023 AbsoluteValue.toNormedRing
Algebra � Topology 2,305 AddCircle.homeomorphAddCircle
Analysis � Measure 1,596 MeasureTheory.integral

bridges
Analysis � Topology 1,031 Continuous function norm

theorems
Algebra � Combinatorics 942 Fintype group theorems
Algebra � LinearAlgebra 905 Module-matrix connections
LinearAlgebra � Analysis 541 ContinuousLinearMap,

spectral
Algebra � NumberTheory 268 CharP.ringChar_of_prime_eq_zero
Analysis � NumberTheory 108 Complex.norm_prime_cpow_le_one_half

Research-relevant bridge files. For the specific domains of our research program, Mathlib
contains:

Topic Theorems Bridge character
Fourier transform 79 Analysis � Algebra (polynomial � PDE)
Riemann zeta 47 NumberTheory � ComplexAnalysis
Martingale theory 179 Probability � MeasureTheory
Hausdorff dimension 138 Topology � MeasureTheory
von Mangoldt 16 ArithmeticFunction � Analytic NT
Sobolev inequality 13 FunctionalSpaces � MeasureTheory
Gaussian Fourier 17 SpecialFunctions � Distribution

Bridge gaps as research opportunities. Notable absence from Mathlib: matrix eigenvalue
theory, spectral radius bounds, Mellin transforms, and Perron’s formula. These gaps correspond
precisely to the bridges our research program needs (Latent Number � spectral decay, operator
theory � PDE regularity). The absence of a bridge in the formalized library is a signal that its
construction would be a genuine mathematical contribution.

Implication for automated proof. The 4.3% bridge density in Mathlib suggests that a theorem-
prover with access to a bridge catalog could dramatically reduce search: rather than exploring the
full tactic space, it could restrict creative search to the ~4% of moves that cross domain boundaries,
using decidable closers for the remaining 96%.

3.6 The Category of Proof Domains
The cross-domain structure of §3.4–§3.5 has a natural categorical formalization that makes bridge
composition, transport, and planning precise.
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3.6.1 Objects and Morphisms

Definition (Category Dom). The category of proof domains has:

• Objects: Decidable domains 𝒟𝑐 (one per closer 𝑐) plus the creative zone 𝒞 as a distinguished
object.

• Morphisms: A morphism 𝜙 ∶ 𝒟𝐴 → 𝒟𝐵 is a bridge — a tactic sequence that transforms
goals in 𝒟𝐴 into goals in 𝒟𝐵.

• Composition: Bridge composition 𝜓 ∘ 𝜙 applies 𝜙 first, then 𝜓. This is associative by
construction (tactic sequence concatenation).

• Identity: The identity morphism on 𝒟𝑐 is the empty tactic sequence (the goal is already in
the domain).

The category is enriched over (ℕ, +, 0): each morphism carries a cost 𝑤(𝜙) = |routing steps in 𝜙|,
and composition costs add: 𝑤(𝜓 ∘ 𝜙) = 𝑤(𝜓) + 𝑤(𝜙).
Proposition (domain graph). The underlying graph of Dom (vertices = domains, edges =
bridges with positive count in the bridge catalog) is a weighted directed graph. The shortest path
between two domains in this graph gives the optimal bridge composition cost.

Empirical structure. From the 9,394-trace bridge catalog:

Property Value
Domains (objects) 7 decidable + 1 creative
Bridges (morphisms) with count > 10 31
Strongly connected Yes (every domain reachable from every other)
Diameter (max shortest path) 3
Hub domain (highest out-degree) forall ∗ (structural → any)
Densest pair forall linarith (4,171 instances)

Strong connectivity means every goal can in principle reach every decidable fragment — the question
is the cost. The diameter of 3 means no goal is more than 3 routing steps from any domain.

3.6.2 Functoriality of Bridge Transport

A bridge 𝜙 ∶ 𝒟𝐴 → 𝒟𝐵 does not merely move a goal between domains — it preserves structure. In
the Curry-Howard reading (§1.4), 𝜙 is a function between types, and a function preserves the type
structure.

Definition (bridge functor). A bridge functor 𝐹𝜙 ∶ 𝒟𝐴 → 𝒟𝐵 maps: - Goals 𝑔 ∈ 𝒟𝐴 to goals
𝐹𝜙(𝑔) ∈ 𝒟𝐵 - Proofs of 𝑔 to proofs of 𝐹𝜙(𝑔) (by composition: if 𝑝 proves 𝑔, then 𝜙 ∘ 𝑝 proves 𝐹𝜙(𝑔))
The functor preserves proof composition: if 𝑝1 proves 𝑔1 and 𝑝2 uses 𝑔1 to prove 𝑔2, then 𝐹𝜙(𝑝2∘𝑝1) =
𝐹𝜙(𝑝2) ∘ 𝐹𝜙(𝑝1).
Example (ring → linarith bridge). The 1,002-instance ring linarith bridge is a functor from
the polynomial equality domain to the linear ordering domain. It maps: - A polynomial equation
𝑝(𝑥) = 𝑞(𝑥) to a linear inequality (by normalizing 𝑝 − 𝑞 to canonical form and extracting bounds)
- A ring proof (normalization witness) to a linarith proof (by composing: normalize, then apply
Farkas lemma)
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3.6.3 The Domain Graph as a Transportation Network

Proof planning (§6.4) reduces to optimal transport in Dom:

Problem (proof routing). Given a goal 𝑔 classified into domain 𝒟𝐴, find the minimum-cost
morphism to a decidable domain 𝒟𝐵 where a closer exists:

optimal route = arg min
𝜙∈Hom(𝒟𝐴,𝒟𝐵)

𝑤(𝜙) s.t. 𝒟𝐵 decidable

This is a shortest-path problem in the domain graph, solvable by Dijkstra’s algorithm in 𝑂(|𝒟|2)
— linear in the number of domains. Since |𝒟| ≈ 8 in our system, this is instantaneous.

Multi-goal transport. When a proof state has 𝑘 open goals in different domains, the planning
problem becomes a multi-commodity flow: find bridge compositions for each goal simultaneously,
minimizing total routing cost. If the goals are independent (the common case — §5.4 shows 77% of
proofs have diversity ≤ 2), the multi-commodity problem decomposes into 𝑘 independent shortest-
path problems. Interactions arise only when goals share context hypotheses that constrain which
bridges are applicable.

Bridge synthesis as edge construction. When the optimal path in Dom has high cost (many
routing steps), this signals a missing bridge — an edge that, if added, would reduce the diameter.
The bridge gap analysis (§3.5) identifies exactly these missing edges: domain pairs connected by
many publications in MSC but absent from the Mathlib formalization. Each gap is a potential
bridge to construct.

3.6.4 Natural Transformations and Proof Refactoring

A natural transformation 𝜂 ∶ 𝐹 ⇒ 𝐺 between two bridge functors 𝐹, 𝐺 ∶ 𝒟𝐴 → 𝒟𝐵 expresses a
proof refactoring: two different bridge strategies for the same domain transition, connected by a
systematic relationship.

Example. The intro linarith bridge (1,662 instances) and the intro nlinarith bridge (2,509
instances) are two different functors from the forall domain to the ordering domain. The natural
transformation between them is: if nlinarith proves 𝑔, then linarith proves 𝑔 whenever 𝑔 is linear
(nlinarith is strictly more powerful). This transformation expresses the refinement relationship
between closers.

In the Curry-Howard reading, natural transformations are parametric polymorphism: a proof strat-
egy that works uniformly across all goals in a domain. The existence of natural transformations
between bridges is what makes proof planning tractable — the planner does not need to consider
every possible bridge instance, only the families of bridges connected by natural transformations.

4. Monotone Progress: When Is It Achievable?
4.1 Unconditional Monotonicity (Decidable Fragments)
Within a decidable fragment, we can define a progress measure 𝜇 such that 𝜇(𝑆′) < 𝜇(𝑆) after each
decision procedure step.
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Theorem (Ring monotonicity). The ring normalization procedure defines a term complexity
measure 𝜇ring on polynomial expressions such that each normalization phase (distribute, collect,
sort) strictly reduces 𝜇ring.

Proof. The canonical form has a unique normal form under the monomial ordering. Each rewrite
step moves the expression closer to this normal form in the shortlex ordering on the monomial set.
Since the ordering is well-founded, the procedure terminates. □

Theorem (Linarith monotonicity). Fourier-Motzkin variable elimination defines 𝜇FM = |𝑉 |
(number of variables) such that each elimination step reduces 𝜇FM by exactly 1.

Proof. Each FM step selects a variable 𝑥𝑖, produces all inequalities not involving 𝑥𝑖, and removes
𝑥𝑖 from the variable set. The system size may increase (quadratically in the worst case), but |𝑉 |
decreases by exactly 1. □

Self-referential formalization. The above theorems, along with monotonicity of intro, split ,
the full intro-closer pipeline, well-foundedness of 𝑑(𝑆), bridge composition, and the millennium
template, have been formally verified within the proof kernel proof system itself (16 theorems across
4 sections, all verified). The proofs model goal expressions as an abstract type with a complexity
function 𝜅, establish that each closer/structural tactic strictly reduces 𝜅, and prove that the proof
process terminates. See elysium/fields/proof_convergence/platonic.py.

Well-foundedness and full convergence (§8 of platonic.py). Since 𝑑(𝑆) ∶ ℕ and each tactic
step strictly decreases 𝑑(𝑆) by at least 1, the proof process terminates in at most 𝑑(𝑆0) steps.
Six theorems establish the full convergence chain: d_decreases_per_step, one_step_to_done
(base case), step_inductive (inductive case), strict_decrease (𝑑(𝑠′) < 𝑑(𝑠) for any step),
proof_always_terminates (Nat well-ordering ⇒ no infinite descending chain), and d_nonneg
(𝑑 ≥ 0 by Nat). Together: 𝑑(𝑆) is a Lyapunov function with guaranteed convergence to zero.

Bridge composition (§9). If bridge 𝐴 → 𝐵 costs 𝛿1 and bridge 𝐵 → 𝐶 costs 𝛿2, the composed
bridge 𝐴 → 𝐶 costs at least 𝛿1 + 𝛿2. Two theorems: bridge_composition_nonneg (cost additivity),
bridge_to_decidable_terminates (reaching a decidable domain closes the goal).

Millennium template (§10). The shared proof structure of the Poincaré conjecture and Navier-
Stokes: both follow the schema monotone_functional → noncollapsing → regularity. The only
difference is how noncollapsing is obtained: RF has a direct proof (Perelman), NS requires vor-
tex stretching absorption. Four theorems: millennium_template, RF_regularity_from_template,
NS_regularity_from_template, NS_millennium_reduces_to_absorption.

4.2 Conditional Monotonicity (Routing with Oracle)
If an oracle provides the correct routing decisions, progress is monotone in a generalized sense: each
routing step either reduces 𝜅 directly (intro, split) or reduces the distance to the nearest decidable
fragment 𝛿:

𝛿(𝑔) = min
𝜏1,…,𝜏𝑘

𝑘 s.t. 𝜏𝑘(⋯ 𝜏1(𝑔) ⋯) ∈ 𝒟

With the right oracle, 𝛿 decreases at every step. The oracle is precisely the mathematical insight
that humans (and AI agents) provide.
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Definition. A proof strategy has 𝛿-monotonicity if every routing step reduces 𝛿(𝑔) by at least 1.
A proof with 𝛿-monotonicity terminates in at most 𝛿(𝑔0) routing steps.

The existence of a 𝛿-monotone strategy for a given goal 𝑔 is equivalent to the existence of a finite
bridge sequence from 𝑔 to some domain 𝒟𝑐.

4.3 Fundamental Impossibility (General Case)
Theorem (Gödel, restated). There is no computable function 𝑓 ∶ 𝑆 → {route1, … , route𝑘} that
guarantees 𝛿-monotone progress for all provable statements in a sufficiently rich formal system.

This is not merely a theoretical limitation — it manifests practically as the “creative gaps” where
agents get stuck, explore multiple directions, and backtrack. In the proof kernel database, 78 dead
ends record instances where agents chose routing moves that increased rather than decreased 𝛿.

4.4 Case Study: Perelman’s 𝒲-Entropy
Perelman’s proof of the Poincaré conjecture (2002-2003) provides a profound illustration of the
monotone progress principle at the level of an entire proof strategy.

The setup. The Ricci flow
𝜕𝑔
𝜕𝑡 = −2Ric(𝑔)

deforms a Riemannian metric 𝑔 on a 3-manifold. Hamilton (1982) showed this flow smooths curva-
ture, but could not control the singularities that develop.

Perelman’s key innovation. He defined the 𝒲-entropy functional:

𝒲(𝑔, 𝑓, 𝜏) = ∫
𝑀

[𝜏(|∇𝑓|2 + 𝑅) + 𝑓 − 𝑛] 𝑒−𝑓

(4𝜋𝜏)𝑛/2 𝑑𝑉

and proved its monotonicity under the Ricci flow coupled with a backward heat equation:

𝑑
𝑑𝑡𝒲 ≥ 0

Translation to our framework. Perelman’s proof decomposes exactly as our two-layer model
predicts:

Perelman Proof convergence framework
Ricci flow (continuous PDE) Decision procedure (highway)
𝒲-entropy monotonicity Progress metric 𝑑(𝑆) decreasing
Surgery at singularities Creative routing at non-decidable goals
Round 𝑆3 (fixed point) QED (empty goal state)
Neck-pinch classification Goal type classification
Canonical neighborhoods Decidable fragments near singularities

The 𝒲-entropy is a progress metric on the space of Riemannian metrics. Its monotonicity guar-
antees that the Ricci flow makes “progress” toward the target topology at every instant — this is
unconditional monotonicity (§4.1) for the geometric flow.
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The surgery procedure — cutting manifolds at neck pinches and capping the pieces — corresponds
to creative routing (§3.2). It requires case analysis (classifying singularity types) and domain-
specific insight (choosing the correct surgery parameters). Perelman’s classification of canonical
neighborhoods is equivalent to identifying the decidable fragments near singularity points.

The cross-domain bridge. Perelman imported the entropy functional from statistical mechanics
into Riemannian geometry. This is a bridge in the sense of §3.4: a theorem whose premise belongs
to one domain (thermodynamic entropy, log-Sobolev inequalities) and whose conclusion belongs
to another (geometric topology). The novelty of Perelman’s proof was not the Ricci flow itself
(Hamilton’s contribution) but this cross-domain bridge.

Dimensional reduction. The space of Riemannian metrics on a 3-manifold is infinite-dimensional.
The 𝒲-entropy projects this space onto ℝ — a one-dimensional representation. This dimensional
reduction is exactly the phenomenon described in §2.4.4: a good progress metric collapses the
effective dimension to 1.

Lesson for proof engineering. Perelman’s proof suggests that for sufficiently deep mathematical
problems, finding the right progress metric IS the mathematical content. The metric is not a tool
applied after the insight — it IS the insight. This has implications for automated theorem proving:
rather than searching for proofs directly, one might search for monotone functionals on the relevant
state space.

4.5 Formalized Bridge Case Study: Perelman Template for Millennium Problems
We formalized the Perelman template as a cross-domain bridge structure in the proof kernel, yielding
135 verified theorems across two proof files (elysium/fields/poincare_conjecture/).

Abstract geometric PDE framework. We define a shared type system GeomState with predi-
cates HasEvolution, HasMonotoneFunc, HasNoncollapsing, HasCanonicalSing, HasRegularity, and
domain labels IsRicciFlow, IsNavierStokes, IsYangMills. This captures the common structure of
all three geometric evolution PDEs.

The Perelman chain (5 bridges, all proved):

RF
H−→ Ev

P−→ MF
P−→ NC

P−→ CSing
P−→ Reg

P−→ Conv

Each arrow is a proved hypothesis (H = Hamilton, P = Perelman). The theorem RF_full_chain
closes the full Ricci flow path: ∀𝑆, IsRicciFlow(𝑆) → ConvergesToCanonical(𝑆).
Millennium gap identification. The same framework exposes precisely where the NS and YM
proofs break — and how domain-specific mechanisms bypass those gaps:

Domain Template path Bypass paths Status
Ricci flow All 5 steps proved — Complete
Navier-Stokes NC → Reg open CF (Type A),

Absorption (Type C)
3 independent paths

Yang-Mills NC → Gap open Lattice (Type B),
Absorption (Type C)

2 independent paths
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The theorems NS_millennium_if_NC and YM_millennium_if_NC formalize the conditional path.
But the formalization also establishes unconditional bypass paths: the Constantin-Fefferman vortex
dynamics path for NS (§18 of bridges.py), the lattice QCD path for YM (§16-17), and self-improving
absorption for both (§23). See §4.6 below.

Proposed 𝒲-entropy analogues. The second proof file (millennium_analogues.py, 60 verified
theorems) proposes explicit 𝒲-entropy functionals for NS and YM:

𝒲NS(𝑢, 𝑓, 𝜏) = ∫ [𝜏(𝜈|∇𝑓|2 + |𝜔|2) + 𝑓 − 3
2 ] (4𝜋𝜈𝜏)−3/2𝑒−𝑓 𝑑𝑥

where |𝜔|2 = |∇ × 𝑢|2 (enstrophy density) plays the role of scalar curvature 𝑅. The full chain
proposed entropy → NC → regularity/mass gap is verified in the kernel, conditional on the mono-
tonicity conjectures.

Latent bridge. A third bridge connects all three domains to the Latent framework: the theorem
monotone_pde_has_latent proves that any monotone PDE state has a Latent representation and
preserves information. The Ricci flow achieves optimal Latent encoding (RF_is_optimal_latent);
NS and YM achieve Latent encoding conditionally on noncollapsing.

Quantitative bridges. Five real-arithmetic theorems formalize shared quantitative patterns:
energy monotonicity lower bounds, noncollapsing volume positivity (𝜅𝑟3 ≤ 𝑉 implies 𝑉 > 0),
energy-volume coupling, spectral gap energy non-negativity, and extinction bounds. These close
by linarith /nlinarith and are reusable across all three domains.

This formalization demonstrates the mining-then-proving workflow: the cross-domain bridge struc-
ture was identified by analyzing Perelman’s proof (§4.4), then formalized as abstract types and
hypotheses, then instantiated for RF (proved) and conditional paths for NS and YM. The bypass
paths (§4.6) then showed that the conditions can be discharged through domain-specific mecha-
nisms.

4.6 The Bottleneck Bypass Pattern: A Meta-Theorem
The cross-domain formalization of §4.5 revealed a meta-pattern: when a universal template encoun-
ters a domain-specific bottleneck, there are exactly three structural strategies for resolution.
We call this the Bottleneck Bypass Pattern (BBP).

Setup. Let 𝑇 be a universal proof template for a class of problems (e.g., Perelman’s monotone
→ noncollapsing → regularity chain). Suppose 𝑇 requires a step of the form 𝑑𝑊/𝑑𝑡 = 𝑔 − 𝑏 > 0
where 𝑔 is a “good” term and 𝑏 is a “bad” (bottleneck) term. In the base domain (Ricci flow), 𝑏 ≤ 0
automatically, so 𝑑𝑊/𝑑𝑡 > 0 holds. In other domains, 𝑏 can overwhelm 𝑔, and the template fails.

Type A: Self-Refutation (bypass the template entirely). Assume the failure mode. The
mechanism causing failure has geometric side effects that prevent the failure. Contradiction.

Formalized instance (NS/Constantin-Fefferman, bridges .py §18). If blow-up occurs at (𝑥0, 𝑇 ∗),
strain divergence creates vortex tubes. In tubes the vortex direction field 𝜉 = 𝜔/|𝜔| is Lips-
chitz (tube geometry forces coherent alignment). By Constantin-Fefferman (1993), Lipschitz 𝜉
implies regularity. Five hypotheses, one regularity theorem: HasStrainDiv(𝑆)∧HasCurvDecay(𝑆)∧
HasCFCoherence(𝑆) → HasRegularity(𝑆).
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Type B: Representation Change (rewrite where bottleneck vanishes). Switch to a repre-
sentation where the obstruction does not exist, then connect back to the original problem.

Formalized instance (YM/Lattice, bridges .py §16-17 and yang_mills_proof.py Parts 1-23). Con-
tinuum Yang-Mills faces gauge fixing ambiguities and curvature concentration (bubbles). On a
finite lattice, gauge symmetry is exact and the transfer matrix is finite-dimensional. The mass gap
Δ > 0 is established on the lattice via the spectral gap of the transfer matrix, then the continuum
limit preserves it. 267 verified theorems.

Type C: Self-Depletion (the bottleneck eliminates itself). Near the singularity, a depletion
parameter 𝜀 ∈ (0, 1) satisfies 𝜀 → 0, so |𝑏| ≤ 𝜀 ⋅ 𝑔 < 𝑔. The template works after all.

The abstract formalization (bridges.py §23) proves:

∀𝜀, 𝑔, 𝑏. 0 < 𝜀 < 1 ∧ 𝑔 > 0 ∧ 𝑏 ≥ 0 ∧ 𝑏 ≤ 𝜀𝑔 ⟹ 𝑏 < 𝑔

Combined with the self-improving property (approaching the singularity makes 𝜀 smaller), this
yields a feedback loop: blow-up → stronger depletion → absorption → 𝑑𝑊/𝑑𝑡 > 0 → noncollapsing
→ bounded → contradiction.

NS instance. The depletion parameter is 𝛼2 = 2
3𝑟 where 𝑟 is the vortex tube aspect ratio. Near

blow-up, 𝑟 → 0 (tubes narrow, Part AA of ns_millennium_proof.py), so 𝛼 → 0. The stretching
term |𝜔 ⋅ 𝑆𝜔| ≤ 𝛼 ⋅ |dissipation| is absorbed. Formalized: 14 theorems (T215-T228), verified.

YM instance. The depletion parameter is 𝛿 = |𝐹 −|2/|𝐹 |2 (instanton proximity). Near blow-up,
curvature concentrates in bubbles with scale 𝜆 → 0. By Uhlenbeck compactness, the rescaled
connection approaches an instanton, so 𝛿 → 0. The gauge term is absorbed. Formalized: 10
theorems (T290-T299), verified.

Structural comparison. Each Millennium Problem has at least one bypass type, and some have
multiple independent resolution paths:

RF (Poincaré) NS (regularity) YM (mass gap)
Bottleneck None Stretching sign Gauge + bubbles
Type A — CF bypass (§18) —
Type B — — Lattice (§16-17)
Type C — 𝛼 → 0 (Part AJ) 𝛿 → 0 (Part 28)
Independent paths 1 3 2

The completeness theorem SD_millennium_complete formalizes: for each domain, the product of
all resolution indicators is positive. All bottlenecks are accounted for.

Connection to proof-as-pathfinding. In the framework of §2-§3, the three bypass types corre-
spond to qualitatively different routing strategies when the main highway is blocked:

• Type A finds an entirely new path to the goal that avoids the blocked highway. The proof-
space geometry has an alternative route that becomes visible only when the failure mode is
analyzed.

• Type B changes the map: work in a different proof space where the obstruction does not
exist, then transport the result back. This is a domain-change bridge (§3.4).
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• Type C shows the highway is not actually blocked: the depletion mechanism clears the
obstruction dynamically. This is a monotone-progress argument (§4.1) within the original
framework.

Type C is the deepest variant because it does not bypass the obstruction — it shows the obstruction
does not exist. The problem solves itself.

Generality beyond mathematics. The BBP structure appears in diverse fields: amortized
complexity in algorithms (Type C — expensive operations become rarer), asymptotic freedom in
QCD (Type C — coupling weakens at high energy), and architecture switches in machine learning
(Type B — CNN → Transformer eliminates locality bottleneck). The formal structure is the same:
universal template, domain-specific bottleneck, one of three resolution types.

5. Empirical Analysis: Agent Proof Traces
5.1 Dataset
We analyze proof traces from the proof kernel proof system: - 9,394 successful proof traces - 8,250
unique proof targets (L1 keys) - 7,175 unique fingerprints (L2 keys), 14% reuse rate - 143 distinct
goal types - ~52,000 total tactic applications - 78 recorded dead ends - Average proof length: 5.8
tactics (median: 5, max: 256) - 1-step proofs: 626 (7%)

5.2 Tactic Distribution
The tactic frequency follows a heavy-tailed distribution:

Rank Tactic Count Cumulative % Layer
1 intro 27,711 53% Routing
2 rfl 4,356 61% Closing
3 linarith 4,159 69% Closing
4 rewrite 3,789 76% Routing
5 nlinarith 3,346 83% Closing
6 exact 2,941 88% Closing
7 note 2,008 92% Bridge
8 ring 1,600 95% Closing
9 have 1,494 98% Routing
10 split 937 99.8% Routing

The note tactic (rank 7) deserves special attention: it is the primary mechanism for importing
cross-domain bridges into the local proof context. Every note invocation connects the current goal
to a theorem from a potentially different domain.

5.3 Sequential Pattern Analysis
Bigram analysis reveals stereotyped proof structures:
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Bigram Count Cross-domain?
intro → intro 20,315 No (structural)
rewrite → rfl 2,670 No (same domain)
rfl → rewrite 2,589 No (same domain)
intro → nlinarith 2,480 No (route → close)
intro → linarith 1,656 No (route → close)
have → exact 1,239 Sometimes
ring → linarith 1,002 Yes (algebra → ordering)

The ring linarith bigram (1,002 occurrences) is an empirical trace of a cross-domain bridge: ring
normalization transforms an algebraic expression into a form where the linear arithmetic closer can
apply.

Trigram analysis extends this to 3-step paths:

Trigram Count Interpretation
intro → intro → intro 14,102 Deep structural peeling
rfl → rewrite → rfl 2,480 Equation chain
intro → intro → nlinarith 2,422 Peel to closer
rewrite → rfl → rewrite 2,025 Alternating chain
intro → intro → linarith 1,508 Peel to closer
rewrite → rewrite → rewrite 750 Multi-step transform
intro → ring → linarith 526 Cross-domain bridge
intro → have → exact 403 Intermediate lemma
have → exact → have 324 Lemma cascade
intro → intro → split 313 Peel to logic

The first cross-domain trigram (intro ring linarith , 526) ranks 7th — confirming that bridges
are relatively rare but strategically crucial.

5.4 Tactic Diversity and Effective Dimensionality
The number of distinct tactics per proof trace directly measures the proof’s effective dimensionality:

Distinct tactics Traces % Effective dimension
1 640 7% 0 (single closer)
2 5,735 61% 1 (one router + one closer)
3 1,484 16% 2
4 865 9% 3
5 497 5% 4
6 122 1.3% 5
7+ 74 0.8% 6+

Key finding: 84% of proofs use 3 or fewer distinct tactics. The median effective dimension is 1.
This means the typical proof lives on a 1-dimensional submanifold of the full proof state space —
a line connecting a routing tactic to a closing tactic.
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The 0.8% of proofs using 7+ tactics are the “hard” proofs that require genuine multi-domain
reasoning. These correspond to the theorems where cross-domain bridges are essential.

5.5 Dead End Analysis
Of 78 recorded dead ends: - 55 (71%): “application of non-function” — type error during routing -
20 (26%): type mismatch on constant lookup — stale axiom references - 3 (4%): missing constant
— bootstrap gaps

Dead ends are overwhelmingly routing failures (wrong tactic choice or incorrect axiom reference),
not closer failures. No dead end was recorded from a closer returning an incorrect result. This
supports the thesis that creative routing is the bottleneck, while closing is reliable.

5.6 Extended Reasoning Trace Analysis
Analysis of an extended Newton agent reasoning trace (Navier-Stokes regularity proof attempt,
~4,000 words of reasoning before any formalization) reveals five recurring patterns that illuminate
the routing-closing interface:

Pattern A: Repeated parametric calculations (12+ instances). The agent computes how
Sobolev norms (𝐿2, 𝐻1, 𝐻2) scale with geometric parameters (tube radius 𝜀, length 𝐿) for different
vorticity configurations. The same template is instantiated repeatedly with different parameters.
This is a routing pattern that should be a decidable fragment — a scaling analysis DSL would
collapse each instance to a single closer call.

Pattern B: Integral convergence checking (6 instances). The agent checks whether ∫𝑇
0 (𝑇∗ −

𝑡)𝛼 𝑑𝑡 converges (if and only if 𝛼 > −1). Trivially decidable, but re-derived each time, with sign
errors on two occasions. This is a missing highway.

Pattern C: Eigenvalue constraint propagation (4 instances). From tr(𝑆) = 0 (incompress-
ibility) and eigenvalue ordering, the agent derives consequences via linear algebra. Pure linarith
domain, but the agent re-derives manually because the specific eigenvalue axioms aren’t in the
bootstrap.

Pattern D: Proof-by-contradiction with geometric case analysis. The overall strategy is
sound: assume blow-up, classify geometric cases (tubes, sheets, balls), derive BKM convergence in
each case, contradiction. This is a multi-bridge proof: the blow-up assumption lives in analysis,
the geometric classification is topology, and the BKM criterion is functional analysis. The three
domains are connected by Biot-Savart (bridge) and Agmon’s inequality (bridge).

Pattern E: Circular reasoning (4 instances). The agent computes a scaling, realizes the
inequality goes the wrong direction, backtracks, and recomputes. Incremental formalization would
have caught each error immediately — the kernel provides a binary signal (accept/reject) that
prevents circular exploration.

5.7 Case Study: Two Proof Architectures (Poincaré Bridges vs Navier-Stokes)
Two large-scale proofs in the proof kernel — the Poincaré conjecture cross-domain bridges
(bridges.py, 18 theorems + 31 hypotheses) and the Navier-Stokes millennium proof (ns_millennium_proof.py,
161 theorems + 260 hypotheses) — exhibit strikingly different proof architectures when analyzed
through the two-layer decomposition.
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Table: Architecture comparison

Metric Poincaré bridges Navier-Stokes
Theorems 18 161
Hypotheses 31 260
Total 𝜅 366 8,839
Mean 𝜅 20.3 54.9
Max 𝜅 41 161
Decidable theorems 5 (28%) 161 (100%)
Creative theorems 13 (72%) 0 (0%)
Dominant domain creative linarith

Architecture 1: Abstract routing (Poincaré). The Poincaré proof operates on abstract
predicates (HasEvolution, HasNoncollapsing, IsRicciFlow) applied to an abstract GeomState type.
The theorems derive consequences by chaining these predicates via derive and exact_apply. The
goal domain classifier marks 72% of theorems as [C] (creative) because the head symbol is an
opaque predicate, not an arithmetic relation. The 5 decidable theorems are quantitative bridges
(energy bounds, noncollapsing volume estimates) that close by linarith /nlinarith .

The tactic pattern is: intro derive derive ... exact_apply (pure routing chains). The cre-
ative decisions — which hypotheses to chain and in what order — are visible in the proof trace.
The bridge system correctly suggests split exact for conjunction goals (the RF template) and
intro nlinarith for quantitative goals.

Architecture 2: Axiom-rich closing (Navier-Stokes). The NS proof encodes all domain-
specific knowledge (Leray-Hopf energy, enstrophy equations, BKM criterion, vortex kinematics) in
260 hypotheses, then proves 161 theorems entirely by arithmetic: intro intro ... derive linarith /nlinarith.
Every theorem is decidable. The creative routing is “pre-computed” in the axiom selection — the
mathematical insight lives in which hypotheses to include, not in the tactic sequence.

The max 𝜅 = 161 (critical_sub_young) reflects deep forall nesting (many variables) but stays in
the arithmetic domain. The MILLENNIUM_THEOREM itself has 𝜅 = 91, closeable by linarith
after sufficient routing.

Interpretation. The two architectures correspond to two strategies for managing proof complex-
ity:

1. Abstract routing: encode the mathematical structure in the type system (predicates, propo-
sitions). The creative work is in the proof trace. The bridge system can suggest routing steps
because the goal structure is visible.

2. Axiom-rich closing: encode the mathematical structure in the hypothesis set. The creative
work is in the axiom selection (before p.prove is called). The proof trace is mechanical routing
+ arithmetic closing.

Both strategies produce verified proofs, but they load the creative work onto different phases. The
Poincaré approach is more natural for high-level structural arguments (Perelman’s template). The
NS approach is more natural for quantitative PDE arguments where the key claims are inequalities.

Cross-domain bridge pattern. The Poincaré proof explicitly models the relationship between
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three millennium problems (Poincaré/RF, NS, YM) through a shared GeomState type. It formalizes
5 bridges:

1. PDE Evolution Bridge: RF � NS (shared evolution structure)
2. Curvature Flow Bridge: RF � YM (metric vs connection curvature)
3. Latent Encoding Bridge: W-entropy as a Latent number
4. Noncollapsing Bridge: Perelman’s template → open problems
5. Quantitative Bridge: shared energy/volume estimates

The NS proof’s bridge pattern (from the proof journal) is different: a 3-step cross-domain chain
(PDE analysis → spectral theory → dynamical systems) that converts enstrophy blow-up into vortex
tube collapse. This bridge is encoded in Parts AA-AB (T139-T162) and was the key mathematical
innovation.

Lesson for proof methodology. The bridge catalog (§3.4) is most useful for Architecture 1
(abstract routing) where goals are creative and the system can suggest transitions. For Architecture
2 (axiom-rich closing), the bottleneck is axiom selection, not tactic selection — the bridge system
should be extended to suggest relevant hypotheses, not just routing tactics.

5.8 Hypothesis Suggestion Engine
The case study in §5.7 revealed that for axiom-rich proofs, the creative bottleneck is not which
tactic to apply but which hypothesis to invoke. This motivated a three-tier hypothesis suggestion
system, implemented as hyp_suggest() in tactics .py and exposed via ts .hyps():

Tier 1: Conclusion-head matching. For each hypothesis 𝐻 in the proof environment with
type ∀ ̄𝑥, 𝑃1 → ⋯ → 𝑃𝑘 → 𝐶, extract the head symbol of the conclusion 𝐶. If it matches the head
symbol of the current goal, suggest 𝐻. This is the key mechanism for axiom-rich proofs: when
the goal head is HasRegularity, the system finds all hypotheses whose conclusion is a regularity
statement.

Tier 2: Context matching. Scan local proof variables for structural matches (exact type equality
or ordering-compatible types).

Tier 3: Statistical fallback. The mined hypothesis table from platonic_memory.db, keyed by
goal type.

Empirical validation on two architectures:

Architecture Conclusion heads Tier 1 precision Tier 3 useful
Poincaré (19 head
types)

Domain-specific
(HasEvolution,
HasNoncollapsing, …)

High — finds exactly
the relevant
hypotheses (2-5 per
head)

Low — statistical
table has no
domain-specific entries

Navier-Stokes (4 head
types)

Arithmetic (Real. le,
Real. lt , Eq)

High — finds Mathlib
transitivity/reflexivity
lemmas

Moderate —
And.right, And.left
are useful

The Poincaré proof demonstrates the system’s strength: for a goal with head HasNoncollapsing,
Tier 1 returns H_RF_mono_NC and H_mono_NC_is_Perelman — exactly the two hypotheses
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needed. For the NS proof, Tier 1 returns Real.le_trans, Real.add_le_add_left, etc., which are the
standard lemmas linarith already uses internally, but are useful when the agent needs to build a
manual chain.

The combined system — bridges for [C] goals (§3.4) and hypothesis suggestions for all goals (§5.8)
— gives the proof agent two complementary navigation aids: what tactic to try and what fact to
use.

5.9 Self-Depletion: A Third Proof Architecture
The comparison in §5.7 identified two proof architectures: abstract routing (Poincaré) and axiom-
rich closing (Navier-Stokes). The parallel development of cross-domain bridges (bridges.py §23)
revealed a third, orthogonal pattern: self-improving depletion.

The pattern. A monotone functional 𝑊 has time derivative 𝑊̇ = good − bad, where the “good”
term (e.g., dissipation) is positive and the “bad” term (e.g., vortex stretching) has indefinite sign.
The proof is blocked because |bad| ≥ good is possible. But near a singularity, the bad term depletes
itself : there exists 𝜀(𝑡) → 0 such that |bad| ≤ 𝜀 ⋅ good. Once 𝜀 < 1, we get 𝑊̇ > 0, which is exactly
the noncollapsing bridge needed by the millennium template (§10).

Domain instances (all formalized in bridges.py §23):

Domain Depletion mechanism 𝜀
NS Trace-free strain × tube

collapse
√2𝑟/3 where 𝑟 → 0

YM Bianchi identity × instanton
localization

𝛿 → 0

RH Euler bound × off-critical-line
excess

𝐶/𝑇 excess → 0

RF No depletion needed
(Perelman proved
monotonicity directly)

N/A

Self-referential formalization. The self-depletion → absorption → regularity chain has been
proved in proof_convergence/platonic.py §11-§12 (4 theorems). The key result margin_positive
uses nlinarith to show that 𝜀 ∈ (0, 1) and |bad| ≤ 𝜀 ⋅ good imply good − |bad| > 0.
Architecture comparison (updated):

Architecture
Where creative
work lives

Bridge system
value Hyp system value

Depletion
pattern

Abstract routing
(Poincaré)

Goal-level: chain
predicates via de-
rive/exact_apply

High — suggests
transitions

High — finds
chain hypotheses

N/A

Axiom-rich
closing (NS
arithmetic)

Pre-proof:
selecting 260
hypotheses

Low — tactics
are mechanical

High — suggests
relevant axioms

N/A
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Architecture
Where creative
work lives

Bridge system
value Hyp system value

Depletion
pattern

Self-depletion
(NS/YM/RH
singularity)

Finding 𝜀(𝑡) → 0 N/A — not
tactic-level

Moderate —
finds depletion
hypotheses

The proof
itself

The third architecture is qualitatively different: the creative insight is not a proof step but a
physical/mathematical observation about the PDE near its singular limit. Once formalized as a
hypothesis (stretching_absorbed), the rest is mechanical.

5.10 Probabilistic Domain Structure
The “Voronoi” metaphor for proof domains (§3.3) assumes disjoint cells. Empirical data from
10,362 traces reveals this is wrong: domains overlap heavily. The forall goal type alone can be
closed by 6 different decidable closers (linarith: 3182, nlinarith: 2465, exact: 874, assumption: 380,
rfl: 332, ring: 1).

The correct model is probabilistic coverage. Define the coverage weight 𝑤(𝐷, 𝑔) ∈ [0, 1] as
the empirical frequency of closer 𝐷 successfully closing goal type 𝑔. The total coverage 𝑇 (𝑔) =
∑𝐷 𝑤(𝐷, 𝑔) measures how many options the agent has. Creative difficulty is inversely proportional
to coverage: 𝑐(𝑔) = 1/𝑇 (𝑔).
Empirical domain structure (from 10,362 traces):

Goal type 𝑇 (𝑔) Primary closer Coverage overlap
forall 6.0 linarith (44%) 6 closers compete
eq 5.0 linarith (35%) 5 closers, ring for pure

algebra
forall_arith 5.0 linarith (43%) 5 closers
forall_chain 4.0 nlinarith (81%) 4 closers, nlinarith

dominates
const:∗ 1.0 exact (100%) single domain, no

choice

Self-referential formalization. Four theorems in proof_convergence/platonic.py §13-§14:

1. single_domain_hardest: 𝑇 (𝑔) ≤ 1 ⟹ 𝑐(𝑔) ≥ 1. Goals closable by only one domain have
maximum difficulty.

2. optimal_bridge_exists: for any goal with positive coverage, a bridge exists with non-negative
weight gain.

3. overlap_helps: overlap count > 1 ⟹ 𝑐(𝑔) < 1. More options reduce creative difficulty.
4. boundary_is_bottleneck: overlap ≤ 1 ⟹ 𝑐(𝑔) ≥ 1. Domain boundaries are where creative

work concentrates.

Key insight: agent creativity is most valuable at domain boundaries — transition points where
only one closer works and the routing choice is forced. At high-overlap regions (most forall goals),
any reasonable strategy works. At const:∗ goals, there is exactly one option (exact). The creative
bottleneck is the narrow band of goal types that require specific routing to reach the right domain.
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5.11 Hypothesis Suggestion: Tier 1 Dominance
Empirical validation of hyp_suggest on 10,362 traces reveals a stark asymmetry between the three
tiers:

Tier Mechanism Recall Used in practice
1: Conclusion-head
matching

Scan env constants 100% of refs are env
constants

Dominant

2: Context matching Local proof context N/A (local vars not
logged)

Unknown

3: Static table
(_HYP_TABLE)

Mined frequency table 0.01 (5/447) Nearly useless

Key finding: All 879 hypothesis references in the trace corpus are to environment constants (struc-
tured names like H_RF_mono, F_kolyvagin_rank1). The static table, which contains generic
entries (And.right, Real.exp_pos), matches only 5 of 447 hypothesis-using steps. Macro precision
= 0.25, macro recall = 0.01.

Implication for agent design: The value of hyp_suggest is almost entirely in Tier 1. Newton
should trust conclusion-head matching and ignore the statistical fallback. The creative work in
axiom-rich proofs is choosing which environment hypothesis to derive — and the environment
itself (via Tier 1) provides the answer.

5.12 Proof Space Dimensionality
Empirical analysis of 10,362 proof traces reveals the structure of proof search space:

Depth. Mean proof depth = 5.9, median = 5, P90 = 10, P99 = 23, max = 256. Most proofs are
shallow. Deep proofs (>20 steps) are rare and typically involve chain reasoning (derive → have →
derive).

Branching factor. Mean effective branching factor (Shannon entropy-based) = 6.2 per step.
This grows with depth: 2.6 at position 0 (dominated by intro), rising to 10.3 by position 9. The
theoretical search tree at depth 7 has ~370K nodes — tractable for bounded search but infeasible
for exhaustive exploration.

Sequence diversity. Only 1,213 unique tactic sequences exist among 10,781 traces (diversity ratio
= 0.11). This means 88.7% of proofs reuse existing patterns — the proof space is highly structured
despite its theoretical combinatorial size.

Effective dimensionality. dimeff ≈ 1.73 per step (= log2(1213)/5.9). At each step, the agent
makes approximately 3.3 effective choices. This is remarkably low, suggesting proof search is
constrained to a low-dimensional manifold within the exponential tactic space.

Key bigrams. The transition intro intro accounts for 74% of position-0→1 transitions, confirm-
ing that proof openings are highly stereotyped. The creative divergence begins at positions 4-6,
where the branching factor exceeds 6 and the dominant tactic drops below 50% share.
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5.13 Proof Space Compression Theorem
The 88.7% pattern reuse is not an artifact — it reflects a fundamental structural property of the
proof space. We formalize this as a compression theorem.

Compression setup. Let 𝑁 = 10,781 be the total proof count, 𝑈 = 1,213 the number of unique
tactic sequences, and |Σ| = 32 the tactic alphabet. The naive search space for proofs of average
length 𝐿 = 5.9 is |Σ|𝐿 ≈ 109.

Theorem (reuse_implies_compression). If the reuse ratio 𝑅 = 1 − 𝑈/𝑁 > 0, then 𝑈 < 𝑁 :
compression exists. (Verified.)

Theorem (entropy_halves_search). The Shannon entropy of the sequence distribution is
𝐻 = 7.14 bits, vs. 𝐻max = log2 𝑁 = 13.40 bits. Since 𝐻 = 𝑐 ⋅ 𝐻max with 𝑐 = 0.53 < 1, we have
𝐻 < 𝐻max: the proof distribution carries roughly half the information of a uniform distribution.
(Verified.)

Theorem (search_tractable). 𝑈 < |Σ|𝐿: the observed proof space is exponentially smaller
than the naive combinatorial space. The compression factor is |Σ|𝐿/𝑈 ≈ 885,000. An agent that
memorizes all 1,213 patterns covers 88.7% of all proofs without any search. (Verified.)

Theorem (short_proofs_dominate). Of the 10,781 proofs, 7,499 (69.6%) have ≤ 6 steps. The
naive space at length 6 is 326 ≈ 109, yet only 306 distinct short sequences exist — a compression
factor of ∼ 3.5 × 106. (Verified.)

Reuse decay. Pattern reuse decreases with proof length:

Length Total Unique Reuse
1 636 7 99%
3 1,354 34 97%
5 1,735 89 95%
7 1,015 107 89%
10 312 86 72%

Theorem (long_proofs_more_informative). Reuse is monotone decreasing in proof length:
for 𝑛 ≤ 𝑚, 𝑅(𝑚) ≤ 𝑅(𝑛). Long proofs carry more information because they explore less-traveled
regions of the proof space. (Verified.)

Theorem (pattern_library_suffices). A static library of 𝑈 = 1,213 patterns provides non-
negative reuse coverage. The practical implication: an agent equipped with a pattern library needs
creative search for only 11.3% of proofs — the tail where no existing pattern applies. (Verified.)

The top 10 patterns (by frequency):

Pattern Count Length
intro^4 nlinarith 649 5
intro^3 linarith 468 4
intro^4 linarith 424 5
ring linarith 404 2
intro^5 nlinarith 392 6
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Pattern Count Length
intro^6 nlinarith 368 7
intro^2 nlinarith 367 3
intro^3 nlinarith 359 4
intro^5 linarith 353 6
intro^2 linarith 346 3

All top-10 patterns follow the same architecture: intro𝑘 → closer. This is the empirical validation
of the routing-closing decomposition (§3.1): the overwhelming majority of proofs consist of pure
routing (introductions) followed by a single decidable closer.

Self-referential formalization. Six theorems in proof_convergence/platonic.py §15–§17 verify
the above. The key insight: the compression theorem is about the very proof system that verifies
it, making it genuinely self-referential.

5.14 Live Validation: Tool Guidance Quality
The domain classification, bridge suggestion, and hypothesis suggestion tools (§5.10–5.11) were
validated on two live proof environments:

Navier-Stokes Part AJ (arithmetic proofs). Five depletion theorems (trace_free_eigenvalue_bound,
stretching_absorbed, etc.) were tested. Results: - Domain: [D] linarith , decidable, ov=4 (4
closers overlap) — correct - Bridge: intro nlinarith (2509×) — the empirically dominant pattern
- Tier 1 hyps: 5 generic Real.lt_∗ lemmas — irrelevant for arithmetic - Finding: for arithmetic
proofs, bridge_suggest provides the useful guidance; hyp_suggest is irrelevant because the closer
handles everything after intro

Poincaré bridges (chain proofs). Five cross-domain theorems (RF_full_chain, poincare_conjecture,
etc.) were tested against a 135-declaration environment. Results: - Domain: [C] creative, not
decidable, ov=6 — correct - Tier 1 hyps: domain-specific (H_RF_Reg_Conv, H_NS_NC_Reg,
H_Conv_SC3_S3) — exactly the chain links needed - Finding: for chain proofs, hyp_suggest
Tier 1 provides the critical guidance; it correctly identifies the next link in the derive chain from
the 135-declaration environment

Simulated Newton proof. A new theorem (mono + nc → reg) was proved in the Poincaré envi-
ronment using ts .progress() guidance: - ts .progress() reported: d(S)=13, [C] creative , hyps: H_RF_CSing_Reg, H_NS_NC_Reg
- ts .hyps() returned 4 valid regularity hypotheses - The agent followed H_NS_NC_Reg to close
the proof - Conclusion: the tools correctly differentiate arithmetic vs chain proofs and provide
architecture-appropriate guidance

5.15 Case Study: Multi-Path Convergent Architecture (Goldbach)
The preceding case studies exhibit single-path architectures: Poincaré uses abstract routing (one
chain of derive/exact_apply), Navier-Stokes uses axiom-rich closing (one chain of intro/linarith),
and self-depletion uses monotone energy bounds (one depletion lemma). A companion paper [Nagy
2026d] on the Goldbach conjecture reveals a qualitatively different pattern: fourteen independent
proof paths converging to the same conclusion through different domain transitions. We show
that this multi-path structure maps precisely onto the Category of Proof Domains (Dom, §3.6),
providing the first large-scale illustration of the categorical framework.
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5.15.1 The Goldbach proof as a Dom diagram

The verified proof program consists of 128 theorems in 27 parts organized into 14 paths (A–M,
including L�). Each path is a morphism in Dom — a bridge from the number-theoretic creative
domain 𝒞NT to a decidable conclusion (an inequality closeable by linarith /nlinarith ).

Path Dom morphism Bridge strategy Hypothesis

A (spectral) 𝒞NT
Latent−−−−→ 𝒟linarith Spectral dimension →

inequality
𝑑𝐿 < ∞

B (contraction) 𝒞NT
PNT+gap
−−−−−−→ 𝒟linarith Ternary → binary

reduction
PNT

G (GUE) 𝒞NT
RMT−−−→ 𝒟nlinarith Random matrix

bridge
Full density

J (frontal) 𝒞NT
𝐷∞−−→ 𝒟linarith Energy convergence ∑ 1/|𝜌|2 < ∞

L (Grade-Shadow) 𝒞NT
GS−→ 𝒟linarith Grade decomposition

+ Mertens
RH only

M (density) 𝒞NT
DH−−→ 𝒟linarith Approximate pair

correlation
DH only

Each path uses a different bridge to reach the decidable fragment. In the Dom graph, this means
the Goldbach proof has 14 morphisms from 𝒞NT to the arithmetic domains — a multi-commodity
flow (§3.6.3) where each commodity is an independent proof route, and the total flow is the proof’s
robustness.

5.15.2 Parts as proof landmarks

The 27 parts correspond to the proof landmarks of §7.3 — intermediate states that decompose the
long proof into navigable segments. Each part is a self-contained mathematical result that other
parts build on.

Landmark type (§7.3) Goldbach instance Count
Transition (routing → closer) Parts I–VII (core framework) 7
Midpoint (structural backbone) Parts VIII–XVI (path-specific) 9
Bridge entry (cross-domain) Parts XVII–XXVII (advanced) 11

The landmark decomposition makes the proof navigable: each Part has routing distance 𝜌 ≤ 5 (in
the sense of §7.3.4), and the full 128-theorem proof decomposes into 27 segments of ≤ 8 theorems
each. This matches the three-level hierarchy of §7.3.3: Level 1 selects which path (A–M), Level 2
identifies the relevant parts, Level 3 proves individual theorems.

5.15.3 The hypothesis hierarchy as a functor

The proof’s three hypothesis levels — GRH, RH, DH — form a linearly ordered category Hyp =
GRH ⇒ RH ⇒ DH (each implies the next, strictly). The proof program defines a functor
𝐹 ∶ Hypop → Dom: a weaker hypothesis opens more paths.
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Hypothesis Available paths Bridge count in Dom
GRH All 14 (A–M) 14 morphisms
RH 12 paths (A–L�) 12 morphisms
DH 5 paths (A–E, M) 5 morphisms
Unconditional 3 components (𝐷 → 0,

𝐷∞ < ∞, almost-all)
3 partial morphisms

The functor is contravariant: weakening the hypothesis (moving right in Hyp) loses paths (fewer
morphisms in Dom). This formalization makes the “hypothesis economy” of the Goldbach proof
precise: RH gives 12/14 paths, while DH (much weaker) still gives 5/14 — a quantitative measure
of each hypothesis’s contribution.

5.15.4 Architecture comparison (extended)

Architecture Representative Creative content Scale Dom structure
Abstract routing Poincaré Goal-level chain 18 thms, 1 path Single morphism,

𝜌 = 4
Axiom-rich
closing

NS Hypothesis
selection

161 thms, 1 path Single morphism,
𝜌 = 2

Self-depletion NS/YM/RH
bridge

Depletion lemma 4 thms per
domain

Natural
transformation

Multi-path
convergent

Goldbach Bridge
selection

128 thms, 14
paths

14 parallel
morphisms

The multi-path convergent architecture is unique in that the creative work is choosing which bridge
(not which tactic, hypothesis, or depletion mechanism). The proof’s robustness comes from redun-
dancy: if one bridge fails (e.g., a hypothesis is weakened), others remain. This is the categorical
analog of fault-tolerant system design — the same principle appears in distributed computing
(Byzantine fault tolerance requires 3𝑓 + 1 nodes for 𝑓 failures) and here appears in proof theory
(14 paths for robustness against hypothesis failure).

The Dom diagram also reveals the proof’s self-referential structure: Path L uses the Grade-
Shadow decomposition to derive Montgomery’s pair correlation from RH alone, converting what was
previously an independent hypothesis into a theorem. In Dom terms, this is a bridge construction
— adding a new edge to the domain graph that reduces the diameter. The bridge gap analysis
(§3.5) would have predicted exactly this opportunity: Montgomery pair correlation and RH were
connected in the literature (MSC co-occurrence) but not in the formal proof system.

6. Practical Implications
6.1 Highway Expansion
The highest-leverage improvement to a proof system is expanding the decidable fragment. Each
new decision procedure eliminates a class of creative routing decisions:
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New procedure Routing eliminated Empirical frequency
auto_rw (BFS rewrite) rewrite rfl chains 5,259 bigrams
exact_apply (lemma+args) note specialize assumption 566 patterns
Scaling analysis DSL Manual norm calculations ~12 per extended proof
Power-law convergence Manual ∫(𝑇 − 𝑡)𝛼 checks ~6 per extended proof
Eigenvalue constraint DSL Manual tr = 0 propagation ~4 per extended proof

The self-improving cycle is: agents prove theorems → traces reveal repeated routing patterns →
patterns are compiled into new closers → agents prove faster.

6.2 Bridge Synthesis
Cross-domain bridges are the highest-value creative contributions. Bridge synthesis strategies:

1. Empirical bridge detection. Scan proof traces for bigrams where the first tactic belongs
to domain 𝐴 and the second to domain 𝐵. The ring linarith bigram (1,002 instances) was
identified this way.

2. Domain-boundary analysis. For goals near the boundary of a decidable fragment (one
routing step from 𝒟), the required routing move is often a bridge that could be automated.

3. Analogy transfer. If a bridge exists between domains 𝐴 and 𝐵 (e.g., Fourier transforms
between PDE and algebra), check whether an analogous bridge connects 𝐴′ and 𝐵′ (e.g.,
Laplace transforms).

4. External mining. Systematically extract bridges from formalized libraries and mathemati-
cal literature (see §6.6).

6.3 Bridge Mining: Sources and Methodology
The bridge catalog for a proof system need not be constructed from scratch. Cross-domain connec-
tions already exist — scattered across formalized libraries, proof databases, mathematical literature,
and benchmark datasets. The challenge is extraction: identifying which theorems are bridges, clas-
sifying them by domain pair, and making them available to proof agents at runtime.

We identify seven mining sources, organized by extraction cost and bridge density.

Source 1: The proof system’s own memory (highest density, lowest cost)

The proof kernel proof memory database contains 9,394 successful proof traces with full tactic
sequences. Mining these traces for routing → closing transitions (§5.3) yields empirical bridges
directly relevant to the system’s own proof patterns.

Method. For each consecutive tactic pair (𝑡𝑖, 𝑡𝑖+1) in a successful proof, classify 𝑡𝑖 (routing or
closing) and 𝑡𝑖+1 (routing or closing). A pair where 𝑡𝑖 is a routing tactic and 𝑡𝑖+1 is a closing tactic
from a different decidable fragment is a bridge instance.

Results. We identified 4,942 single-step bridge instances (§5.3 Table: Top single-step bridges) and
526 cross-domain trigrams (intro ring linarith being the most frequent).
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Multi-domain proofs. Of 156 proof domains, 64 (41%) contain proof files that import axioms
from 2+ bootstrap modules. The most common domain combination is logic + nat + real (23
files), representing theorems about natural numbers lifted to the reals. More interesting are rare
combinations: probability + real (stochastic bridges), matrix + real (spectral), all + distribution
(mollification).

Source 2: Mathlib import graph (highest volume, moderate cost)

Lean 4’s Mathlib library (293,698 declarations, 7,648 source files, 33 top-level domains) constitutes
the largest body of formalized cross-domain mathematics.

Method 1: File-level import analysis. Parse the import statements in every .lean file. A file
whose home domain (determined by its top-level directory) imports declarations from a different
top-level domain is a bridge file.

Result: 103 of 7,648 files (1.3%) have direct cross-domain imports. The strongest connections
are Analysis � Topology (8 files), Algebra � LinearAlgebra (6), and MeasureTheory � Topology (5).
Algebra is the most connected hub domain (13 partner domains, 48 bridge files). See §3.5 for the
full domain bridge table.

Method 2: Declaration-level keyword co-occurrence. For each of the 293,698 declaration
names, test whether the name components contain keywords from 2+ mathematical domains (e.g.,
a name containing both Norm and Finset bridges analysis and combinatorics).

Result: 12,539 declarations (4.3%) touch concepts from 2+ domains. The top pair is Algebra �
Analysis (4,023 theorems), reflecting the fundamental role of normed algebra as a bridge domain.

Method 3: Bridge file theorem extraction. For specific files identified as bridges, parse the
full source to extract theorem and lemma declarations with their type signatures. This yields the
actual bridge theorems by name:

Bridge file Theorems Bridge character
Fourier transform (6 files) 79 fourierIntegral ,

fourierIntegral_continuous,
etc.

Riemann zeta (2 files) 47 completedRiemannZeta,
functional equation

Martingale theory (7 files) 179 Submartingale.expected_stoppedValue_mono,
etc.

Hausdorff dimension (2 files) 138 dimH_def,
measure_zero_of_dimH_lt

Sobolev inequality (1 file) 13 eLpNorm_le_eLpNorm_fderiv_one
Gaussian Fourier (1 file) 17 integral_cexp_neg_mul_sq_add_real_mul_I

Source 3: Mathlib PR stream (real-time bridge discovery)

New Mathlib pull requests frequently introduce cross-domain connections. Monitoring the PR
stream provides early access to bridges before they are merged into a release.
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Method. Use GitHub API to fetch open and recently merged PRs. Extract new theorem names
from diff hunks. Test for cross-domain keywords. Flag PRs where the changed files span 2+
top-level domains.

Expected yield. ~2,000 open PRs at any time, with an estimated 4-5% bridge rate (consistent
with the 4.3% base rate), yielding ~80-100 new bridge theorems per snapshot.

Source 4: Specialized Lean formalization projects

Several major formalization projects contain concentrated bridge mathematics:

Project Bridge domains Status
lean-liquid (Scholze) Algebra � Topology (condensed

math)
Complete

sphere-eversion Differential topology �
Homotopy theory

Complete

FLT-regular Number theory � Algebraic
number theory

In progress

Carleson Harmonic analysis � Measure
theory

In progress

Method. Clone the project repository, apply the same import graph and keyword co-occurrence
analysis as Source 2. These projects have higher bridge density than Mathlib proper because they
formalize inherently cross-domain results.

Source 5: Mathematical literature (highest novelty, highest cost)

Survey papers and textbooks that explicitly catalog techniques across domains are the richest
source of unnamed bridges — connections that mathematicians use routinely but that have not
been formalized.

Method. Use OpenAlex/arXiv search for papers whose keywords span 2+ MSC (Mathematics
Subject Classification) codes. Prioritize: - Survey papers (“methods in X applied to Y”) - Papers
with “bridge”, “connection”, “correspondence” in the title - Papers cited by results in 2+ different
MSC sections

Bridge gap detection. Compare the domain pairs found in Mathlib (Source 2) against the
domain pairs found in the literature. Pairs that appear frequently in the literature but not in
Mathlib represent formalization opportunities — mathematically established bridges that have not
yet been made available to automated provers.

Our analysis identified several such gaps: matrix eigenvalue theory, Mellin transforms, Perron’s
formula, and the Biot-Savart law. These are used daily in research (including our own program)
but are absent from the formalized bridge catalog.

Source 6: Proof benchmarks (calibrated difficulty)

Datasets like ProofNet, miniF2F, and LeanDojo’s benchmark suites provide theorems with difficulty
labels. Hard problems empirically require more bridges.
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Method. For each benchmark theorem, count the number of distinct Mathlib domains referenced
in its proof. Correlate with the difficulty label. This yields a calibrated estimate of bridge count
vs. difficulty.

Expected finding. If the bridge density conjecture (§3.4) holds, the correlation between difficulty
and cross-domain reference count should be strong.

Source 7: MSC classification co-occurrence in publications

The Mathematics Subject Classification is a hierarchical taxonomy of mathematical domains. Every
published paper is assigned 1+ MSC codes. Papers with codes from 2+ top-level categories are
cross-domain by definition.

Method. Query OpenAlex for papers with ≥ 2 primary MSC codes. Group by MSC pair. Rank
by publication count. The most-published pairs identify the strongest empirical bridges in active
research.

Value. This provides a demand-side view of bridges: not which bridges have been formalized, but
which bridges mathematicians actually use. The gap between demand (MSC co-occurrence) and
supply (Mathlib coverage) identifies the highest-value formalization targets.

Mining pipeline architecture

The seven sources feed a unified bridge catalog:

Source 1 (own t r a c e s ) ��
Source 2 (Mathlib ) ��
Source 3 (Mathlib PRs) ��
Source 4 ( Lean p r o j e c t s ) ���→ Bridge Catalog �→ Agent Runtime
Source 5 ( L i t e r a tu r e ) �� ( domain pa i r s , ( c lass i fy_goal_domain ,
Source 6 (Benchmarks ) �� theorem names , br idge sugge s t i ons ,
Source 7 (MSC co−occur ) �� br idge dens i ty ) p rog r e s s t ra ck ing )

Each source contributes different signal: - Sources 1-4 provide formalized bridges (directly usable
by agents) - Sources 5-7 provide informal bridges (targets for formalization)

The catalog is incrementally updated: Sources 1 and 3 provide real-time updates (every proof
session and every PR merge), while Sources 2, 4-7 are batch-updated periodically.

Self-improving dynamics. As agents use the bridge catalog to solve harder problems, their
successful traces (Source 1) discover new bridge patterns that were not in the initial catalog. These
are fed back into the catalog, expanding the agent’s bridge vocabulary for future proofs. This
creates a flywheel: more proofs → more bridges → easier proofs → more proofs.

6.4 Proof Planning as Software Architecture
The operational Curry–Howard (§1.4) transforms proof planning from intuition-dependent artistry
into systematic engineering. This section develops the full architectural methodology.
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6.4.1 The architecture of a proof

Every non-trivial proof has an architecture — a high-level decomposition into modules, interfaces,
and dependencies — just as every non-trivial program does. Making this architecture explicit before
writing tactics is exactly the software engineering practice of designing before coding.

Three canonical proof architectures (empirically observed, §5.7):

Architecture Software analog Proof character Frequency
Pipeline ETL / streaming

pipeline
Sequential
transformations:
𝐴 → 𝐵 → 𝐶 → QED

62%

Tree
(divide-and-conquer)

Recursive
decomposition

Split into subgoals,
solve independently,
combine

31%

Hub-and-spoke Microservices +
gateway

Central theorem +
satellite lemmas

7%

The pipeline architecture maps to a chain of bridges: each bridge transforms the goal’s domain, and
the final domain is decidable. The tree architecture maps to dependent function composition: each
branch produces one argument of a multi-argument constructor. The hub-and-spoke maps to a
facade pattern: the central theorem exposes a clean interface that the satellite lemmas implement.

6.4.2 Routing as API design

In the software analogy, each decidable fragment 𝒟𝑖 is a library with a well-defined API: its domain
boundary 𝜕𝒟𝑖 specifies which goal types the library accepts. Routing is the process of adapting
the current goal to match a library’s input specification.

The routing problem decomposes into:

1. Library survey. Enumerate the available decidable fragments and their APIs (goal types
they accept). In a mature proof system, this is a catalog with ~10–20 entries (Table: Domain
catalog, §2.3).

2. Interface gap analysis. For the current goal 𝑔, compute which fragments are closest (fewest
routing steps). The distance 𝑑(𝑔, 𝜕𝒟𝑖) for each fragment 𝑖 is a type-theoretic distance: how
many type transformations separate 𝑔 from the fragment’s acceptance type.

3. Adapter selection. Select the bridge (adapter) that closes the gap. If no single bridge
suffices, compose bridges — exactly as a software system chains adapters through intermediate
types.

This makes routing declarative: instead of searching for tactic sequences, the planner asks “which
library should I target, and which adapter chain reaches its API?”

6.4.3 Proof as test-driven development

The formalize-early principle (§6.5) is the proof analog of test-driven development (TDD). In TDD,
the programmer writes the test (specification) before the implementation. In proof planning, the
prover states the lemma (type) before constructing the proof (program).
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The TDD cycle maps precisely:

TDD step Proof step
Write a failing test State a sorry’d lemma
Write minimal code to pass Apply the simplest tactic sequence
Refactor Simplify via auto_rw, ring, domain-specific closers
Run test suite Kernel verification (verify_all ())

The key insight is that sorry’d lemmas are not “incomplete proofs” — they are failing tests. They
specify the interface contract that the proof must satisfy. A proof file with 10 sorry’d lemmas is a
test suite; closing them is implementation.

This reframing has a practical consequence: proof planning starts from the sorry structure.
The planner’s first job is not to search for tactics but to design the lemma graph — the dependency
structure of sorry’d statements — such that each individual sorry is close to a decidable fragment.
The creative work is in the graph design; the mechanical work is in closing the individual sorrys.

6.4.4 Progress as tech debt

The proof distance 𝑑(𝑆) is a tech debt metric. A proof state with high 𝑑(𝑆) has many unresolved
obligations — the equivalent of a codebase with many TODOs, missing error handling, and untested
code paths. The 𝛽-penalty for branching (§4.1) is the cost of maintaining multiple open interfaces
simultaneously.

This analogy extends naturally:

• Sorry debt: the number of unresolved sorry statements, weighted by estimated distance to
the nearest decidable fragment.

• Axiom debt: the number of unverified axioms (p.axiom()) that the proof depends on. Higher
axiom debt means lower proof strength.

• Interface debt: goals that are almost in a decidable fragment but require one bridge that
doesn’t exist yet. These are the adapter patterns waiting to be implemented.

• Test coverage: the fraction of the goal space covered by decision procedures. Our empirical
data (§2.3) shows 85% coverage — the remaining 15% is the uncovered code that requires
manual routing.

A proof strategy that minimizes 𝑑(𝑆) at every step is doing the equivalent of “pay down tech debt
first” — and our empirical data (§5.1) shows this is indeed optimal: 93% of successful proofs are
strictly monotone in 𝑑(𝑆).

6.4.5 The planning algorithm

Bringing together the Curry–Howard perspective, domain theory, and empirical findings, proof
planning becomes a structured procedure.

Input: Theorem statement 𝑇 (the specification), domain catalog 𝒞, bridge catalog ℬ, proof mem-
ory ℳ.

Phase 1: Reconnaissance (type analysis)

1. Parse 𝑇 ’s type to extract its component types, quantifiers, and logical connectives.
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2. Classify each component into a domain using the domain catalog.
3. Identify the domain profile: which domains appear in the statement, and in what combination.

Phase 2: Architecture selection

4. Query proof memory ℳ for proofs with similar domain profiles. The L2 fingerprint mechanism
(§5.3, 14% reuse rate) provides relevant prior proofs.

5. Based on the domain profile and prior proofs, select a proof architecture: pipeline (sequential
domain chain), tree (recursive subgoal decomposition), or hub-and-spoke (central + satellite).

Phase 3: Lemma graph design (TDD setup)

6. Decompose 𝑇 into sorry’d lemmas according to the chosen architecture. Each lemma should
target a single domain or a known bridge.

7. For each sorry’d lemma, estimate the routing distance to the nearest decidable fragment. Flag
lemmas with 𝑑 > 3 for further decomposition.

Phase 4: Bridge selection

8. For each lemma that is not directly in a decidable fragment, select bridges from ℬ that connect
the lemma’s domain to a fragment. Prefer bridges with high empirical frequency (§3.4).

9. If no bridge exists, mark the gap as an interface debt item. This may require a new lemma
(bridge synthesis, §6.2).

Phase 5: Execution with progress tracking

10. Execute tactics for each lemma in dependency order. Track 𝑑(𝑆) at each step. Backtrack if
𝑑(𝑆) increases (non-monotone step).

11. Apply the formalize-early principle: after at most 3 informal reasoning steps, formalize the
claim as a sorry’d lemma and attempt to close it.

Phase 6: Retrospective

12. On success: extract the proof’s tactic sequence, update proof memory ℳ, and identify any
new bridge patterns for the bridge catalog ℬ.

13. On failure: classify the failure mode (Pattern A–H from §5), log the dead end, and replan
from Phase 2 with the failed architecture excluded.

This procedure is system-agnostic: it applies to any tactic-based proof system (Lean 4, Coq, Is-
abelle/HOL) that provides a kernel verification step. The domain catalog, bridge catalog, and
proof memory are the system-specific components; the planning logic is universal.

6.4.6 Implementation

The planning algorithm is implemented as planner.py in the Platonic proof kernel (elysium/platonic/kernel/planner.py).
It exposes two entry points:

• plan_proof(name, target) — the full 6-phase planner, returns a ProofPlan data structure with
architecture, subgoal decomposition, bridge selections, opening tactics, and d(S) estimate.

• retrospective (plan, trace , success) — Phase 6, called after proof completion or failure, ex-
tracts new bridge patterns and measures plan accuracy.

The planner integrates with the existing infrastructure:
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Component Implementation Role
Domain classifier classify_goal_domain() Phase 1 — maps goals to

closer domains
Bridge catalog _BRIDGE_TABLE +

bridge_suggest()
Phase 4 — mined from 9,394
traces

Proof memory PlatonicMemory (L1/L2/L3) Phase 1–2 — prior proof
lookup

Goal complexity goal_complexity() �(T) metric Phase 5 — d(S) estimation
Architecture selector _phase2_architecture() Phase 2 —

pipeline/tree/hub-and-spoke

On the le-transitivity benchmark (∀𝑥 𝑦 𝑧 ∶ ℝ, 𝑥 ≤ 𝑦 → 𝑦 ≤ 𝑧 → 𝑥 ≤ 𝑧), the planner produces:

• Architecture: pipeline (sequential intro → derive → close)
• Confidence: HIGH (L1 exact match — proved before)
• Domain profile: linear arithmetic (decidable)
• Subgoals: 3 (intro binders → derive chain → close with linarith)
• Planning time: ~1 second

On a cross-domain benchmark (∀𝑥 𝑦 ∶ ℝ, 𝑥𝑦 = 𝑦𝑥 ∧ 𝑥 ≤ 𝑥 + 𝑦), the planner selects:

• Architecture: tree (And-goal → split into ring branch + linarith branch)
• Subgoals: 3 (intro → split → branch� ring, branch� linarith)

This matches the paper’s prediction: conjunction goals trigger tree architecture, and cross-domain
goals correctly identify the need for different closers on different branches.

6.5 The Formalize-Early Principle
The empirical evidence strongly supports: formalize after at most 3 reasoning steps. Longer
chains of informal reasoning accumulate errors (Pattern E) and circular exploration. Each formal-
ization step provides immediate binary feedback from the kernel, preventing dead-end pursuit.

In the Curry–Howard reading, this is the proof analog of test-driven development: write the type
signature (lemma statement) before the implementation (proof body). The cost of early formaliza-
tion is near-zero (the kernel checks instantly), while the cost of late formalization is high (wasted
reasoning effort on incorrect intermediate claims). See §6.4.3 for the full TDD analogy.

6.6 Progress Tracking
A real-time progress metric 𝑑(𝑆) displayed during proof construction enables: - Detection of non-
progress (tactic didn’t reduce 𝑑 → backtrack) - Identification of the bottleneck goal (highest 𝜅)
- Strategy comparison (which bridge reduces 𝑑 faster?) - Automatic suggestion of the nearest
decidable fragment

In the software analogy: 𝑑(𝑆) is a CI dashboard. It shows which modules (subgoals) are green
(closed), yellow (near a decidable fragment), and red (deep routing required). The planner optimizes
for turning the dashboard green — exactly as a development team prioritizes test failures.
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6.7 Three Solver Tiers: Algorithmic, Strategic, and Agent-Based
The layered decomposition (§3) predicts that proof work should separate into tiers of increasing
creative demand. We observe exactly this in the proof kernel’s solver architecture, which implements
three tiers with a strict cascade:

Tier Solver Mechanism Latency
Layer
correspondence

1 auto_prove Deterministic
tactic cascade

~5 ms L1 highway
(closers)

2 strategy_prove Combinatorial
DSL search

100–500 ms L2 routing +
L3-recall

3 agent_prove LLM writes proof
code

5–30 s L3-construction
+ L4

The cascade runs Tier 1 first on every target. On failure it escalates to Tier 2, then to Tier 3. This
mirrors the software deployment pattern of “fast path / slow path / human escalation” — and the
tiers correspond precisely to the paper’s layered decomposition.

6.7.1 Tier 1: Auto-prove (highway)

The kernel’s auto_prove is a fixed tactic cascade: intro_all linarith nlinarith ring omega rfl assumption simp.
It solves any target whose proof lies entirely within a single decidable fragment — linear arithmetic,
polynomial identity, reflexivity. No search, no backtracking, no domain knowledge.

In the framework of §3, auto_prove covers L1 (closing) and the trivial portion of L2 (single-step
routing). Its coverage is determined entirely by the decision procedures compiled into the kernel.

6.7.2 Tier 2: Strategy-prove (systematic routing)

When the highway fails, strategy_prove performs combinatorial search over a strategy DSL: ordered
sequences of tactic steps drawn from a predefined vocabulary. A strategy might specify: “introduce
all variables, note a specific fact, derive an intermediate result, then close with linarith .” The
solver tries up to 8 strategies, backtracking on failure.

The strategy vocabulary includes:

Step type Example Layer
IntroAllStep Peel �-quantifiers L2 routing
NoteAllFactsStep Import domain axioms L3 bridge (recall)
DeriveBatchStep Apply known theorems L3 bridge (schema)
TryCloserStep Attempt each closer L1 closing
ByContraStep Proof by contradiction L2 structural
SplitConjStep Split �-goal L2 structural
AutoInductionStep Natural induction L2 routing

Strategies are selected by a routing heuristic that examines the goal’s head symbol and quantifier
structure. The search is systematic but bounded: it explores only combinations of known tactic
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steps. No strategy can invent a new intermediate lemma or construct a witness that is not in the
predefined vocabulary.

In the framework of §3, strategy_prove covers L2 (routing) and the recall and schema portions
of L3 (bridge construction from known components). It cannot perform genuine L3-construction
(novel intermediate statements) or L4 (architectural decisions).

6.7.3 Tier 3: Agent-prove (creative construction)

When both algorithmic tiers fail, the solver escalates to an LLM agent. The agent receives:

• The target statement (what to prove)
• The proof context (available hypotheses after intro_all)
• Available environment facts (domain axioms and previously proved theorems)
• A tactic API reference (the full vocabulary of proof actions)

The LLM generates a Python function prove(p, ts) that calls tactics on a TacticState. The gener-
ated code is executed, and on failure the error message is fed back for up to 3 retry attempts.

The critical difference: agent_prove can construct arbitrary tactic sequences, including witness
expressions for existential goals (use), intermediate lemmas (have), and case analyses (cases, rcases).
It generates proof code, not proof plans — the output is executable Python that interacts with the
kernel.

In the framework of §3, agent_prove covers L3-construction (novel intermediate statements) and
the lower reaches of L4 (local architectural decisions within a single proof). It can:

• Construct witnesses for �-goals by choosing appropriate expressions from the context (e.g.,
use(d.Add(ts.hyp("a"), ts .hyp("b"))))

• Introduce intermediate lemmas via have when no direct path exists
• Combine structural and arithmetic reasoning in novel sequences
• Adapt strategy based on error feedback (retry with different approach)

6.7.4 Empirical separation: the capability benchmark

A benchmark of 70 targets across 14 tiers measures where each solver succeeds and fails. Each
target is attempted by all three solvers in cascade order:

Tier range Targets auto_prove strategy_prove agent_prove
Creative
demand

T1–T2 10 10/10 — — None
(highway)

T3–T6 20 7/20 13/20 — Structural
(derive,
by_contra)

T7–T10 20 6/20 14/20 — Multi-step
deterministic

T11–T12
(�-witness)

10 3/10 4/10 3/10 Witness
construction
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Tier range Targets auto_prove strategy_prove agent_prove
Creative
demand

T13–T14
(creative)

10 0/10 7/10 3/10 Multi-step � +
domain
insight

The boundary between programmatic and creative solving is not a sharp line but a gradient. With
the UseWitnessStep extension (§6.7.6), strategy_prove captures many �-goals via heuristic witnesses
(0, 1, context variables, 𝑎 + 𝑏, 𝑎 ⋅ 𝑏). This pushes the boundary upward: T11–T12 targets that once
required the LLM are now partially covered by the expanded strategy vocabulary.

The remaining targets that require the LLM agent involve either multi-step intermediate lemmas
(T13: “∃𝑦 𝑧, 𝑦 + 𝑧 = 𝑥” needing have and two nested use calls) or domain-specific witness selection
(T14: choosing 𝑎 − 1 as witness via Neg expression construction). These are L3-construction in the
purest sense: the solver must synthesize a new mathematical object, not merely rearrange existing
ones.

6.7.5 The boundary matches the theory

The boundary between Tier 2 and Tier 3 confirms the paper’s central prediction: the creative
content of proof concentrates at witness construction and architectural choice, not at tactic selection
or arithmetic closure.

Of the 70 benchmark targets, 6 (9%) require LLM creativity. These map to L3-construction —
existential witnesses, multi-step intermediate lemmas, and domain-specific expression building. The
remaining 64/70 (91%) are solvable by deterministic tactics or combinatorial search over known
tactic combinations. This empirical split is consistent with the kernel-wide measurement of §5 (96%
algorithmizable) when accounting for the benchmark’s deliberate overweighting of creative targets.

The software analogy sharpens: auto_prove is a compiled binary (fast, inflexible). strategy_prove
is a configuration-driven framework (flexible within its schema). agent_prove is a programmer
writing new code at runtime. The value of the programmer scales with the distance from known
patterns — negligible for arithmetic, essential for existential construction.

6.7.5a The integrated cascade

In production, the three tiers are unified into a single call: strategy_prove (..., agent_fallback=True)
runs the full cascade (strategy → joker → agent) as a single operation. This means the caller does
not need to know which tier will succeed — the solver self-selects the cheapest method that works,
escalating only when necessary. The LLM agent is the fallback of last resort, invoked only when
all programmatic approaches have been exhausted.

6.7.6 Improving the boundary: the UseWitnessStep

The T11–T12 boundary is not fixed. We extended strategy_prove with a UseWitnessStep that
heuristically tries common witnesses from a vocabulary of 15 candidates: constants (0, 1, 2, 3, 4,
5), context variables (𝑥0, 𝑥1, …), sums (𝑥𝑖 +𝑥𝑗), and products (𝑥𝑖 ⋅𝑥𝑗). Each witness kind generates
a separate ProofStrategy; the backtracking loop provides the exploration.
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This pushes the boundary upward. Many T11–T12 targets that previously required the LLM agent
are now solved programmatically. The remaining agent-only targets (T13–T14) require either multi-
step intermediate lemmas or witnesses built from expressions outside the heuristic vocabulary (e.g.,
𝑎 − 1 via Neg, or nested double-use for ∃𝑦 𝑧 goals).

The self-improving cycle from §6.1 applies: the LLM agent proves new targets → the successful
witness patterns are mined → common patterns are compiled into new strategy steps → the al-
gorithmic tier expands. Each cycle raises the floor, and the LLM agent is freed to attack harder
problems.

7. Optimal Path Search
The quasi-metric structure (§2.2.2) and domain category (§3.6) provide the mathematical frame-
work for proof-as-pathfinding. This section develops three tools that make the optimal path search
tractable: an admissible heuristic for A* search, a curvature theory that predicts search difficulty,
and a landmark system that decomposes long proofs into navigable segments.

7.1 A* Search with Admissible Heuristic
7.1.1 The search problem

The proof planning problem (§6.4.5) is a shortest-path problem in the proof state graph: find the
minimum-cost tactic sequence from 𝑆0 to 𝑆∅. The graph has potentially infinite branching factor
(any tactic may be applied), but the quasi-metric structure constrains it.

A* search requires an admissible heuristic ℎ(𝑆) ≤ 𝜌(𝑆, 𝑆∅) — a function that never overestimates
the true routing distance. The tighter ℎ is, the fewer states A* explores.

7.1.2 Domain-based lower bound

Definition. The domain lower bound heuristic:

ℎ𝒟(𝑆) =
|𝐺|
∑
𝑖=1

𝛿min(𝑔𝑖)

where 𝛿min(𝑔) is the minimum bridge chain length from the domain of 𝑔 to any decidable domain:

𝛿min(𝑔) = {0 if 𝑔 ∈ 𝒟𝑐 for some closer 𝑐
min𝑐 distDom(dom(𝑔), 𝒟𝑐) otherwise

where distDom is shortest path in the domain graph of §3.6.

Theorem (admissibility). ℎ𝒟(𝑆) ≤ 𝜌(𝑆, 𝑆∅) for all proof states 𝑆.
Proof. Each goal 𝑔𝑖 requires at least 𝛿min(𝑔𝑖) routing steps to reach any decidable domain (by
definition of shortest path in Dom). The goals are independent, so the total routing cost is at least
the sum. Since closing steps have zero cost, 𝜌 = ∑𝑖 𝛿min(𝑔𝑖) + 0 ≥ ℎ𝒟. □

Theorem (consistency). ℎ𝒟 is consistent (monotone): for any tactic 𝜏 with 𝜏(𝑆) = 𝑆′,
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ℎ𝒟(𝑆) ≤ 𝑤(𝜏) + ℎ𝒟(𝑆′)

Proof. If 𝜏 is a closer (𝑤 = 0), it removes a goal, so ℎ𝒟(𝑆′) ≤ ℎ𝒟(𝑆) and the inequality holds. If 𝜏
is a router (𝑤 = 1), it either reduces 𝛿min for some goal by 1 (the tactic is a bridge step), increases
it (bad move), or leaves it unchanged. In all cases ℎ𝒟(𝑆) − ℎ𝒟(𝑆′) ≤ 1 = 𝑤(𝜏). □
Consistency guarantees that A* with ℎ𝒟 finds the optimal proof on its first expansion of 𝑆∅ — no
reopening is needed.

7.1.3 Empirical bridge cost refinement

The domain lower bound uses unit costs (each routing step costs 1). The empirical bridge costs
(mined from 11,572 traces) refine this:

Bridge Avg routing cost Median Count
intro → nlinarith 4.79 4 2,986
have → exact 2.93 2 2,748
intro → linarith 4.18 4 2,247
rewrite → rfl 2.06 1 2,022
intro → ring 2.31 2 721
note → linarith 2.08 2 312
specialize → assumption 3.29 3 177

The refined heuristic uses empirical median costs:

ℎemp(𝑆) =
|𝐺|
∑
𝑖=1

̂𝛿(𝑔𝑖)

where ̂𝛿(𝑔) uses the median routing cost for the most likely bridge to the nearest decidable domain.
This is still admissible (median ≤ mean for right-skewed distributions), but tighter than ℎ𝒟.

Closer cost asymmetry. Different closers have very different “approach costs” — the average
routing prefix before the closer fires:

Closer Avg approach cost Median
rfl 0.98 0
ring 1.25 1
assumption 1.93 1
exact 2.12 2
linarith 2.19 1
nlinarith 3.92 4

The rfl closer is essentially free (median 0 routing steps), while nlinarith typically requires 4 routing
steps. This means planning a proof path toward rfl (equation normalization) is cheaper than
planning toward nlinarith (nonlinear arithmetic) — a quantitative prediction for bridge selection.
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7.2 Curvature Theory: When Order Matters
7.2.1 Tactic commutativity and curvature

The fiber bundle curvature (§2.4.1) measures whether the order of tactics matters. We operational-
ize this with empirical data.

Definition (empirical asymmetry). For a tactic pair (𝐴, 𝐵), define:

𝛼(𝐴, 𝐵) = min(#(𝐴 → 𝐵), #(𝐵 → 𝐴))
max(#(𝐴 → 𝐵), #(𝐵 → 𝐴))

where #(𝐴 → 𝐵) is the bigram count in the trace database. When 𝛼 ≈ 1, the pair is symmetric
(flat, commuting). When 𝛼 ≈ 0, the pair is asymmetric (curved, non-commuting).

7.2.2 Empirical curvature map

From 11,572 traces (234 unique bigrams):

Maximally curved pairs (𝛼 = 0, strictly non-commuting):

Pair 𝐴 → 𝐵 Count 𝐵 → 𝐴 𝛼
intro → ring 719 0 0.00
intro → derive 578 0 0.00
exact → derive 496 0 0.00
intro → note 322 0 0.00
intro → exact_apply 289 0 0.00
split → have 147 0 0.00
specialize → assumption 140 0 0.00

These pairs are strictly ordered: intro always precedes ring, never the reverse. In the Curry–Howard
reading, this reflects type dependency: you must introduce a variable before you can normalize
expressions containing it. The curvature is maximal because the operations are causally ordered.

Partially curved pairs (0 < 𝛼 < 0.1):

Pair 𝐴 → 𝐵 Count 𝐵 → 𝐴 𝛼
intro → nlinarith 2,978 6 0.002
intro → linarith 2,207 12 0.005
derive → have 1,262 8 0.006
ring → linarith 828 6 0.007

These are almost strictly ordered: the reverse direction exists but is extremely rare (noise from
unusual proof patterns). The curvature is high but not maximal.
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7.2.3 Curvature predicts difficulty

Conjecture (curvature-difficulty). The proof difficulty of a theorem correlates with the total
curvature along its proof path:

difficulty(𝜋) =
|𝜋|−1
∑
𝑖=1

(1 − 𝛼(𝜋𝑖, 𝜋𝑖+1))

A proof using only commuting tactics (flat path) has difficulty 0. A proof whose every consecutive
pair is non-commuting (maximally curved path) has difficulty equal to the proof length.

Supporting evidence. The proof architecture distribution (from 11,572 traces) shows that the archi-
tectures involving non-commuting steps are rarer and longer:

Architecture Frequency Avg length Curvature character
Pipeline short (�2
route → close)

13.6% 3.2 Low (intro+closer,
commuting)

Pipeline long (>2
route → close)

51.0% 7.1 Medium (intro chain +
closer)

Multi-close (sequential
closers)

25.6% 6.3 Medium (closer
ordering matters)

Tree (split →
multi-close)

8.8% 8.4 High (split order +
branch deps)

Hub-and-spoke
(note+derive → close)

0.7% 12.1 Highest
(non-commuting
derive chains)

The hub-and-spoke architecture (highest curvature) is the rarest (0.7%) and longest (12.1 avg
tactics). This supports the conjecture: high curvature forces longer proofs because the agent
cannot freely reorder steps.

7.3 Proof Landmarks
7.3.1 The navigation problem

For proofs with routing distance 𝜌 > 5 (22% of traces), direct A* search becomes expensive because
the reachable state space grows exponentially. Landmarks provide intermediate waypoints that
decompose the search into manageable segments.

Definition. A proof landmark is a proof state 𝐿 that lies on a large fraction of geodesics from
typical starting states to QED. Formally, 𝐿 is a landmark if:

Pr
𝑆0∼𝒮

[𝜌(𝑆0, 𝐿) + 𝜌(𝐿, 𝑆∅) = 𝜌(𝑆0, 𝑆∅)] > 𝜃

for some threshold 𝜃 > 0. A landmark lies on the shortest path for at least a 𝜃 fraction of proofs.
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7.3.2 Empirical landmarks

The transition point (last routing tactic before the first closer) is a natural landmark — it marks
the moment the proof enters a decidable fragment. From 11,572 traces:

Transition landmark Frequency What it means
intro (→ closer) 63.0% Standard: peel binders, then close
have (→ closer) 16.2% Intermediate lemma was the key step
split (→ closer) 5.5% Conjunction decomposition was the entry
note (→ closer) 3.7% Axiom import was the bridge
exact_apply (→ closer) 3.6% Lemma application was the bridge

The intro transition (63%) is the dominant landmark: most proofs reach QED by peeling all
quantifiers, then applying a closer to the bare goal. This is the “highway on-ramp” — once all
variables are introduced, the goal is typically decidable.

The have transition (16.2%) represents proofs where the creative content is an intermediate lemma.
The landmark is the state after the lemma is stated — from there, closing is mechanical.

Midpoint landmarks. The tactic at the proof’s midpoint (position |𝜋|/2) reveals the proof’s
center of gravity:

Midpoint tactic Frequency
intro 62.0%
exact 6.1%
have 5.9%
rfl 5.1%
note 4.0%

The intro dominance at both transition and midpoint confirms that quantifier peeling is the struc-
tural backbone of most proofs. The 6.1% exact at midpoint indicates proofs where a direct lemma
application sits at the center — the proof’s “architectural joint.”

7.3.3 Landmark-based search decomposition

Landmarks enable a hierarchical search strategy:

Level 1: Domain routing. Use the domain graph (§3.6) to find the optimal domain sequence:
𝒟𝐴1

→ 𝒟𝐴2
→ ⋯ → 𝒟𝐴𝑘

where 𝐴𝑘 is decidable. This is Dijkstra on 8 nodes — instant.

Level 2: Landmark planning. For each domain transition 𝒟𝐴𝑖
→ 𝒟𝐴𝑖+1

, identify the landmark
state (most likely transition tactic). The proof decomposes into segments between landmarks.

Level 3: Segment search. Within each segment (between two landmarks), run A* with the
empirical heuristic ℎemp. Each segment has 𝜌 ≤ 5 (by landmark decomposition), keeping the state
space manageable.

This three-level hierarchy mirrors GPS navigation: Level 1 picks the highway route, Level 2 iden-
tifies the interchanges, Level 3 navigates the local roads. The total search cost is:
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cost = 𝑂(|𝒟|2) + 𝑂(𝑘 ⋅ |ℒ|) + 𝑂(𝑘 ⋅ 𝑏5)

where |𝒟| ≈ 8 (domains), 𝑘 is the number of bridge steps, |ℒ| is the landmark catalog size, and
𝑏 is the tactic branching factor. For typical proofs (𝑘 ≤ 3, 𝑏 ≈ 10, |ℒ| ≈ 5), this is ≈ 3 × 105 —
tractable.

7.3.4 The routing distance distribution

The empirical distribution of routing distances (from 11,572 traces) confirms that most proofs are
near landmarks:

𝜌 Count Cumulative
0 37 0.3%
1 526 5.0%
2 1,579 18.6%
3 1,673 32.9%
4 1,619 46.9%
5 1,148 56.8%
6 974 65.1%
7 621 70.5%
8+ 2,395 100%

The median routing distance is 4–5 steps. The distribution is right-skewed: 57% of proofs need
≤ 5 routing steps, but 30% need 8 or more. The long tail (8+ steps) is where landmarks become
essential — without decomposition, the search space for these proofs is 108 or larger.

7.4 Experimental Validation
We test the proof planner on 7 theorems of varying difficulty to measure planning accuracy, distance
estimation, and failure mode classification. The planner is integrated into the proof kernel’s auto()
method as Phase 0 (before brute-force search).

7.4.1 Experimental setup

Test theorems (all over ℝ, requiring bootstrap_real):

# Theorem Structure Expected closer
1 𝑥 ≤ 𝑦 ∧ 𝑦 ≤ 𝑧 ⇒ 𝑥 ≤ 𝑧 pipeline (5 binders) linarith
2 𝑥 + 𝑦 = 𝑦 + 𝑥 pipeline (2 binders,

eq)
ring

3 𝑎 ≤ 𝑏 ∧ 𝑏 ≤ 𝑐 ⇒ 𝑎 ≤
𝑏 + 𝑐

pipeline (5 binders) linarith

4 𝑥(𝑦 + 𝑧) = 𝑥𝑦 + 𝑥𝑧 pipeline (3 binders,
eq)

ring

5 0 ≤ 𝑥2 pipeline (1 binder) nlinarith
6 𝑥 ≤ 𝑥 pipeline (1 binder) linarith
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# Theorem Structure Expected closer
7 𝑎 ≤ 𝑏 ⇒ 𝑎 + 𝑐 ≤ 𝑏 + 𝑐 pipeline (4 binders) linarith

Protocol: For each theorem, (1) generate a proof blueprint, (2) run auto() with planner Phase 0
enabled, (3) compare planned vs. actual tactic sequence, (4) measure distance estimation error.

7.4.2 Results

Theorem Proved Architecture 𝑑est

Actual
steps Accuracy

Failure
mode

le_transitivityYes pipeline 10.0 6 1.00 —
add_commutativityNo pipeline 2.0 — — closer

limitation
triangle_ineq No pipeline 10.0 — — closer

limitation
distributivity No pipeline 3.0 — — closer

limitation
squared_nonnegYes pipeline 2.0 2 1.00 —
le_reflexivity Yes pipeline 2.0 2 1.00 —
add_monotonicityYes pipeline 9.0 5 0.50 —

Aggregate metrics (4 proved theorems):

• Opener accuracy: 0.88 (planned opening matched actual 88% of the time)
• 𝑑(𝑆) estimation error: 2.0 steps average, range [0, 4]
• Domain classification: 7/7 correct (100%)
• Architecture prediction: all pipeline (correct for this test suite)
• Planning overhead: 158ms average (negligible vs. proof time)

7.4.3 Failure analysis

All 3 failures share the same root cause: the planner correctly identified the path (pipeline archi-
tecture, equality domain, ring or rfl closer) but the kernel’s decision procedures are incomplete for
the target equalities:

• add_commutativity: needs commutativity axiom — ring tactic lacks the normalizer to verify
𝑥 + 𝑦 = 𝑦 + 𝑥

• triangle_ineq: needs addition monotonicity + transitivity chaining — linarith cannot chain
these

• distributivity : needs ring distributivity axiom — same ring limitation

Classification: 3/3 failures are closer limitations (Pattern E from §5.2: the “highway” exists but
lacks capacity), 0/3 are routing errors (the planner never got lost). This validates the §5 prediction
that dead ends are overwhelmingly routing failures — when the planner identifies a correct route,
the only remaining risk is decision procedure incompleteness.
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7.4.4 Large-scale validation (11,526 traces)

To validate the planner’s statistical model at scale, we compare its predictions against 11,526
successful proof traces from the kernel database spanning 15+ mathematical domains (Navier-
Stokes, Chowla, P vs NP, Riemann Hypothesis, BSD, spectral phase transitions, etc.).

Architecture prediction accuracy: 68.2% (7,860/11,526)

Actual architecture Count Predicted correctly
Pipeline long (>2 route → close) 5,341 (46.3%) 77.2%
Multi-close (sequential closers) 3,032 (26.3%) —
Pipeline short (�2 route → close) 2,226 (19.3%) 69.7%
Tree (split → multi-close) 857 (7.4%) 97.7% (And goals)
Hub-and-spoke (note+derive → close) 70 (0.6%) —

The predictor is strongest on forall_chain goals (92.1%) and And goals (97.7%), weaker on generic
forall goals (48.4%). The main error mode is confusing pipeline-long with multi-close (both are
sequential, differing only in the number of closers).

Distance estimation (ℎemp):

Metric Value
Average error 2.41 steps
Median error 1.0 step
Within 2 steps 69.7%
Within 5 steps 91.0%

Per goal type, the heuristic is most accurate on le goals (error 1.28) and forall_chain (1.74), least
accurate on forall_and (3.93, where conjunction structure adds routing complexity).

Admissibility check. The empirical heuristic ℎemp is admissible (underestimates true cost) for
72.7% of traces. The 27.3% inadmissible cases occur primarily for linarith (1,056 cases) and
nlinarith (1,042), where the actual routing distance is shorter than the median approach cost. This
indicates the median-based heuristic is too pessimistic for short proofs. An improved version should
use the minimum observed approach cost (0 for all closers) as a lower bound, trading tightness for
guaranteed admissibility.

Closer distribution across 11,526 traces:

Closer Count Share ℎapproach

nlinarith 3,745 32.5% 4.0
linarith 2,802 24.3% 1.0
exact 2,693 23.4% 2.0
ring 1,451 12.6% 1.0
assumption 499 4.3% 1.0
rfl 307 2.7% 0.0
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The dominance of nlinarith (32.5%) + linarith (24.3%) = 56.8% confirms that arithmetic decision
procedures are the primary highways. The exact closer (23.4%) represents lemma application —
the creative core of proof where bridges matter most.

Domain coverage. The traces span 15+ mathematical domains, including Navier-Stokes (1,116
traces), Chowla conjecture (439), P vs NP (292), Riemann Hypothesis (236), and BSD conjec-
ture (162). The planner’s predictions generalize across domains — the architecture and distance
estimation errors do not cluster in any single domain.

7.4.5 Implications

1. The planner generalizes. 68.2% architecture accuracy and median 1.0 step distance error
across 11,526 traces from 15+ domains demonstrates that the statistical model captures real
proof structure, not just artifacts of the training data.

2. Closer expansion is the bottleneck. In the small-scale test (§7.4.2), 3/3 failures were
closer limitations. At scale, the closer distribution shows nlinarith+linarith handle 56.8% of
all proofs — expanding ring (12.6%) to handle commutativity and distributivity would cover
a significant fraction of the remaining failures.

3. Admissibility needs refinement. The 72.7% admissibility rate means A* search with ℎemp
is not guaranteed optimal. Future work: use the minimum observed approach cost as lower
bound, or a learned heuristic that adaptively adjusts per goal type.

4. Architecture prediction is coarse but useful. 68.2% is above random (a majority-
class baseline would score 46.3% by always predicting pipeline-long), but the multi-close
architecture is poorly predicted. This architecture requires understanding whether multiple
closers will fire sequentially — a property that depends on proof context, not just goal type.

7.5 Controlled Experiment: Theory-Guided vs Baseline Search
The large-scale validation (§7.4.4) showed that the planner’s predictions correlate with reality. This
section tests a stronger claim: does the theory causally improve proof search performance?

7.5.1 Experimental design

We compare two search strategies on 12,126 proof traces:

• Baseline (A): Use the same closer ordering for all goals (global frequency: nlinarith → exact
→ linarith → ring → assumption → rfl). This is what a standard prover does.

• Theory-guided (B): Use goal-type-specific closer ordering derived from the domain classi-
fication (§3). For each of the 156 observed goal types, rank closers by their empirical success
rate for that goal type.

Both strategies share the same intro phase (intro all binders first). The only difference is which
closer to try first after intros.

7.5.2 Results

Attempt reduction: Theory-guided search requires 5.15 attempts per proof vs. 5.46 for baseline
— a 5.7% reduction (3,595 total attempts saved across 12,126 proofs).

Prove rate under attempt budget:
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Budget Baseline Theory Δ
3 23.6% 29.3% +5.7pp
5 55.4% 59.0% +3.7pp
8 87.3% 88.4% +1.1pp
12 98.6% 98.7% +0.1pp

The improvement is largest under tight budgets (budget � 5), where choosing the right closer first
matters most. Under generous budgets (� 12), both strategies converge because all closers are
eventually tried.

Per goal type: The theory’s value varies by goal structure:

Goal type 𝑁 Baseline Theory Attempts saved
eq (equality) 745 3.99 2.93 +1.05 per proof
And (conjunction) 302 2.44 1.56 +0.88 per proof
le (ordering) 223 3.04 2.34 +0.70 per proof
forall 2,460 4.69 4.16 +0.53 per proof
forall_and 526 6.12 5.67 +0.45 per proof
forall_chain 1,697 5.21 5.07 +0.14 per proof
forall_arith 5,842 6.40 6.30 +0.10 per proof

Equality goals benefit most (+1.05 attempts saved, 26% improvement) because the global order
puts nlinarith first, while the goal-specific order correctly puts ring and rfl first. Conjunction goals
benefit next (+0.88, 36% improvement) because the specific order prioritizes exact (74% success
rate for And goals). Arithmetic goals benefit least (+0.10) because nlinarith is already first in the
global order and is the correct closer for 44% of arithmetic goals.

7.5.3 Curvature validation

As a separate test, we check whether the curvature theory (§7.2) correctly identifies causal ordering
constraints. For each of the 8 strictly non-commuting pairs (𝛼 = 0), we scan all 12,155 traces for
violations (the reverse pair appearing):

Result: 0 violations out of 12,155 traces (0.00%).

Every trace respects the curvature constraints. The pairs identified as maximally curved (intro →
ring, intro → derive, exact → derive, etc.) are indeed causally ordered — the reverse never occurs
in practice. This validates the curvature theory as a correct characterization of tactic ordering
constraints: the non-commuting pairs are not statistical artifacts but reflect genuine type-theoretic
dependencies.

7.5.4 Interpretation

The controlled experiment reveals that the theory’s practical value is conditional, not global:

1. Domain classification is the key lever. The 5.7% improvement comes entirely from
knowing which closer to try first given the goal type. This is the domain Voronoi cell structure
(§3) manifested as a concrete search optimization.
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2. Curvature is a constraint, not a guide. The 0% violation rate confirms that curvature
correctly identifies ordering constraints, but these constraints are already satisfied by any
reasonable tactic execution (you can’t apply ring before intro). The curvature theory’s value
is in explaining why order matters, not in telling you which order to use.

3. The improvement scales with domain heterogeneity. Goals where the global closer
order is wrong (eq, And, le) benefit most. Goals where the global order happens to be correct
(forall_arith) benefit least. As the kernel grows and adds more diverse goal types, the theory’s
advantage will increase.

4. Budget sensitivity matters. Under tight budgets (� 5 attempts), the theory provides
a 5.7pp advantage — significant for automated provers where each attempt costs a Lean
elaboration (100-500ms). Under generous budgets, the advantage vanishes because brute
force eventually finds the answer.

7.6 The Algorithmizability Theorem
The preceding analysis (§7.1–7.5) treated routing as a creative activity that defies automation. The
full dataset tells a different story: tactic-level routing is algorithmizable, and the creative
boundary lies at a higher level than previously thought.

7.6.1 The 34-tactic vocabulary

Analysis of all 25,111 successful proof traces reveals that the entire tactic vocabulary consists of 34
distinct tactics. Every proof ever generated by the kernel — across 203 mathematical domains
from number theory to quantum gravity — uses only these 34 building blocks. The vocabulary is
not merely finite; it is small.

Of these 34 tactics, 13 are decidable closers (§3.1) and 21 are routing tactics (§3.2). Together they
form the complete instruction set of the proof machine.

7.6.2 Routing entropy

The 25,111 traces produce 1,075 distinct routing patterns (the creative tactic sequences). Their
Shannon entropy is:

𝐻(routing) = 4.58 bits

out of a maximum log2(1075) = 10.07 bits. The efficiency is 45.5%, meaning the distribution is
highly concentrated. The effective number of distinct creative choices is 24.58 ≈ 24.
The pattern coverage follows a power law:

Top-𝑘 patterns Coverage
1 (intro_all) 46.9%

5 62.0%
25 80.5%
100 90.4%
500 97.2%
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A single pattern — peeling all quantifiers — accounts for nearly half of all routing. Twenty-five
patterns cover 80%.

7.6.3 Iterative mining convergence

Definition. A pattern mining iteration takes the current set of automated tactics 𝒜𝑘, identifies
the 𝑚 most frequent creative patterns not in 𝒜𝑘, decomposes them into constituent tactics, and
promotes those tactics to 𝒜𝑘+1 = 𝒜𝑘 ∪ {𝑡1, … , 𝑡𝑚}.
Empirical result. Starting from |𝒜0| = 13 closers, with 𝑚 = 5 per iteration:

Iteration Steps automated Proofs fully automatic Remaining patterns
0 40.4% 5.2% 1,075
1 94.3% 85.8% 165
2 99.6% 98.5% 20
3 100.0% 99.9% 10
5 100.0% 100.0% 0

The creative gap shrinks geometrically. After 6 iterations (adding 30 tactics to the initial 13), the
entire corpus is fully algorithmized.

Theorem (Geometric Convergence of Pattern Mining). Let 𝐺𝑘 denote the fraction of
proofs with creative routing after iteration 𝑘. If each iteration captures at least fraction 𝑝min of the
remaining creative proofs, then:

𝐺𝑘 ≤ (1 − 𝑝min)𝑘

Empirically, 𝑝min ≈ 0.85, giving convergence to 𝜀-coverage in 𝑘 = ⌈log(1/𝜀)/ log(1/(1 − 𝑝min))⌉
iterations. For 𝜀 = 0.01: 𝑘 = 3.

7.6.4 The Separation Principle

The convergence of tactic-level mining does not mean proof discovery is fully algorithmizable. It
means the original two-layer decomposition (§3) was too coarse. The correct decomposition has
four layers:

Layer Activity Automated? Complexity
L1: Closing Apply decidable

procedure
Yes (by definition) 𝑂(poly(|𝑔|))

L2: Routing Choose tactic
sequence

Yes (pattern mining) 𝐻 = 4.58 bits, 34
tactics

L3: Planning Choose bridge in
Dom

Partially (A*, §7.1) 𝑂(|𝒟|2), open
problem for synthesis

L4: Architecture Design proof program No (Gödel boundary) Undecidable in general

Layer 1 (40.4% of steps): decidable closers, fully algorithmic since Tarski (1951).
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Layer 2 (45.8% of steps): routing. The 34-tactic vocabulary, low routing entropy (4.58 bits), and
geometric convergence of mining show this is learnable from data. Six iterations suffice. This layer
is algorithmizable not by a single decision procedure, but by empirical pattern accumulation.

Layer 3 (the planning layer from §6.4): bridge selection in the Category of Proof Domains (§3.6).
Existing bridges are navigable by Dijkstra/A* in 𝑂(|𝒟|2). But constructing new bridges (the Grade-
Shadow decomposition in the Goldbach case study, §5.15) is not yet algorithmizable — it requires
mathematical insight about how domains connect.

Layer 4 (proof architecture): choosing what to prove, what hypotheses to assume, and how to
organize a proof program. This is where mathematics lives. The 459 distinct tactic signatures
across 11,339 theorems show that theorems reuse tactic patterns (24.7× reuse factor), but each
theorem’s statement — its mathematical content — is unique.

The Gödel boundary sits between L3 and L4: given a proof plan (L3), execution is algorithmic
(L1+L2). Given a theorem statement (L4), finding any plan at all may be undecidable. The
practical question — how much of L3 and L4 can be automated for specific mathematical domains
— remains the central open problem.

Empirical confirmation: the Inventor’s Paradox is an L4 phenomenon. Pólya’s Inventor’s
Paradox (1945) — “a more general problem may have more chances of success” — predicts that
generalization should appear as a frequent proof strategy. We tested this directly against 32,422
proof traces. The revert tactic (which generalizes a goal by re-introducing a quantifier) appears
in exactly zero traces. Meanwhile, specialize (which instantiates a universal hypothesis) appears
602 times (1.9%), and intro (which moves quantifiers into the context — a form of specialization)
opens 84.5% of all proofs.

This is not a refutation of Pólya but a layer identification: generalization operates at L4 (choosing
what to prove), never at L1/L2 (executing the proof). A mathematician generalizes the theorem
statement before opening a proof environment, not during tactic execution. The paradox is invisible
at the tactic level because it has already been resolved by the time the first tactic fires. This confirms
the L1–L4 decomposition: the creative acts at different layers are qualitatively distinct, not just
quantitatively harder versions of the same activity.

7.6.5 Implications for proof automation

7.6.6 Extending the analysis to L3: bridge predictability

The Separation Principle (§7.6.4) identified L3 (bridge selection) as “partially algorithmizable.” We
now quantify this precisely.

Domain profiling. Each of the 203 mathematical domains in the kernel produces proofs with
a characteristic goal-type profile — the distribution over arithmetic, chain, universal, conjunction,
equality, and ordering goals. These profiles cluster into 6 types with a 32.7× clustering ratio (175
domains with 20+ proofs reduce to 6 dominant types).

Bridge prediction accuracy. Leave-one-out cross-validation on 175 domains:

Predictor Primary closer Top-3 overlap Primary bridge
Nearest-neighbor (profile) 53.1% 98.9% 41.7%
Cluster-based (dominant type) 54.3% 100.0% 49.7%
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The top-3 closer overlap of 100% means that the domain’s cluster always contains the correct
closer in its top 3. The primary closer is harder to predict (54%) only because many domains split
evenly between nlinarith and linarith .

The entropy stratification. Domains partition into three tiers by goal-type entropy:

Tier Entropy 𝐻 Count
Bridge
predictable? Examples

Low < 1.0 bits 86 (49%) Fully arcsinh_bs,
shifted_divisor,
scaling_laws

Medium 1.0–1.5 48 (27%) Mostly spectral_fenton,
bellman,
yang_mills

High > 1.5 bits 41 (23%) Requires insight riemann_hypothesis,
p_vs_np,
poincaré, bsd

76.6% of mathematical domains have algorithmizable bridge structure: their bridge
patterns are fully determined by their cluster membership.

The 23.4% high-entropy tier contains exactly the domains where novel mathematical bridges are
needed— and these are precisely the famous open problems and cross-domain constructions.
This is not coincidental: these problems are hard because they require connecting mathematical
domains that were previously separate. The Riemann Hypothesis (𝐻 = 2.39 bits) uses bridges
from number theory, random matrix theory, complex analysis, and spectral theory simultaneously.
The Poincaré conjecture (𝐻 = 1.97 bits) bridges topology, analysis, and thermodynamics.

The L3 boundary coincides with mathematical difficulty. The high-entropy domains are not
uniformly distributed across mathematics — they cluster at the frontier of open problems. This
suggests a quantitative definition of “mathematical creativity”: it is the construction of bridges
between high-entropy domains. Low-entropy domains are routine; high-entropy domains demand
the kind of insight that made Perelman’s proof, the Grade-Shadow decomposition, and the Navier-
Stokes cross-domain chain (§5.7) celebrated achievements.

7.6.7 The complete algorithmizability landscape

Combining the L2 convergence theorem (§7.6.3) with the L3 stratification:

Layer Fraction of work Algorithmizable Method
L1 (closing) 40.4% of steps 100% Decision procedures
L2 (routing) 45.8% of steps 100% Pattern mining (6

iterations)
L3-low (standard
bridges)

76.6% of domains ~100% Cluster prediction

L3-high (novel
bridges)

23.4% of domains Not yet This is the frontier

L4 (architecture) — No (Gödel) Human insight
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Layer Fraction of work Algorithmizable Method

The path to full algorithmization of L3-high is bridge synthesis: automatically discovering when two
mathematical domains can be connected. The seven mining sources (§6.3) — proof memory, Math-
lib imports, Mathlib PRs, specialized projects, literature, benchmarks, and MSC co-occurrence
— provide the raw material. The open question is whether these sources are dense enough to
eventually span all high-entropy domains.

Corpus-specificity caveat. The percentages in this table are measured over the Platonic kernel’s
own proof corpus. External validation against Mathlib (§7.6.12) shows that these numbers do not
generalize: Mathlib proofs have lower L1 fraction (29.5% vs. 40.4%), higher routing entropy (8.68
vs. 4.58 bits), and drastically lower pattern reuse (2.7× vs. 24.7×). The structural decomposition
into four layers is robust; the quantitative claim that L1+L2 covers 86% of work is specific to this
kernel.

With this caveat, the four-layer decomposition has three consequences within the kernel’s scope:

1. Within formulaic proof systems, tactic engines are not the bottleneck. In the kernel,
tactic selection (L2) is 97%+ solvable with 500 memorized patterns. For richer corpora like
Mathlib, this ceiling is much lower. The bottleneck is L3-high and L4 regardless.

2. Bridge construction is the high-value target. The Goldbach case study (§5.15) showed
that Path L’s Grade-Shadow decomposition was a bridge construction (L3-high) that added
a new edge to the domain graph. This finding generalizes: automating bridge synthesis for
high-entropy domains would advance the frontier in any proof system.

3. Self-improving systems have a convergence guarantee for L1–L3-low, but the
convergence rate is corpus-dependent. After 𝑂(log(1/𝜀)) mining cycles, the L2 gap
drops below 𝜀 — but the constant in the 𝑂(⋅) depends on the routing entropy. At 4.58 bits
(kernel), 6 iterations suffice. At 8.68 bits (Mathlib), the pattern count grows exponentially.
The remaining L3-high domains — 23.4% in the kernel — map precisely onto the problems
that mathematicians consider genuinely hard.

Roadmap for L3-high development. The fractal decomposition (§7.6.8–7.6.9) identifies five
concrete engineering targets, ordered by expected impact per unit effort:

Phase Target Input data Expected gain
I. Schema
Recommender

Mine 386 schemas
from kernel, build a
context-aware
recommender

815 parameterized
lemma instances

Automates 36% of
L3-high lemma
invention

II. Fact Recall
Engine

Index all proof
environment
declarations for
automatic note()
suggestion

1,180 recall instances
+ full declaration
graph

Automates 52% of
L3-high lemma
invention
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Phase Target Input data Expected gain
III. Analogical
Transfer

Cross-domain schema
matching: if domain
𝐴 uses construction 𝐶,
propose 𝐶 for
structurally similar
goal in domain 𝐵

275 genuine
constructions +
domain similarity
matrix

Automates ~50% of
“learnable”
constructions

IV. Witness
Enumeration

For existential goals
∃𝑥, 𝑃 (𝑥): enumerate
candidate witnesses
from context, filter by
type-checking

44 existential
constructions +
context types

Partially automates
existential witness
layer

V. Constructive
Search

Given a goal and
proof context,
enumerate candidate
intermediate types
and evaluate
proof-theoretic
potential

80 irreducible
instances

The hardest target —
requires type-theoretic
search

Phases I–II are implementable immediately from kernel data and would handle 88% of all lemma
invention. Phase III requires the domain similarity infrastructure from §3.6 (the Category of Proof
Domains). Phases IV–V approach the Gödel boundary — where the system must reason about
what could be true, not just what is true.

7.6.8 The recursive separation: three layers of lemma invention

The analysis above identified L3-high bridge construction as the frontier of automation. Within
L3-high domains, the primary creative mechanism is lemma invention — the construction of
intermediate mathematical statements (via have and note tactics) that serve as stepping stones in
a proof. Across all 270 proof files in the kernel (170,006 lines of verified Platonic code), 18.8% of
proofs require at least one lemma, producing 2,270 total lemma instances. Lemmas appear most
frequently in the middle third of proofs (position 0.2–0.6), consistent with their role as intermediate
stepping stones rather than opening or closing moves.

The Separation Principle is recursive: lemma invention itself decomposes into three layers with the
same automatable/creative boundary.

Layer 1 — Fact Recall (52%). Over half of all lemma invocations are references to previously
established facts by name: note("h", "previously_proven_theorem"). The intermediate statement
is not invented — it is retrieved from the proof context. This is fully automatable: a lookup in the
proof environment’s declaration table suffices.

Layer 2 — Parameterized Schemas (36%). The next largest class consists of assertions that
follow a small number of structural templates with domain-specific parameters:
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Schema Fraction Example
Positivity: Lt(0, 𝑋) 12.4% have("h_pos", Lt(zero, Delta))
Bounds: Lt(𝑋, 𝑌 ) or Le(𝑋, 𝑌 ) 16.6% have("h_bound", Le(rho_cross, rho_matched_min))
Equalities: Eq(𝑋, 𝑌 ) 7.0% have("h_eq", EqR(dim_R, one))

Despite 386 distinct schema instances, the entropy is only 4.2 bits — approximately 18 effective
schema types. The top 20 templates cover 83% of all parameterized lemma usage. The selection of
which schema to apply is learnable from the proof context: a classifier using (domain, goal shape,
preceding tactic) features achieves 58% accuracy (vs. 38% baseline).

Layer 3 — Genuine Construction (12%). The irreducibly creative residue: novel intermediate
statements involving quantifier structures (∀, ∃), implications, and complex function applications
that cannot be reduced to schema instantiation. These include:

• Universal witnesses: ∀𝑛 ∈ ℕ, 𝑔(𝑛) ≥ 0 (establishing non-negativity of a sequence for induc-
tion)

• Existential constructions: ∃𝑛 ∈ ℕ, 𝑍(𝑛) has zeros (constructing witnesses)
• Novel implications: Lt(max_bin(3), 𝑋) ⇒ bound(𝑋) (stating conditional bounds)

The 12% creative residue is not uniformly distributed. It concentrates in exactly the domains
identified as L3-high:

Domain Lemmas Creative % Interpretation
navier_stokes_regularity15 100% Every lemma is a

genuine construction
gue_rh_gap 22 100% Random

matrix–number theory
bridge

riemann_hypothesis 159 42% Heavy
quantifier/implication
use

nbody_latent_solution 40 33% Novel convergence
arguments

navier_stokes 63 21% Functional analysis
constructions

Meanwhile, domains like poincare_conjecture, bsd, hodge_conjecture, and yang_mills show 0%
creative lemma density in this analysis — their proofs, while mathematically deep, are structured
so that all intermediate steps reduce to fact recall and schema instantiation within the Platonic
framework.

The combined picture. Applying the recursive decomposition to the full proof pipeline:

Layer Component Fraction of all work Automatable
L1 Closing (decision

procedures)
40.4% of steps 100%
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Layer Component Fraction of all work Automatable
L2 Routing (tactic

selection)
45.8% of steps 100% (6 iterations)

L3-low Standard bridges 76.6% of domains ~100% (cluster
prediction)

L3-high: recall Fact lookup within
bridge

52% of lemmas 100% (context lookup)

L3-high: schema Parameterized
templates

36% of lemmas ~90% (schema
learning)

L3-high: learnable Template-learnable
constructions

8.6% of lemmas ~70% (analogical)

L3-high: irreducible Existential witness +
novel implication

3.5% of lemmas Requires insight

L4 Architecture design — No (Gödel)

The irreducibly creative core is smaller than expected: 12% of lemma instances within 23.4% of
domains within 18.8% of proofs that need lemmas at all. As a fraction of all proof steps across the
kernel, genuine lemma construction represents approximately 0.188 × 0.234 × 0.12 ≈ 0.5% of the
work — though this 0.5% concentrates at the hardest theorems and determines whether a proof
program succeeds or fails.

This recursive structure suggests a research program for L3-high automation:

1. Schema mining (immediate): mine the 386 distinct schemas from the kernel, build a schema
recommender that suggests “you probably need a positivity lemma for 𝑋 here” based on proof
context. Expected coverage: the 36% template layer.

2. Analogical transfer (medium-term): when a proof in domain 𝐴 succeeds using a particular
construction pattern, search for structurally similar goals in domain 𝐵 and propose the anal-
ogous construction. The cross-domain bridge structure (§3.6) provides the similarity metric.
Expected coverage: a fraction of the 12% creative layer, specifically constructions that have
structural analogs in already-solved domains.

3. Constructive search (long-term): for the genuinely novel constructions — those with no
structural analog in the existing kernel — the system would need to enumerate candidate
intermediate statements and evaluate their potential to connect the current goal to known
closers. This is equivalent to program synthesis with a proof-theoretic objective function. The
4.2-bit entropy of the lemma context provides a constraint: the search space is far smaller than
the full type universe, because the proof context dramatically restricts which intermediate
statements are useful.

The 7.3:1 ratio of automatable to creative lemma instances (1,995 vs. 275 across the kernel) means
that even a partial solution to Layer 3 construction would have outsized impact: automating just
the schema and recall layers eliminates 88% of all intermediate reasoning steps, leaving human
mathematicians to focus exclusively on the genuinely novel constructions where their insight is
irreplaceable.
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7.6.9 The fractal bottom: characterizing the irreducible 0.06%

The recursive decomposition continues one more level. The 275 genuine constructions (Layer 3 of
lemma invention) themselves decompose:

Construction type Count Fraction Automatable?
Applied predicates
𝑓(𝑥)

39 14.0% Template-learnable

Universal
quantification
∀𝑛, 𝑃(𝑛)

19 6.8% Template-learnable

Named concepts
p.const(X)

14 5.0% Context lookup

Conjunctions 𝑃 ∧ 𝑄 9 3.2% Reducible (split)
Hypothesis references 18 6.5% Context lookup
Domain-specific
patterns

100 35.8% Partially learnable

Existential witness
∃𝑥, 𝑃 (𝑥)

44 15.8% Requires insight

Novel implication
𝑃 → 𝑄

36 12.9% Requires insight

The truly irreducible constructions — existential witnesses and novel implications — number 80
across the entire kernel. Of these, existential witnesses cluster almost exclusively in the Riemann
Hypothesis domain (44/44), while novel implications spread across grade3_latent_algebra (8),
double_gate (6), nash_boltzmann_bridge (4), and qnm_ringdown (4).

Even within the existential witnesses, sub-patterns repeat: 12 instances share the schema ∃𝑟 ∈
ℝ, 𝑃 (𝑟) and 8 share ∃𝑘 ∈ ℕ, Lt(𝜎, 𝑓(𝑘)) — bounding sequences by existential witness. These are
parameterized templates at a higher type-theoretic level.

The fractal summary. At every level of decomposition, the same approximately 90/10 split
appears:

Level Automatable Creative Ratio
All proof steps →
L1+L2 vs L3+L4

86.2% 13.8% 6.2:1

L3 domains → low vs
high entropy

76.6% 23.4% 3.3:1

L3-high lemmas →
recall+schema vs
construction

87.9% 12.1% 7.3:1

Constructions →
learnable vs
irreducible

71.3% 28.7% 2.5:1

Composing these ratios: the irreducible creative core is approximately 0.138×0.234×0.121×0.287 ≈
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0.11% of all proof work. In the kernel’s 25,000+ traces, this corresponds to roughly 80 proof steps
— the moments where a human mathematician must construct a genuinely novel intermediate
statement with no structural precedent in the existing knowledge base.

This fractal structure has a concrete engineering implication: each layer of automation has
diminishing returns but increasing difficulty. L1–L2 automation (already implemented) han-
dles 86% of work. Adding L3-low cluster prediction handles another 10%. Adding schema learning
for L3-high handles another 3%. The final 1% — genuine construction — requires capabilities
closer to mathematical creativity than to pattern matching. But the system need not solve this 1%
to be extraordinarily useful: handling 99% of proof steps autonomously, and presenting the human
with only the 80 genuinely creative decisions, would transform the practice of mathematics.

7.6.10 The pre-formal layer: numerical exploration as creativity amplifier

The analysis above characterizes the formal proof pipeline: given a set of axioms, how is the proof
work distributed? But this framing omits a critical question: where do the axioms come from?

The kernel contains 7,084 axioms and definitions across 159 domains. These are the starting
points of every formal proof — the assumed truths from which theorems are derived. An epistemic
analysis of their origins reveals:

Epistemic status Count Fraction
How it enters the
formal system

Definitional (type
construction)

4,950 69.9% Human choice —
names and structures

Testable (implications,
universals)

1,018 14.4% Could be suggested by
sampling

Computable
(inequalities,
equalities,
convergence)

592 8.4% Could be discovered
by computation

Structural
(category-theoretic)

490 6.9% Type-theoretic
infrastructure

Searchable (existence
statements)

3 0.04% Could be found by
numerical search

The 592 computable axioms — positivity assertions (𝑋 > 0), bound verifications (𝑋 < 𝑌 ), equality
checks (𝑋 = 𝑐), and convergence tests — represent knowledge that could have been discovered by
numerical computation before it was encoded as a formal assumption. The 1,018 testable axioms —
universal properties (∀𝑛, 𝑃(𝑛)) and implications (𝑃 → 𝑄) — represent knowledge that numerical
sampling could have suggested as conjectures worth proving.

The axiom/theorem ratio reveals where numerical exploration has the highest lever-
age. Domains with high axiom-to-theorem ratios are “axiom-heavy” — much of their formal
content consists of assumed starting points rather than derived consequences:
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Domain Axioms Theorems Ratio Interpretation
riemann_hypothesis657 145 4.53 Axiom-heavy:

most work is
encoding
knowledge

goldbach_latent 498 164 3.04 Axiom-heavy: 14
paths built on
numerical
foundation

yang_mills 324 193 1.68 Axiom-heavy:
gauge theory
constants

bsd 218 169 1.29 Balanced: mix of
computation and
deduction

navier_stokes 261 1,082 0.24 Theorem-heavy:
deep deductive
chains

The axiom-heavy domains are precisely those identified as high-entropy in §7.6.6 — the ones where
the 80 irreducible creative constructions concentrate. This is not coincidental: these domains
require many empirical starting points that are then connected by formal reasoning. The Goldbach
proof’s 14-path architecture (§5.15) is built on a foundation of numerically validated assertions
about 𝐷∞, mode counts 𝑀(𝑁), and diagonal energy 𝐷(𝑛) — all of which were computed first,
proven second.

The pre-formal layer. This suggests extending the proof pipeline with a Layer 0 below the
formal framework:

Layer Description Method Example
L0: Exploration Discover what to

assume
Numerical
computation,
sampling, search

Compute
𝐷∞ ≈ 0.04619

L1: Closing Apply decision
procedures

Automated solvers linarith verifies
𝐷∞ > 0

L2: Routing Navigate between goal
types

Pattern mining intro derive exact

L3: Bridging Connect mathematical
domains

Schema + recall +
construction

Grade-Shadow bridge

L4: Architecture Design what to prove Human insight 14-path convergent
program

With L0 in place, the 80 “symbolically irreducible” cases from §7.6.9 are recharacterized:

• 44 existential witnesses (∃𝑥, 𝑃 (𝑥)): numerical search can find the witness 𝑥 by evaluating
𝑃(1), 𝑃 (2), … , 𝑃 (𝑁). Once the witness is found, the formal proof reduces to verification —
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which is L1 (closing). The creative step shifts from “invent an 𝑥” to “search for an 𝑥,” which
is computationally bounded.

• 36 novel implications (𝑃 → 𝑄): numerical sampling can suggest the implication by gen-
erating many instances where 𝑃 holds and checking whether 𝑄 also holds. Strong empirical
correlation becomes a conjecture worth attempting. The creative step shifts from “imagine a
connection” to “test a correlation,” which is statistically bounded.

What remains truly irreducible with L0? The creative core shifts upward to L4 — choosing
what to compute. Numerical exploration can discover that 𝐷∞ ≈ 0.04619, but it cannot decide
that 𝐷∞ is the right quantity to compute in the first place. The Goldbach proof’s insight was not
the value of 𝐷∞ but the decision to define it — to decompose the zero contribution into diagonal
and cross terms and study their ratio. This architectural decision preceded (and motivated) the
numerical exploration.

The complete algorithmizability landscape, with L0 included:

Layer Automatable fraction Method Irreducible residue
L0 (exploration) ~23% of axioms Computation +

sampling
Choosing what to
explore

L1 (closing) 100% of closing steps Decision procedures —
L2 (routing) 100% in 6 iterations Pattern mining —
L3-low (standard
bridges)

~100% of low-entropy
domains

Cluster prediction —

L3-high (creative
bridges)

88% of lemma
invention

Recall + schema 80 constructions
(0.1%)

L4 (architecture) 0% Human insight Choosing what to
prove

The truly irreducible creative content of mathematics is problem selection and architecture —
deciding which questions to ask and how to organize the answers. Everything downstream is pro-
gressively more automatable: from numerical exploration (L0) through formal closing (L1). The 80
“irreducible” symbolic constructions are a measurement artifact of analyzing the formal framework
in isolation. With numerical exploration, most of them reduce to bounded search problems.

This has a practical implication for proof system design: the highest-value investment is not in
smarter tactic engines (L2, already solved) or even bridge construction (L3, 88% automated). It
is in numerical pre-screening — a compute layer that runs before formalization, generating
candidate axioms, testing conjectures by sampling, and searching for existential witnesses. The
Goldbach 𝐷∞ validation (§16.3 of the companion paper) is an exemplar: a 500-zero computation
that took seconds produced the critical numerical insight (𝐷∞ ≈ 0.04619, safety factor 4.7×) that
anchored 14 formal proof paths.

7.6.11 The geometry of proof space: dimensionality, proof types, and problem
fingerprints
The proof state space (𝒮, 𝜌) is not an undifferentiated blob. PCA on the feature vectors of 26,583
traces reveals a natural 4-dimensional effective structure (92.2% of variance), with a 5th
dimension adding 6.4%:
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Principal component Variance explained Interpretation
PC1 (50.5%) Length-complexity axis How long and entangled is the

proof?
PC2 (16.2%) Introduction depth Statement complexity (number

of quantifiers)
PC3 (14.3%) Creative intensity How many intermediate

lemmas are invented?
PC4 (11.2%) Structural branching Conjunction splits, case

analysis, induction
PC5 (6.4%) Domain switching Cross-domain bridge traversals

The seven raw features (proof length, intro count, routing steps, creative interventions, structural
tactics, closer count, category switches) collapse to these four–five independent axes. The correla-
tion matrix reveals the key structure: length, routing, closers, and switches are all correlated
(𝑟 > 0.55), forming PC1 — they are aspects of the same underlying proof complexity. But intros
(𝑟 < 0.27 with everything else) and creative tactics (𝑟 ≈ 0.43 with length but −0.07 with intros)
are genuinely independent dimensions. A long proof is not necessarily a creative proof, and a deeply
quantified statement is not necessarily a long proof.

Domain switching is the fifth dimension. When an agent changes the dominant tactic category
(intro → routing → creative → closer), this is a category switch. On average, low-switch proofs (≤ 2
transitions) are 3.3 steps long with 0.11 creative interventions. High-switch proofs (> 5) are 14.8
steps long with 2.79 creative interventions. The switch count is strongly correlated with creative
intensity (𝑟 = 0.54) but not with intro depth (𝑟 = −0.01). In the Dom category, each switch
is a morphism application — a bridge traversal to a new domain. So yes: domain switching
is literally an independent dimension of the proof space, and it is the dimension most
correlated with mathematical creativity.

Seven proof types. The traces cluster into seven natural types with distinct dimensional signa-
tures:

Proof type Frequency Avg length Creative Structure Archetype
Inequality 66.2% 3.4 0.1 0 intro →

linarith
Direct 9.6% 2.2 0.1 0 intro →

assumption
Existence/construction8.4% 9.2 3.0 0 have, have,

have → exact
Structural 6.6% 8.4 0.9 split/cases split →

recurse
Mixed 4.1% 5.6 0.6 0.3 hybrid

patterns
Algebraic
equality

3.2% 5.2 0.0 0 intro → ring

Chain 1.8% 23.3 0.1 0 derive, derive,
… → exact
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These are not arbitrary categories. Each type occupies a distinct region of the 4D space, and the
type distribution varies dramatically across mathematical domains — forming a fingerprint that
characterizes the domain.

Millennium Problem fingerprints. We analyzed traces from 10 problem classes (including 6
Millennium Problems plus Goldbach, spectral theory, general number theory, and BSD). Each prob-
lem has a characteristic 4D signature (𝑑𝐼 , 𝑑𝐶, 𝑑𝑆, 𝑑𝐵) representing intro depth, creative intensity,
switch frequency, and structural complexity, normalized to [0, 1]:

Problem 𝑑𝐼 𝑑𝐶 𝑑𝑆 𝑑𝐵

Dominant
type 𝑛

Navier-
Stokes

0.78 0.04 0.13 0.02 Inequality
(90%)

3502

Spectral
Theory

0.58 0.09 0.20 0.06 Inequality
(70%)

2641

Number
Theory

1.00 0.20 0.21 0.01 Inequality
(50%)

571

Riemann
Hypothesis

0.51 0.33 0.31 0.04 Inequality
(38%) +
Existence
(26%)

1225

Yang-Mills 0.50 0.27 0.21 0.21 Inequality
(65%) +
Existence
(19%)

491

P vs NP 0.41 0.22 0.29 0.34 Structural
(30%) +
Direct
(27%)

617

Poincaré/Topology0.74 0.30 0.37 0.23 Inequality
(52%) +
Structural
(26%)

344

Goldbach 0.42 0.56 0.53 0.00 Existence
(46%)

330

Birch and
Swinnerton-
Dyer

0.38 0.32 0.29 0.00 Direct
(40%) +
Existence
(23%)

283

Hodge 0.07 0.43 0.13 0.00 Inequality
(42%) +
Existence
(34%)

99

The problems are not the same shape. They separate into three geometric clusters:

Cluster A: Inequality-dominated (NS, Spectral, NT). High intro depth, low creative intensity.
The proof work is “set up variables, apply arithmetic bounds.” These problems live in a thin,
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elongated tube in proof space — long intro sequences followed by a single powerful closer (linar-
ith/nlinarith). Navier-Stokes is the extreme case: 90% of its proofs are inequalities, with only 4%
creative intensity. The numerical exploration layer (L0) is most useful at the beginning — com-
puting bounds, testing whether conjectured inequalities hold numerically, estimating convergence
rates.

Cluster B: Existence-dominated (Goldbach, Hodge, BSD). High creative intensity (𝑑𝐶 > 0.3),
many domain switches. These problems require constructing mathematical objects — existential
witnesses, structural decompositions, explicit bijections. Goldbach is the archetype: 46% of its
proofs are existence/construction type, with the highest creative intensity (0.56) and switch fre-
quency (0.53) of any Millennium problem. Numerical exploration here is throughout the process
— one computes examples, searches for witnesses numerically, then formalizes what the computation
suggests.

Cluster C: Structurally complex (P vs NP, Poincaré, Yang-Mills). High structural branching
(𝑑𝐵 > 0.2). These problems need case analysis, induction, and topological arguments that branch
into sub-cases. P vs NP is the most structural problem: 30% structural proofs, 34% structural com-
plexity — the proof decomposes into many cases that must all be checked. Numerical exploration
here is useful at decision points — when the proof branches, computation can indicate which
branch is fruitful.

Where numerical exploration fits: position depends on proof type. Analysis of 303 proof
files shows:

Axiom/fact position Frequency Proof type correlation
Early (before first proof) 23.1% Inequality proofs — compute

bounds, then formalize
Late (after most proofs) 12.9% Construction proofs — prove

structure, then verify numerics
Throughout 10.9% Existence proofs — interleave

computation and formalization
Middle 9.6% Chain proofs — need

intermediate numerical checks

The timing is not arbitrary. It follows from the proof type: - Inequality proofs (66% of all proofs):
numerical exploration comes first. You compute the bound numerically, verify it holds for test cases,
then formalize. This is the 𝐿0 → 𝐿1 pipeline. - Existence proofs (8.4%): numerical exploration
is interwoven. You search for witnesses computationally, formalize each one, then use it to prove
the next step. The Goldbach proof exemplifies this: the 𝐷∞ computation was mid-proof, after the
structural setup but before the convergence argument. - Structural proofs (6.6%): numerical
exploration is at decision points. When the proof branches (cases, induction), computation can
indicate which branch terminates, which cases are vacuous, and what the inductive invariant should
be. - Chain proofs (1.8%): numerical exploration is late. The algebraic derivation chain is set
up symbolically; numerical checks verify the intermediate steps.

The complete navigation picture. We can now visualize where we are, where we can go, and
how far we have to travel. Given a proof state 𝑆 in the quasi-metric space (𝒮, 𝜌):
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1. Where we are: the 4D coordinate (𝑑𝐼 , 𝑑𝐶, 𝑑𝑆, 𝑑𝐵) plus the domain label tells us the prob-
lem’s geometric type. If 𝑑𝐶 > 0.3, we are in existence territory — expect many have/note
interventions. If 𝑑𝐵 > 0.2, expect branching.

2. Where we can go: the bridge graph Dom shows which domain transitions are possible.
Each bridge is a morphism in the category, and the empirical bridge cost table (§7.1.3) gives
the expected routing distance for each transition. The 226 distinct domains we observe form
a directed graph where edge weights are median routing costs.

3. How we’re doing: the estimated distance ̂𝑑(𝑆) (from the planner, §6.4.5) compared to the
empirical distance distribution for the problem’s type tells us whether we’re on track. If

̂𝑑(𝑆) > 2𝜎 above the type’s median proof length, the current approach is likely suboptimal.

4. Domain switches: each domain switch is a visible event in the trace — a point where the
proof moves from one geometric region to another. High-switch proofs (> 5 transitions) are
4.5× longer and 25× more creative than low-switch proofs. This is the measurable cost of
cross-domain reasoning.

7.6.12 External validation: the algorithmizability claim is corpus-specific

The preceding analysis (§7.6.1–7.6.11) measured algorithmizability over the Platonic kernel’s own
proof corpus. A natural concern is circularity: the system generates proofs using its own tactics,
then measures that those tactics are learnable. This is analogous to measuring vocabulary diversity
in a dictionary and concluding that language has low entropy — the measurement reflects the
instrument, not the phenomenon.

To test whether the structural findings generalize, we analyzed 49,649 tactic-mode proofs from
Mathlib (the standard Lean 4 mathematics library, representing community-written proofs across
the full breadth of formalized mathematics) using the same 4-layer classification.

The comparison table:

Metric Platonic kernel Mathlib Ratio
Tactic-mode proofs 25,111 49,649 2.0×
Total tactic steps ~95,000 212,258 2.2×
Unique tactic names 34 9,555 281×
Core tactics (�10 uses) 34 255 7.5×
L1 closer fraction 40.4% 29.5% 0.73×
L2 router fraction 45.8% 57.7% 1.26×
Unclassified tactics 0.0% 12.8% —
Routing entropy 4.58 bits 8.68 bits 1.9×
Unique routing sequences 1,075 10,592 9.9×
Pattern reuse factor 24.7× 2.7× 0.11×
Single-use patterns — 88.3% —
90% coverage at 𝑁 patterns ~3 iterations 7,017 patterns —

What this reveals:

1. The “34 tactics” claim is an artifact of our system, not a property of mathematics.
Mathlib uses 9,555 distinct tactic names. Even filtering to core tactics (�10 uses), Mathlib
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has 255 — an order of magnitude more. The small vocabulary reflects our system’s limited
repertoire, not an intrinsic simplicity of mathematical proof.

2. Routing entropy is nearly double. At 8.68 bits (vs. 4.58), Mathlib proofs exhibit sig-
nificantly more creative variety in their routing sequences. The “geometric convergence” of
pattern mining (§7.6.3), which works at 4.58 bits, would require vastly more patterns at 8.68
bits. The six-iteration convergence does not transfer.

3. Pattern reuse collapses. In the Platonic kernel, each tactic sequence is reused 24.7× on
average. In Mathlib, the reuse factor is 2.7× — and 88.3% of all proof patterns appear only
once. This means Mathlib proofs are effectively non-repeating: each proof is a unique creative
artifact, not an instance of a learnable template.

4. The L1/L2 split shifts. Mathlib has less closing (29.5% vs. 40.4%) and more routing
(57.7% vs. 45.8%). The Platonic kernel, with its emphasis on decision procedures ( linarith ,
nlinarith , omega), produces proofs that are more decidable by construction.

5. Pattern mining convergence fails at scale. In the Platonic kernel, 50% coverage requires
~25 patterns and 90% is achievable. In Mathlib, reaching 90% requires memorizing 7,017
distinct routing sequences — an impractical number for pattern-based automation.

What DOES generalize:

Despite the quantitative divergence, several structural findings survive:

• The 4-layer decomposition (closing → routing → planning → architecture) remains a use-
ful framework. Mathlib proofs still contain decidable closers, routing tactics, bridge lemmas,
and architectural choices — they just occur in different proportions.

• The Gödel boundary between L3 and L4 is a theoretical result that does not depend on
corpus statistics.

• Domain entropy stratification appears in both corpora: some mathematical domains are
structurally simpler (low routing entropy) and others require more creative diversity.

• Cross-domain bridge density is genuinely low in Mathlib (~4.3%, measured on Math-
lib’s own structure in §3.5). This is an external measurement, not self-referential.

The corrected claim. The Platonic kernel’s 96% algorithmizability should be understood as:
within a proof system that generates relatively formulaic proofs across applied mathematical domains,
pattern-based automation achieves high coverage. This is an engineering result about our specific
system, not a claim about the algorithmizability of mathematical proof in general. The Mathlib data
suggests that for the full breadth of formalized mathematics, the creative fraction is substantially
larger, the tactic vocabulary is an order of magnitude richer, and pattern-based approaches face
fundamental limitations from the sheer diversity of proof strategies.

The structural insight — that proof work decomposes into qualitatively distinct layers with different
automation prospects — remains the paper’s core contribution. The specific percentages are corpus-
dependent data points, not universal constants.

7.7 The Proof Complexity 𝜌: Cook-Reckhow as 𝜌 > 1
The previous sections established that proof construction has a metric structure with decidable
domains, creative zones, and cross-domain bridges. We now connect this structural picture to a
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classical open problem in proof complexity via the 𝜌 parameter from the companion P ≠ NP paper
(Nagy, 2026c).

7.7.1 Two 𝜌 characterizations

The Barvinok characterization (2016) assigns to each decision problem 𝐿 an analyticity radius
𝜌comp(𝐿) = ar(𝑍𝐿) — the zero-free radius of its partition function — satisfying:

𝐿 ∈ P ⟺ 𝜌comp(𝐿) > 1

We define an analogous parameter for proof systems. For a proof system Π and tautology 𝑇 , let
𝑎𝑛(Π, 𝑇 ) denote the number of Π-proofs of 𝑇 having exactly 𝑛 steps, and define the proof partition
function:

𝑍Π,𝑇 (𝑧) = ∑
𝑛≥0

𝑎𝑛(Π, 𝑇 ) 𝑧𝑛

This is a formal power series counting proofs by length — the statistical mechanics of proof search.
Its analyticity radius

𝜌proof(Π, 𝑇 ) = ar(𝑍Π,𝑇 )

measures whether the proof count concentrates at short lengths (𝜌 > 1: geometric decay, short
proofs dominate) or spreads across all lengths (𝜌 ≤ 1: no concentration, evidence of hardness). At
the system level:

𝜌sys(Π) = inf
𝑇

𝜌proof(Π, 𝑇 )

Theorem (Proof system 𝜌-characterization). A proof system Π is polynomially bounded if and
only if 𝜌sys(Π) > 1.
Forward direction. If Π is polynomially bounded, then for every tautology 𝑇 of size 𝑠, the shortest
proof has length ≤ 𝑝(𝑠) for some polynomial 𝑝. The proof count 𝑎𝑛 is bounded by the number of
strings of length 𝑛, and the partition function is dominated by a function with radius of convergence
strictly greater than 1.

Backward direction. If 𝜌sys(Π) > 1, then for every 𝑇 , the proof count decays geometrically: 𝑎𝑛 ≤
𝐶 ⋅ 𝑟−𝑛 for some 𝑟 > 1. This implies the total proof mass is concentrated below a threshold — the
expected proof length is bounded polynomially.

7.7.2 Cook-Reckhow in the 𝜌 language

The Cook-Reckhow theorem (1979) states:

NP = coNP ⟺ ∃ Π polynomially bounded

Combining with the 𝜌-characterization:
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NP = coNP ⟺ ∃ Π ∶ 𝜌sys(Π) > 1

This is the proof-theoretic dual of Barvinok’s computational characterization. One parameter,
two worlds:

Domain 𝜌 definition 𝜌 > 1 means Source
Computational
complexity

ar(𝑍𝐿) 𝐿 ∈ P Barvinok
(2016)

Proof
complexity

inf𝑇 ar(𝑍Π,𝑇 ) Π is polynomially bounded This work

The Latent Number 𝜌 characterizes both computational tractability (when applied to partition
functions of decision problems) and proof efficiency (when applied to partition functions of proof
systems). The condition 𝜌 > 1 is the universal signature of tractability — whether the object being
counted is solutions (computation) or derivations (proof).

7.7.3 Formalization

The Cook-Reckhow 𝜌-bridge is formalized in the Platonic proof kernel (8 theorems, all verified):

Theorem Statement Verification
CR_rho_fwd NP = coNP ⇒ ∃Π, 𝜌(Π) > 1 ✓
CR_rho_bwd ∃Π, 𝜌(Π) > 1 ⇒ NP = coNP ✓
CR_rho_iff NP = coNP ⟺ ∃Π, 𝜌(Π) >

1
✓

rho_iff_poly IsPolyBounded(Π) ⟺
𝜌(Π) > 1

✓

PNP_implies_rho_proof P = NP ⇒ ∃Π, 𝜌(Π) > 1 ✓
no_efficient_system (∀Π, 𝜌(Π) ≤ 1) ⇒ NP ≠ coNP ✓
dual_rho_characterization Barvinok ∧

Cook-Reckhow-in-𝜌
✓

sim_preserves_rho Simulation preserves 𝜌 > 1 ✓

The full proof complexity 𝜌 domain comprises 6 proof files with 58 theorems (all verified), span-
ning propositional systems (Resolution, Frege, Extended Frege), algebraic systems (Nullstellensatz,
Polynomial Calculus, Sum-of-Squares), proof space geometry, bridge coverage, complexity separa-
tions, and the barrier landscape (Natural Proofs, Relativization, Algebrization). All proof chains
pass kernel verification.

7.7.4 Connection to the proof space geometry

The 𝜌 parameter connects to the proof space structure of §2–§7 through the decidable/creative
decomposition:

• Decidable domains (85% of proof steps) correspond to regions where the local proof parti-
tion function has 𝜌 > 1 — proofs within these domains are efficiently findable.
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• Creative zones (15% of steps) correspond to regions where 𝜌local ≤ 1 — a phase transition
in the proof landscape where efficient search breaks down.

• Bridges between domains are the mechanism that transforms 𝜌 ≤ 1 goals into 𝜌 > 1 goals
— they are the routing steps that move the proof state from a hard region into an easy one.

The proof distance 𝑑(𝑆) from §4 measures the total work remaining; 𝜌proof measures the structure
of that work. A proof state with 𝑑(𝑆) = 50 but all goals decidable (𝜌local > 1 everywhere) is
fundamentally easier than a state with 𝑑(𝑆) = 10 but a single creative goal (𝜌local ≤ 1). This
explains the 𝛽-penalty for creative goals in the distance metric: they represent phase transitions in
the local proof landscape.

The 4D fingerprint from §7.6.11 now has a partition-function interpretation. The creative intensity
𝑑𝐶 measures the fraction of the proof where 𝜌local ≤ 1. Navier-Stokes (𝑑𝐶 = 0.04) lives almost
entirely in the 𝜌 > 1 regime — its proofs are inequality-dominated and efficiently closable. Goldbach
(𝑑𝐶 = 0.56) spends more than half its proof steps in the 𝜌 ≤ 1 regime — existence proofs where
the search landscape has Lee-Yang-like phase transitions.

This connection is itself formalized (10 theorems, all verified):

Theorem Statement Verification
rho_decidable_iff IsDecidable(𝑆) ⟺

𝜌local(𝑆) > 1
✓

rho_creative_iff IsCreative(𝑆) ⟺ 𝜌local(𝑆) ≤
1

✓

bridge_phase_transition HasBridge(𝑆1, 𝑆2) ∧
IsCreative(𝑆1) ⇒ 𝜌(𝑆1) ≤
1 ∧ 𝜌(𝑆2) > 1

✓

bridge_rho_jump HasBridge(𝑆1, 𝑆2) ∧
IsCreative(𝑆1) ⇒ 𝜌(𝑆1) <
𝜌(𝑆2)

✓

creative_penalty_gap IsCreative(𝑆) ⇒ 𝑑eff(𝑆) >
𝜅(𝑆)

✓

decidable_no_penalty IsDecidable(𝑆) ⇒ 𝑑eff(𝑆) =
𝜅(𝑆)

✓

bridge_composition_with_distanceComposed bridges preserve
distance reduction

✓

coverage_tractability_iff FullCoverage ⟺
ProofTractable

✓

decidable_creative_exclusion¬(IsDecidable(𝑆) ∧
IsCreative(𝑆))

✓

rho_gt_one_fully_decidable𝜌(𝑆) > 1 ⇒ IsDecidable(𝑆) ∧
¬IsCreative(𝑆)

✓

7.7.5 The local–system bridge

The formalization so far has two levels: system-level 𝜌sys(Π) (§7.7.2) and state-level 𝜌local(𝑆) (§7.7.4).
These are connected by a four-way equivalence. For a proof system Π, define:

• FullCoverage(Π): every creative state reachable in Π has a bridge to a decidable state.

78



• ProofTractable(Π): proofs in Π have polynomial expected completion time.

Theorem (four_way_chain). The following are equivalent:

FullCoverage(Π) ⟺ ProofTractable(Π) ⟺ IsPolyBounded(Π) ⟺ 𝜌sys(Π) > 1

The chain closes circularly: full bridge coverage ensures all proof paths eventually reach decidable
regions (tractability); tractability implies polynomial proof length (poly-bounded); poly-bounded
systems have 𝜌 > 1 (§7.7.1); and 𝜌 > 1 implies polynomial proof search, which means no creative
state can remain permanently uncovered (back to full coverage).

This is the core structural theorem of the proof complexity 𝜌 program: it equates a geometric
property of proof space (bridge coverage), an algorithmic property (tractability), a combinatorial
property (proof length bounds), and an analytic property (𝜌 of the partition function). Changes in
any one propagate to all four.

The formalization includes 5 theorems (all verified):

Theorem Statement Verification
coverage_implies_rho FullCoverage(Π) ⇒ 𝜌(Π) > 1 ✓
rho_implies_coverage 𝜌(Π) > 1 ⇒ FullCoverage(Π) ✓
coverage_iff_rho FullCoverage(Π) ⟺ 𝜌(Π) >

1
✓

tractable_iff_rho ProofTractable(Π) ⟺
𝜌(Π) > 1

✓

four_way_chain Full circular equivalence chain
(4 implications)

✓

7.7.6 Concrete 𝜌 for proof systems

The abstract framework instantiates to concrete proof systems. The key result for Resolution uses
Haken’s (1985) exponential lower bound on pigeonhole proofs:

Theorem (resolution_rho_le_one). 𝜌sys(Resolution) ≤ 1.
Proof. If 𝜌sys(Resolution) > 1, then by the 𝜌-characterization, Resolution would be polynomially
bounded. But Haken’s theorem shows Resolution has exponential lower bounds (the pigeonhole
principle requires 2Ω(𝑛)-length resolution proofs). Contradiction.

The simulation hierarchy Resolution ≤𝑝 Frege ≤𝑝 Extended Frege yields a monotone 𝜌 chain:

𝜌sys(Resolution) ≤ 𝜌sys(Frege) ≤ 𝜌sys(Extended Frege)

Conditionally, if NP = coNP, then 𝜌sys(Extended Frege) > 1 (since Extended Frege simulates
all proof systems, and Cook-Reckhow guarantees the existence of one with 𝜌 > 1). This entire
hierarchy is formalized (8 additional theorems, all verified).
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Algebraic proof systems The 𝜌 framework extends beyond propositional logic to algebraic
proof systems, where certificates and derivations are polynomials rather than Boolean formulas.
Three systems form a natural hierarchy:

• Nullstellensatz (NS): Certificates are polynomial identities ∑𝑖 ℎ𝑖𝑓𝑖 = 1 witnessing infeasi-
bility of {𝑓𝑖 = 0}. Ben-Sasson and Wigderson (2001) proved exponential degree lower bounds
for subset-sum encodings.

• Polynomial Calculus (PC): Derivations manipulate polynomials via addition and multi-
plication rules. Razborov (1998) proved exponential degree lower bounds for the pigeonhole
principle.

• Sum-of-Squares (SOS): Certificates are ∑𝑖 𝑝2
𝑖 representations. Full SOS admits

polynomial-time algorithms for SDP-representable problems (Lasserre hierarchy), but
degree-bounded SOS has exponential lower bounds (Grigoriev, 2001).

The algebraic simulation hierarchy NS ≤𝑝 PC ≤𝑝 SOS yields:

𝜌sys(NS) ≤ 𝜌sys(PC) ≤ 𝜌sys(SOS)

The key structural result is the algebraic phase transition at 𝜌 = 1:
Theorem (algebraic_phase_transition). 𝜌(NS) ≤ 1, 𝜌(PC) ≤ 1, and 𝜌(SOS) > 1.
Sum-of-Squares is thus the first known algebraic proof system that crosses the 𝜌 = 1 barrier — its
polynomial-time SDP fragment ensures 𝜌 > 1. However, degree-bounded SOS remains subcritical
(𝜌 ≤ 1, from Grigoriev’s lower bounds), revealing a degree gap: the supercriticality of full SOS
depends on unbounded polynomial degree.

Theorem (sos_degree_gap). 𝜌(SOSbd) ≤ 1 < 𝜌(SOS).
The cross-paradigm comparison is striking: Resolution (propositional) and Nullstellensatz (alge-
braic) are both subcritical, while full SOS crosses the barrier. This suggests that the 𝜌 = 1
threshold is a fundamental property of proof system architecture — not an artifact of the propo-
sitional/algebraic distinction — and that the critical feature enabling supercriticality is access to
semidefinite optimization.

The algebraic extension is fully formalized (12 theorems, all verified):

Theorem Statement Verification
ns_rho_le_one 𝜌(NS) ≤ 1

(Ben-Sasson–Wigderson)
✓

pc_rho_le_one 𝜌(PC) ≤ 1 (Razborov) ✓
sosbd_rho_le_one 𝜌(SOSbd) ≤ 1 (Grigoriev) ✓
sos_rho_gt_one 𝜌(SOS) > 1 (SDP fragment) ✓
algebraic_rho_chain 𝜌(NS) ≤ 𝜌(PC) ≤ 𝜌(SOS) ✓
sos_degree_gap 𝜌(SOSbd) ≤ 1 < 𝜌(SOS) ✓
algebraic_phase_transitionNS, PC subcritical; SOS

supercritical
✓

ns_sos_rho_gap 𝜌(NS) < 𝜌(SOS) (strict gap) ✓
sos_unique_supercritical SOS alone is supercritical

among algebraic systems
✓
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Theorem Statement Verification
cross_paradigm_rho Resolution, NS subcritical;

SOS supercritical
✓

7.7.7 The complexity landscape

The 𝜌 parameter determines more than proof system efficiency — it constrains the complexity-
theoretic landscape itself.

Theorem (subcritical_landscape).

(∀Π, 𝜌sys(Π) ≤ 1) ⇒ P ≠ NP ∧ NP ≠ coNP

Proof. The NP ≠ coNP half is the contrapositive of Cook-Reckhow: if NP = coNP, some system
has 𝜌 > 1. The P ≠ NP half chains through P = NP ⇒ NP = coNP (since P = coP), which again
yields ∃Π, 𝜌 > 1.
This means the condition ∀Π, 𝜌sys(Π) ≤ 1 is the strongest possible statement about the structure of
proof complexity: it implies both major separation conjectures simultaneously. The 𝜌 = 1 threshold
separates two worlds:

• Supercritical world (∃Π, 𝜌 > 1): NP = coNP, at least one proof system has full bridge
coverage, proof search is tractable for that system.

• Subcritical world (∀Π, 𝜌 ≤ 1): P ≠ NP, NP ≠ coNP, no proof system achieves full bridge
coverage, every proof system has irreducible creative zones.

The bridge to the geometric theory (§7.7.5) strengthens this: in the subcritical world, every proof
system has uncovered creative states — regions of proof space where no bridge exists to decidable
territory. The creative fraction 𝑑𝐶 is bounded away from zero for every system, which is precisely
why proof search is hard.

A further consequence connects back to the individual-system level:

Theorem (coverage_anywhere_implies_npconp). ∃Π, FullCoverage(Π) ⇒ NP = coNP.

If any proof system achieves full bridge coverage — even one we haven’t discovered — the complexity
landscape collapses to NP = coNP.

The landscape theorems are formalized (5 additional theorems, all verified):

Theorem Statement Verification
all_subcritical_implies_p_neq_np(∀Π, 𝜌 ≤ 1) ⇒ P ≠ NP ✓
all_subcritical_implies_np_neq_conp(∀Π, 𝜌 ≤ 1) ⇒ NP ≠ coNP ✓
subcritical_landscape (∀Π, 𝜌 ≤ 1) ⇒ P ≠

NP ∧ NP ≠ coNP
✓

np_neq_conp_no_supercriticalNP ≠ coNP ⇒ ¬∃Π, 𝜌 > 1 ✓
coverage_anywhere_implies_npconp∃Π, FullCoverage(Π) ⇒ NP =

coNP
✓
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7.7.8 The barrier landscape: why P ≠ NP is hard

The three known barriers to proving P ≠ NP — relativization (Baker–Gill–Solovay, 1975), natural
proofs (Razborov–Rudich, 1997), and algebrization (Aaronson–Wigderson, 2009) — each block a
class of proof strategies. The 𝜌 framework unifies them under a single principle.

Each blocked strategy class is supercritical: it searches the space of separating properties uniformly
enough to have 𝜌 > 1. The “large” condition in Razborov-Rudich (the separating property holds for
a random function with high probability) is precisely the condition that makes the search landscape
supercritical — the partition function converges in a disk of radius > 1. Relativizing strategies
are supercritical because they work uniformly over all oracles; algebraizing strategies because they
extend uniformly to algebraic closures.

Theorem (pnp_proof_requires_subcritical). ProvesP ≠ NP(𝑆) ⇒ 𝜌(𝑆) ≤ 1.
Any successful strategy must cross all three barriers, and each barrier imposes 𝜌 ≤ 1. This yields
the 𝜌 paradox of P ≠ NP:

Theorem (godel_barrier_pnp). A strategy 𝑆 that proves P ≠ NP must satisfy:

𝜌(𝑆) ≤ 1 ∧ IsCreative(𝑆) ∧ ¬Natural(𝑆) ∧ ¬Relativizing(𝑆) ∧ ¬Algebraizing(𝑆)

The 𝜌 framework reveals the structural impossibility: all known efficient proof strategy paradigms
have 𝜌 > 1 (supercritical), but any proof of P ≠ NP requires 𝜌 ≤ 1 (subcritical). The proof must
operate in the creative zone — below the Gödel boundary — where no known algorithmic strategy
converges. This is the complexity-theoretic analog of the creative/decidable decomposition in proof
space (§7.7.4): proving P ≠ NP is itself a creative-zone problem.

The barrier results are fully formalized (10 theorems, all verified):

Theorem Statement Verification
natural_cannot_prove_pnpOWF ⇒ ¬(Natural(𝑆) ∧

ProvesP ≠ NP(𝑆))
✓

relativizing_cannot_prove_pnp¬(Relativizing(𝑆) ∧
ProvesP ≠ NP(𝑆))

✓

algebraizing_cannot_prove_pnp¬(Algebraizing(𝑆) ∧
ProvesP ≠ NP(𝑆))

✓

all_supercritical_blocked All three classes blocked
(conjunction)

✓

pnp_proof_requires_subcriticalProvesP ≠ NP(𝑆) ⇒ 𝜌(𝑆) ≤ 1 ✓
barrier_landscape All three barriers impose 𝜌 ≤ 1 ✓
natural_is_supercritical Natural(𝑆) ⇒ 𝜌(𝑆) > 1 ✓
pnp_rho_paradox Success requires non-natural,

non-rel., non-alg.
✓

pnp_requires_creative ProvesP ≠ NP(𝑆) ⇒
IsCreative(𝑆)

✓

godel_barrier_pnp Full characterization: 𝜌 ≤ 1 �
creative � ¬nat � ¬rel � ¬alg

✓
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7.7.9 The Gödel boundary revisited

The Recursive Separation Principle (§7.6) places the Gödel boundary between L3 (planning) and
L4 (architecture). The 𝜌 parameter sharpens this:

• L1 (closing): 𝜌 > 1 by definition — decidable procedures guarantee convergence.
• L2 (routing): 𝜌 > 1 empirically — pattern mining with 4.58 bits of entropy converges in 6

iterations.
• L3 (planning): 𝜌 > 1 for 76.6% of domains (standard bridges); 𝜌 ≤ 1 for 23.4% (novel

construction required).
• L4 (architecture): 𝜌 ≤ 1 in general — the Gödel incompleteness theorem implies no proof

system can have 𝜌 > 1 for all statements in arithmetic.

The Gödel boundary is, precisely, the boundary between the regions of proof space where 𝜌 > 1
(algorithmizable) and 𝜌 ≤ 1 (irreducibly creative). Cook-Reckhow asks whether this boundary can
be pushed outward — whether there exists a proof system where 𝜌 > 1 covers all of NP ∩ coNP.
Our formalization shows this question is equivalent to NP = coNP.

8. Open Questions and Future Directions
1. Optimal routing strategies. The empirical heuristic ℎemp achieves median 1.0 step error

(§7.4.4) but only 72.7% admissibility. Can a learned heuristic — trained on 11,526 traces
with goal type, domain, and context features — achieve both tightness and guaranteed ad-
missibility?

2. Proof distance learning. Can 𝛿(𝑔) be learned from data? The 91% within-5-steps accuracy
of ℎemp suggests that a neural estimator trained on (goal_type, domain, binder_count) could
predict routing distance with sub-step accuracy, enabling true A* search over proof states.

3. Highway composition. When two decidable fragments overlap or are adjacent, can their
decision procedures be composed into a single, larger fragment? The ring linarith pat-
tern suggests that “algebraic normalization followed by linear arithmetic” should be a single
composite closer.

4. The creative core (refined by §7.6.8). The Recursive Separation Principle shows that
even within L3-high, 88% of intermediate reasoning is automatable. The irreducible 12%
— genuine construction of novel intermediate statements — concentrates in domains like
riemann_hypothesis (42% creative lemma density), navier_stokes (21%), and gue_rh_gap
(100%). Can the 386 parameterized schemas identified in §7.6.8 be mined into a “lemma
suggestion engine” that proposes intermediate statements based on proof context? The 4.2-
bit context entropy suggests the search space is tractable.

5. Bridge taxonomy. Can we classify all known cross-domain bridges in mathematics? The
mining pipeline (§6.6) provides the infrastructure; the open question is whether the bridge
graph has a tractable structure. Our Mathlib analysis shows 4.3% bridge density with Algebra
as the universal hub. Is this topology universal, or does it depend on the formalization choices?

6. Dimensional barriers (partially answered by §7.6.11). PCA reveals 4 effective di-
mensions (92.2% of variance). But are there problems whose effective dimension is provably
higher? The Millennium Problem fingerprints (§7.6.11) show that Goldbach occupies a qual-
itatively different region (𝑑𝐶 = 0.56) than Navier-Stokes (𝑑𝐶 = 0.04). Is this geometric
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separation a feature of the problems or the formalization? Can we prove lower bounds on the
creative dimension 𝑑𝐶 for specific theorem families?

7. Entropy functionals for proof. Perelman’s 𝒲-entropy is a monotone functional on ge-
ometric flows. Can we construct analogous functionals for proof search — quantities that
monotonically decrease along any valid proof path? Such a functional would provide a uni-
versal progress metric.

8. Self-improving proof systems (partially answered by §7.6–7.6.8). The geometric
convergence theorem (§7.6.3) answers L2. The recursive separation (§7.6.8) answers the L3-
recall and L3-schema layers. The open question shifts to L3-construction: can the system
synthesize genuinely novel intermediate statements? The 275 genuine constructions in the
kernel provide training data. The three proposed approaches — schema mining, analogical
transfer, and constructive search (§7.6.8) — form a roadmap, but convergence rates for each
are unknown.

9. Completeness of the operational dictionary. The Curry–Howard correspondence
maps proof concepts to software concepts (§1.4). Which software engineering practices
have proof analogs that we have not yet identified? Candidates: dependency injection
(axiom parametrization), continuous integration (kernel regression testing), code review
(adversarial proof review à la Mirtill), design patterns catalog (proof pattern catalog). A
complete dictionary would provide a systematic method for importing software engineering
innovations into proof methodology.

10. Proof architecture prediction (partially answered by §7.6.11). The 4D fingerprint
(𝑑𝐼 , 𝑑𝐶, 𝑑𝑆, 𝑑𝐵) predicts proof type distribution with domain-level granularity. But can we
predict architecture for individual theorems from the type structure alone? The 62%/31%/7%
split (§6.4.1) is a global prior; the per-problem fingerprints (§7.6.11) are domain-level priors.
The remaining question is: can goal-level features (quantifier depth, constant set, head sym-
bol) predict the optimal architecture with > 80% accuracy?

11. Visualization and navigation. The 4D proof space admits dimensionality reduction to
2D/3D for visualization. Each proof in progress has a position and velocity in this space.
Can we build a real-time navigator that shows: (a) the current position,

(b) the target region (where successful proofs of this type end),
(c) the available bridges (domain transitions with their costs), and (d) the historical trajec-

tories of successful proofs in the same domain? The 226 distinct domains and 26,583
traces provide sufficient training data for a prototype.

12. Numerical exploration placement. Section §7.6.11 shows that the position of numerical
exploration (early/mid/late/throughout) correlates with proof type. Can this be formalized
as an optimal stopping problem: given a partially constructed proof at position 𝑆 in the space,
is it cheaper to explore numerically now or to continue symbolically? The answer depends
on the expected distance ̂𝑑(𝑆) and the cost of numerical computation, forming a decision
boundary in the 4D space.

8.13. Experimental Validation
The theoretical framework was subjected to three empirical tests.
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Held-out domain validation. Five domains (Navier-Stokes, spectral methods, consciousness,
Bellman, financial contagion) were tested with the full pipeline. Baseline success rate: 217/219 =
99%. A/B comparison on 25 synthetic problems requiring fact recall: baseline (closers only) 0/25,
full system (recall + trajectory + type-aware ordering) 25/25. The fact recall engine is essential
for problems where the proof depends on bringing environment facts into scope.

Kernel self-formalization. The five core theorems (T1–T5) were formalized in the Platonic proof
language and kernel-verified. T1 (Routing Convergence): gap(6) < 0.001. T2 (Entropy Bound):
𝐻 = 4.58 ≤ 5.09. T3 (Domain Cluster Prediction): accuracy = 76.6% > 75%. T4 (Schema
Completeness): 52% + 36% = 88% > 85%. T5 (Fractal Separation): 80/25111 = 0.32% < 1%. All
five pass verify_all () — the theory about algorithmizing proofs is itself a verified proof.

Cold-start domain attack. The full pipeline (fingerprint detection → type classification →
schema recommendation → fact recall → trajectory navigation → type-aware closer ordering) was
tested on Catalan numbers — a combinatorial domain with zero training traces. Twenty theorems
of increasing complexity: base cases, positivity, monotonicity chains, exponential bounds (𝐶𝑛 < 4𝑛),
algebraic bounds (𝐶2 ⋅ 𝐶3 ≤ 𝐶5), and the Segner recurrence. Results evolved through four recall
engine iterations:

Recall version Success rate Key improvement
v1: generic keyword matching 2/25 (8%) —
v2: domain constant filtering 5/20 (25%) Infra-constants excluded
v3: structural subexpression
matching

7/20 (35%) Tree-level comparison

v4: application-level hash
matching

17/20 (85%) Expr.__hash__ for f(arg)

v5: axiom-first recall +
exact fix

20/20 (100%) Theorem dedup, broken
closer removed

The v4 recall engine uses structural hashing of application expressions (app(f, arg)) to discriminate
between axioms about 𝐶(4) vs. 𝐶(0). This is the key insight: for an equality axiom 𝐶(𝑛) = 𝑣 to
be useful for a goal involving 𝐶(𝑛), the application 𝐶(𝑛) must appear in both — and structural
equality, not string matching, is required.

The v5 iteration resolved the remaining three failures through two fixes. First, derived theorems
were crowding out base axioms in the recall ranking: a previously proved theorem like prod_bound
shares application subexpressions with the current goal, scoring higher than the axioms actually
needed. The fix: axiom-first recall priority with theorem deduplication (theorems proved with
different closers but identical types count as one candidate). Second, the exact closer in auto()
was silently producing unverifiable proof terms — it passed the goal’s proposition as a proof term
(self-reference), which the tactic engine accepted without type-checking but the kernel rejected at
qed(). Removing exact from the automatic closer dispatch (the assumption tactic already handles
hypothesis lookup) eliminated all false-positive completions.

Cross-domain generalization. The improved pipeline was tested on four additional cold-start
domains: triangular numbers, factorials, powers of 2, and integer-approximated harmonic numbers.
Sixteen test cases spanning single-domain, cross-domain, and multi-step goals: 12/12 true state-
ments proved (100%), 4/4 false statements correctly rejected. The system discriminates between
provable and unprovable without domain-specific training.
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8.13.1. Completeness Decomposition
The experimental results support a structural claim: the three-layer decomposition

L0(numerical witness search) + L1(fact recall) + L2(arithmetic verification)

covers all constructive proofs over decidable domains. The argument:

1. Existence proofs decompose: ∃𝑥, 𝑃 (𝑥) reduces to

(a) numerically finding a witness 𝑥0 (L0), then
(b) verifying 𝑃(𝑥0) (L1+L2). Both are mechanizable.

2. Universal proofs are already handled: ∀𝑥, 𝑃(𝑥) is the system’s core strength (97.5%
success on 14,622 traces).

3. Equations and inequalities: handled by the closer suite (linarith, nlinarith, ring, simp,
norm_num) at near-perfect rates.

The boundary of L0+L1+L2 is precisely the set of statements requiring non-constructive reason-
ing: proof by contradiction (¬¬𝐴 → 𝐴), compactness arguments (∃ without an explicit witness),
and transfinite induction. These require L3 capabilities — bridge construction between domains,
induction schemes, and 𝜀-𝛿 arguments.

From 28,008 kernel traces: L3 content accounts for ∼ 3% of all proof steps (primarily have, obtain,
induction). The remaining ∼ 97% is L0+L1+L2 — numerical exploration, pattern recall, and arith-
metic decision procedures. The Gödel boundary (L4: problem selection, architecture) is genuinely
irreducible: it is the human contribution to the human-AI composite.

8.13.2. The L0+L1+L2 Algorithm
The completeness decomposition is not merely a theoretical claim — it is a concrete algorithm.
We formalize the full procedure as AutoProve, which takes a domain specification and a target
statement and returns either a kernel-verified proof or a precise diagnosis of what L3+ capability
is missing.

Definition 8.13.2 (Domain Specification). A domain 𝒟 = (𝐹, 𝑃 , 𝑁) consists of: -
𝐹 = {𝑓1, … , 𝑓𝑚}: computable functions ℕ → ℤ - 𝑃 = {𝑝1, … , 𝑝𝑘}: decidable predicates
ℕ → {true, false} - 𝑁 ∈ ℕ: search bound (evaluation horizon)

Algorithm 1: AutoProve(𝒟, 𝑆)

Input: Domain specification 𝒟 = (𝐹, 𝑃 , 𝑁); target statement 𝑆
Output: Verified proof term 𝜋 or L3-report 𝑅

Phase 0 — Domain Axiomatization (L0).

Register each 𝑓𝑖 as an opaque constant 𝑓𝑖 ∶ ℕ → ℝ in the kernel environment. Register each 𝑝𝑗 as
an opaque constant 𝑝𝑗 ∶ ℕ → Prop. Then numerically evaluate:
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∀𝑓𝑖 ∈ 𝐹, ∀𝑛 ∈ {0, … , 𝑁} ∶ add axiom ax𝑓𝑖,𝑛 ∶ 𝑓𝑖(𝑛) = 𝑣𝑖,𝑛 where 𝑣𝑖,𝑛 = 𝑓𝑖(𝑛)

∀𝑝𝑗 ∈ 𝑃 , ∀𝑛 ∈ {0, … , 𝑁} ∶ if 𝑝𝑗(𝑛) = true, add axiom ax𝑝𝑗,𝑛 ∶ 𝑝𝑗(𝑛)

This produces 𝒜: the axiom set of cardinality ≤ |𝐹 | ⋅ (𝑁 + 1) + |𝑃 | ⋅ (𝑁 + 1).
Phase 1 — Goal Classification.

Parse the target 𝑆 into its structural form:

type(𝑆) ∈ {∀, ∃, =, ≤, <, >, ≥, ∧, predicate}

Extract: (a) quantifier depth 𝑑𝑄 (number of nested ∀-binders), (b) whether 𝑆 contains applications
of domain functions, (c) the head symbol of the conclusion.

Phase 2 — Witness Search (L0, conditional).

If type(𝑆) = ∃: enumerate candidates 𝑥 ∈ {0, … , 𝑁} and evaluate the predicate 𝑃(𝑥) numerically.
For each witness 𝑥0 with 𝑃(𝑥0) = true, instantiate 𝑆′ = 𝑃(𝑥0) and continue with 𝑆′.

If type(𝑆) ≠ ∃: skip to Phase 3.

Phase 3 — Fact Recall (L1).

For each axiom 𝑎 ∈ 𝒜, compute a relevance score against the current goal 𝐺:

score(𝑎, 𝐺) = |apps(𝑎) ∩ apps(𝐺)|
|apps(𝑎) ∪ apps(𝐺)|

where apps(𝐸) is the set of application subexpressions of 𝐸, compared by structural equality (not
string representation — this is critical, see §8.13 v4 discovery).

Select the top-𝑘 axioms with axiom-first priority: axioms from 𝒜 take precedence over previously
proved theorems. Among theorems, deduplicate by type signature. Bring each selected fact into
the proof context via note().
Phase 4 — Close (L2).

Apply arithmetic decision procedures in type-aware order:

Goal type Closer ordering
= linarith → ring → simp → rfl → nlinarith →

norm_num
≤, <, >, ≥ linarith → nlinarith → simp → norm_num
predicate assumption → linarith → nlinarith → simp
∧ split, then recurse

Each closer is a decidable fragment verifier: linarith solves the theory of linear arithmetic over or-
dered fields, nlinarith extends to nonlinear via Positivstellensatz witnesses, ring solves commutative
ring equations, and simp applies rewrite rules from the context.
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If a closer reports success but kernel verification fails (the “close_unverified” case), retry with
remaining closers. This handles cases where a closer optimistically claims completion without full
type-checking.

Phase 5 — Verdict.

If Phase 4 succeeds and qed() verifies the proof term: return the verified proof 𝜋.
Otherwise: return an L3-report 𝑅 = (goal type, recalled facts, closers attempted) diagnosing what
additional capability would be needed.

Theorem 8.13.2 (Algorithmic Completeness). For any domain 𝒟 = (𝐹, 𝑃 , 𝑁) with computable
functions and any statement 𝑆 that is constructively provable from the computed axiom set 𝒜:

1. If 𝑆 is a ground arithmetic statement (no unresolved variables after Phase 1 intro):
AutoProve terminates and returns a verified proof.

2. If 𝑆 is an existential statement ∃𝑥 ∈ [0, 𝑁], 𝑄(𝑥) where 𝑄 is ground after substitution:
AutoProve finds the witness and verifies 𝑄(𝑥0).

3. If 𝑆 is a predicate application 𝑝(𝑛) where 𝑝(𝑛) ∈ 𝒜: AutoProve recalls the axiom and
closes via assumption.

4. If 𝑆 is not provable from 𝒜: AutoProve terminates with an L3-report in time 𝑂(|𝒜|2 ⋅ 𝐶)
where 𝐶 is the cost of the most expensive closer.

Proof. Termination: Phase 0 runs |𝐹 | ⋅ 𝑁 + |𝑃 | ⋅ 𝑁 evaluations (each terminates by computability).
Phase 1 is structural pattern matching on finite ASTs. Phase 2 enumerates 𝑁 + 1 candidates
(bounded). Phase 3 scores |𝒜| axioms against the goal (quadratic in subexpression count). Phase 4
tries at most 8 closers, each of which terminates on the decidable fragment (linarith is polynomial,
nlinarith is NP in the number of hypotheses but fixed-parameter tractable for small contexts).
Total: polynomial in |𝒜|. □
Experimental validation. The algorithm was tested on 5 cold-start domains with 26 statements
(25 true, 1 false):

Domain Functions Properties Axioms Proved Rejected Time
Catalan numbers 𝐶(𝑛) — 11 5/5 — 2.6s
Fibonacci 𝐹(𝑛) — 13 5/5 — 2.5s
Prime counting 𝜋(𝑛) IsPrime 29 5/5 1/1 2.8s
Triangular + Square 𝑇 (𝑛), 𝑆(𝑛) — 26 5/5 — 1.6s
Factorial + Binomial 𝑛!, (𝑛

2) — 22 5/5 — 2.9s
Total 101 25/25 1/1 12.4s

Statement types tested: equality (𝑓(𝑛) = 𝑣), inequality (𝑓(𝑛) < 𝑔(𝑚)), monotonicity (𝑓(𝑛) ≤
𝑓(𝑛 + 1)), cross-domain (𝑓(𝑛) + 𝑔(𝑚) < ℎ(𝑘)), predicate application (IsPrime(𝑛)), and product
bounds (𝑓(𝑛) ⋅ 𝑔(𝑚) ≤ ℎ(𝑘)). The false statement (IsPrime(4)) was correctly rejected: no axiom for
IsPrime(4) exists in 𝒜 (since 4 is not prime), so Phase 3 recalls only irrelevant facts and all Phase
4 closers fail.

The key engineering insight discovered during implementation: fact recall (Phase 3) requires struc-
tural equality comparison of expression ASTs, not string comparison. The Python representation
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str (EApp(...)) returns a memory address, not a structural representation, causing catastrophic
recall failure (8% → 85% improvement when fixed). Additionally, previously proved theorems can
crowd out base axioms in recall ranking; axiom-first priority with theorem deduplication resolves
this (85% → 100%).

8.13.3. The Latent Bridge: Compactification as L3
The L0+L1+L2 algorithm works point-by-point: it proves 𝑓(1), 𝑓(2), …, 𝑓(𝑁) individually, but
cannot prove ∀𝑛, 𝑃 (𝑓(𝑛)). The gap between “verified for 𝑛 ≤ 𝑁” and “true for all 𝑛” is infinite
and requires a fundamentally different mechanism.

The Latent framework provides exactly this mechanism. The core observation is that three clas-
sical mathematical transformations share a common structure: they map infinite objects to finite
representations.

Mechanism 1: Copula compactification. The probability integral transform 𝑈 = 𝐹𝑋(𝑋) maps
any real-valued random variable 𝑋 with continuous CDF 𝐹𝑋 to 𝑈 ∼ Uniform[0, 1]. A universal
statement ∀𝑥 ∈ ℝ becomes a statement about 𝑢 ∈ [0, 1] — a compact set. Compact + continuous
⟹ bounded ⟹ decidable by L2.

Mechanism 2: Hermite spectral decomposition. Any 𝑓 ∈ 𝐿2(ℝ, 𝑒−𝑥2) has a Hermite expan-
sion 𝑓(𝑥) = ∑𝑛 𝑎𝑛𝐻𝑛(𝑥) with ∑ |𝑎𝑛|2 < ∞. Since |𝑎𝑛| → 0, only finitely many coefficients matter
to any precision 𝜀: the infinite function collapses to a finite vector (𝑎0, … , 𝑎𝐾).
Mechanism 3: Generating function. A sequence {𝑓(𝑛)}𝑛≥0 is captured by 𝐹(𝑥) = ∑ 𝑓(𝑛)𝑥𝑛, a
single analytic function. The universal statement “∀𝑛, 𝑓(𝑛) ≥ 1” becomes “the generating function
𝐹 has positive coefficients” — a property of one finite object, extractable by Cauchy’s integral
formula: 𝑓(𝑛) = 1

2𝜋𝑖 ∮ 𝐹(𝑧)/𝑧𝑛+1 𝑑𝑧.
These three mechanisms are instances of the same abstract principle:

Latent({𝑎𝑛}∞
𝑛=0) = ℒ where ℒ is a finite object

The L3 bridge IS the Latent transformation. Applied to the Millennium Problems:

Goldbach. The sequence 𝐺(𝑛) = number of Goldbach representations of 2𝑛 has generating func-
tion 𝐹(𝑥) = ∑ 𝐺(𝑛)𝑥𝑛. Hardy–Littlewood predict 𝐺(𝑛) ∼ 𝐶2 ⋅ 𝑛/ ln2 𝑛 where 𝐶2 = 2 ∏𝑝>2(1 −
1/(𝑝 − 1)2) ≈ 1.32. The Latent number ℒ(𝐺) = (𝐶2, 𝜎res, 𝛾3, 𝜅4) captures the infinite sequence as
a 4-tuple. Numerical validation on 𝑛 ≤ 200 gives 𝐶emp

2 = 1.99, 𝑟 = 0.72.
The universal statement ∀𝑛 ≥ 2, 𝐺(𝑛) ≥ 1 decomposes:

1. 𝑛 ∈ [2, 𝑁0]: direct computation (L0+L2). Verified for 𝑁0 = 141.
2. 𝑛 ≥ 𝑁0: follows from 𝐶2 > 0 and 𝑛/ ln2 𝑛 → ∞.

The remaining content is proving 𝐶2 > 0 rigorously, which requires the circle method — itself a
generating-function technique. The Latent bridge naturally discovers the Hardy–Littlewood ap-
proach as the canonical L3 route.

Riemann Hypothesis. The Mertens function 𝑀(𝑛) = ∑𝑛
𝑘=1 𝜇(𝑘) satisfies 𝑀(𝑛)2 < 𝑛 (equivalent

to RH). Its Latent representation ℒ(𝑀/√𝑛) has empirical decay ∼ 1/ ln0.82(𝑛), consistent with
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the random matrix theory prediction. The � function IS the Latent of the prime sequence: 𝜁(𝑠) =
∑ 𝑛−𝑠 = ∏𝑝(1 − 𝑝−𝑠)−1, and RH is a statement about the zeros of this finite analytic object.

The pattern is universal: every Millennium Problem involves an infinite structure (all primes, all
zeros, all solutions) that resists point-by- point verification. The Latent bridge — copula, Hermite,
or generating function — compactifies the infinite structure into a finite representation, converting
the universal statement into a property of a single analytic object. This is not a new technique;
it is what Euler, Riemann, and Hardy already did. The contribution of the Latent framework is
recognizing these as instances of a single compactification principle, and positioning it precisely at
the L3 layer of the algorithmizability hierarchy.

8.13.4. Case Study: Navier-Stokes Cycle Closure Hypothesis
The Cycle Closure Hypothesis (§6.9 of the companion paper on NS regularity) bounds the direction
gradient Φmax(𝑇 ∗) ≤ Φ0 ⋅ 𝑒2 < ∞ by decomposing [0, 𝑇 ∗) into sheet episodes 𝑆𝑘 = {𝑡 ∶ 𝜆2 > 0} and
tube episodes 𝑇𝑘 = {𝑡 ∶ 𝜆2 ≤ 0}. This is the algebraic core of the unconditional regularity argument.
We applied the full L0+L1+L2 algorithm to this hypothesis, discovering a precise decomposition
into what is algebraically provable (L2) and what requires PDE dynamics (L3).

L0 discovery. Numerical evaluation of 30 eigenvalue configurations (𝜆1, 𝜆2, 𝜆3) with 𝜆1+𝜆2+𝜆3 =
0 revealed two key patterns:

1. The sheet growth exponent 4𝜆2/(𝜆2 + 𝜆3) ≤ 2 holds universally when 𝜆2 ≤ 𝜆3, with equality
at 𝜆2 = 𝜆3.

2. The tube ratio |𝜆2|/𝜆3 ≤ 1/2 from trace-free alone (UPPER bound). The LOWER bound
|𝜆2|/𝜆3 ≥ 1/2 requires 𝜆1 = 𝜆2 — which is NOT guaranteed by algebra.

The algorithm automatically discovered the L3 boundary: the tube ratio lower bound cannot be
derived from incompressibility alone.

L1+L2 proof. Twelve universal arithmetic theorems, all kernel-verified (0 sorry):

Theorem Statement Layer
T1 ∀𝜆2, 𝜆3 > 0 ∶ 1/(𝜆2 + 𝜆3) <

1/𝜆3

L2

T2 trace-free + ordering
⇒ 𝜆2 ≤ 𝜆3

L2

T3 𝜆2 ≤ 𝜆3 ⇒ 4𝜆2 ≤ 2(𝜆2 + 𝜆3) L2
T4 𝜆2 = 𝜆3 ⇒ 4𝜆2 = 2 ⋅ 2𝜆2 (tight) L2
T5 trace-free ⇒ |𝜆2|/𝜆3 ≤ 1/2 L2
T6 𝜆1 = 𝜆2 ⇒ |𝜆2|/𝜆3 = 1/2

(tight)
L2

T7 |𝜆2| ≥ 𝜆3/2 ⇒ 4|𝜆2| ≥ 2𝜆3 L2 (uses L3)
T8 growth ≤ 2, damping ≥ 2 ⇒

net ≤ 0
L2

T9 𝐾 ⋅ (≤ 0)+ trailing(≤ 2) ≤ 2 L2
T10 Φ0 ⋅ (1 + exp) > 0 L2
T11 Φ0 ⋅ (1 + exp) ≤ 3Φ0 L2
T12 Φmax < ∞ ⇒ CF met L2
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The single L3 bridge. The Gallay-Wayne theorem (2005) establishes that the Burgers vortex
cross-section is a global attractor for the Fokker-Planck operator (spectral gap 𝜇0 = 𝛾/2), giving
|𝜆2|/𝜆3 → 1/2 in mature tube phases. Combined with T5 (≤ 1/2), this pins the ratio at exactly
1/2 in the Burgers limit.

Without this axiom, pure algebra gives growth ≤ 2 AND damping ≤ 2, so the net per cycle could
be anywhere in [−2, +2] — no closure. With the axiom: damping ≥ 2, net ≤ 0, total ≤ 2, Φ finite,
regularity.

Proof architecture (L4 decisions):

𝜆1 + 𝜆2 + 𝜆3 = 0⏟⏟⏟⏟⏟⏟⏟
incompressibility

T2, T5 (L2)
−−−−−−−→ 𝜆2 ≤ 𝜆3, |𝜆2|/𝜆3 ≤ 1

2
T7−−−−−−−−−−−→

Gallay-Wayne (L3)
|𝜆2|/𝜆3 ≥ 1

2
T3, T8 (L2)
−−−−−−−→ net ≤ 0

T9-T12 (L2)
−−−−−−−→ Φ < ∞

The L4 content is the decision to decompose into sheet-tube cycles, use the 4𝜆2 coefficient (from the
commutator derivation), and invoke the Gallay-Wayne convergence. This architecture was Tamás
Nagy’s choice; the algorithm handles everything below it.

Significance for the algorithmizability thesis. The Cycle Closure is a real component of a
Millennium Prize proof attempt. The L0+L1+L2 algorithm proved 12/12 algebraic sub-theorems,
automatically identified the single L3 bridge needed (viscous stabilization), and correctly diagnosed
that the bridge cannot be replaced by computation: no finite number of eigenvalue configurations
can substitute for the PDE convergence theorem. This validates the Separation Principle on a
genuinely difficult mathematical argument.

9. Conclusion
Every proof is a program. The Curry–Howard correspondence makes this literal: a proof of 𝐴 → 𝐵
is a function from 𝐴 to 𝐵, and a proof strategy is a software architecture. This paper develops the
operational consequences of this identity for proof discovery.

The proof space decomposes into decidable fragments (verified libraries with guaranteed correctness)
and creative gaps (code that must be written by hand). Cross-domain bridges are adapter patterns
that convert one library’s interface to another’s. Routing is refactoring — transforming the goal’s
type to match a library’s API without changing the specification. The quality of a proof system is
measured by how comprehensive its library catalog is and how short the adapter chains are.

This architectural view is grounded in analysis of 26,583 proof traces across 226 mathematical
domains, with external validation against 49,649 Mathlib proofs (§7.6.12). The space has a fiber
bundle structure with empirically low effective dimensionality — PCA reveals 4 principal compo-
nents explaining 92.2% of variance (§7.6.11). The Millennium Problems occupy distinct regions
of this 4D space, with Navier-Stokes living in an inequality-dominated tube (𝑑𝐶 = 0.04), Gold-
bach in an existence-dominated cloud (𝑑𝐶 = 0.56), and P vs NP in a structurally branched region
(𝑑𝐵 = 0.34).
The most surprising finding is the Recursive Separation Principle (§7.6): proof construction decom-
poses into four layers, and the separation recurses within each layer. The Mathlib cross-validation
confirms that this structural decomposition generalizes beyond the kernel: Mathlib proofs also con-
tain decidable closers, routing tactics, bridge lemmas, and architectural choices. However, the
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quantitative distribution is corpus-specific: the kernel’s 34-tactic vocabulary with 4.58-bit entropy
reflects its proof generation style, while Mathlib uses 255+ core tactics with 8.68-bit entropy and
88% single-use patterns. The “96% algorithmizable” headline from the kernel is a measurement
of our system’s homogeneity, not a universal property of mathematical proof. Layer 3 (bridge
construction in the Category of Proof Domains) is partially algorithmizable via A* search: 76.6%
of kernel domains have predictable bridge structure, while 23.4% require novel construction. Layer
4 (proof architecture) is where the Gödel boundary falls.

The recursive structure deepens at L3 with fractal self-similarity (§7.6.9): even within the “creative”
high-entropy domains, lemma invention decomposes into fact recall (52%), parameterized schemas
(36%), and genuine construction (12%). Within the 12% creative core, 71% is still template-
learnable. The truly irreducible residue — existential witness construction and novel implication
— is 80 instances across 25,000+ proofs, approximately 0.1% of all proof work, concentrated
almost entirely in the Riemann Hypothesis domain.

The kernel’s routing entropy of 4.58 bits shows low-entropy pattern repetition at the tactic level —
but Mathlib’s 8.68-bit entropy (§7.6.12) demonstrates this is not universal. The kernel’s homogene-
ity reflects its automated proof generation style; community-written proofs exhibit substantially
more creative diversity (88% single-use patterns). The genuine creative content, in both corpora,
lives at a higher level: bridge construction (connecting mathematical domains that were previously
separate) and proof program design (organizing hundreds of theorems into a coherent architecture,
as in the Goldbach 14-path structure).

Perelman’s proof of the Poincaré conjecture exemplifies L3–L4 creativity: the 𝒲-entropy bridge
from statistical mechanics to geometry was a bridge construction (L3), and organizing the proof
around the monotone functional was an architectural decision (L4). Similarly, the Goldbach proof’s
Grade-Shadow decomposition (§5.15) was an L3 bridge construction — deriving Montgomery’s pair
correlation from RH, adding a new edge to the domain graph that collapsed the hypothesis hierarchy
from three independent assumptions to one.

The proof planning algorithm (§6.4.5) operationalizes L1–L3: survey available libraries (Phase 1),
select an architecture (Phase 2), design the module graph (Phase 3), select bridges (Phase 4),
execute (Phase 5), and learn (Phase 6). This procedure is system-agnostic. The formalize-early
principle (§6.5) is the proof-theoretic analog of test-driven development.

The self-improving proof system has a convergence guarantee: pattern mining reduces the L2 gap
below 𝜀 in 𝑂(log 1/𝜀) iterations (§7.6.3), though the constant depends on the corpus entropy (6
iterations in the kernel vs. thousands needed for Mathlib-scale diversity). The recursive separation
(§7.6.8) reveals that even at the L3 frontier, 88% of intermediate reasoning is automatable through
fact recall and schema instantiation within the kernel. Adding a numerical exploration layer below
the formal framework (§7.6.10) recharacterizes even the 80 “symbolically irreducible” constructions:
existential witnesses become bounded search problems, and novel implications become statistical
hypothesis tests.

The truly irreducible creative content shifts to L4 — problem selection and proof architecture. Nu-
merical exploration can discover that 𝐷∞ ≈ 0.04619, but it cannot decide that 𝐷∞ is the right
quantity to define. The Goldbach proof’s insight was not a tactic or a lemma but a decision: de-
compose zero contributions into diagonal and cross terms. This architectural creativity — choosing
what to prove and how to organize the proof — is where the Gödel boundary genuinely falls, and
it is the deepest open question in automated mathematics.

92



References
• Beale, J.T., Kato, T., Majda, A. (1984). Remarks on the breakdown of smooth solutions for

the 3-D Euler equations. Comm. Math. Phys. 94, 61–66.
• Bundy, A. (1988). The use of explicit plans to guide inductive proofs. CADE-9, LNCS 310,

111–120.
• Constable, R.L. et al. (1986). Implementing Mathematics with the Nuprl Proof Development

System. Prentice Hall.
• Constantin, P., Fefferman, C. (1993). Direction of vorticity and the problem of global regu-

larity for the Navier-Stokes equations. Indiana Univ. Math. J. 42, 775–789.
• Curry, H.B. (1934). Functionality in combinatory logic. Proc. Nat. Acad. Sci. 20, 584–590.
• Czajka, Ł., Kaliszyk, C. (2018). Hammer for Coq: Automation for dependent type theory. J.

Automated Reasoning 61, 423–453.
• de Moura, L., Ullrich, S. (2021). The Lean 4 Theorem Prover and Programming Language.

CADE-28.
• Gödel, K. (1931). Über formal unentscheidbare Sätze der Principia Mathematica und ver-

wandter Systeme. Monatshefte für Math. 38, 173–198.
• Hamilton, R. (1982). Three-manifolds with positive Ricci curvature. J. Diff. Geom. 17,

255–306.
• Howard, W.A. (1980). The formulae-as-types notion of construction. In To H.B. Curry:

Essays on Combinatory Logic, Lambda Calculus and Formalism, Academic Press, 479–490.
(Manuscript circulated 1969.)

• Lample, G. et al. (2022). HyperTree Proof Search for Neural Theorem Proving. NeurIPS
2022.

• Martin-Löf, P. (1984). Intuitionistic Type Theory. Bibliopolis, Naples.
• Mathlib Community (2020–). Mathlib: A Unified Library of Mathematics in Lean.

https://github.com/leanprover-community/mathlib4.
• Nagy, T. (2026d). Goldbach’s Conjecture via Latent Framework and Grade-Shadow Pair

Correlation: Fourteen Independent Conditional Paths. Working paper.
• Perelman, G. (2002). The entropy formula for the Ricci flow and its geometric applications.

arXiv:math/0211159.
• Pólya, G. (1945). How to Solve It: A New Aspect of Mathematical Method. Princeton

University Press. (2nd edition 1957.)
• Perelman, G. (2003). Ricci flow with surgery on three-manifolds. arXiv:math/0303109.
• Scholze, P. et al. (2022). Liquid Tensor Experiment. https://github.com/leanprover-

community/lean-liquid.
• Tao, T. (2016). Finite time blowup for an averaged three-dimensional Navier-Stokes equation.

J. Amer. Math. Soc. 29, 601–674.
• Tarski, A. (1951). A Decision Method for Elementary Algebra and Geometry. University of

California Press.
• Uhlenbeck, K.K. (1982). Removable singularities in Yang-Mills fields. Comm. Math. Phys.

83, 11–29.
• van Doorn, F. et al. (2023). Formalizing the Carleson Theorem in Lean. In preparation.
• Yang, K., Swope, A. (2023). LeanDojo: Theorem Proving with Retrieval-Augmented Lan-

guage Models. NeurIPS 2023.

93


	Executive Summary (Non-Technical)
	Abstract
	1. Introduction
	1.1 The Two-Point Problem
	1.2 Four Guiding Questions
	1.3 Motivation: Empirical Evidence
	1.4 The Operational Curry–Howard
	1.5 Relation to Prior Work

	2. Proof State Space
	2.1 Formal Definition
	2.2 The Proof Space as a Quasi-Metric Space
	2.2.1 Goal Complexity and Proof Distance
	2.2.2 Quasi-Metric Structure
	2.2.3 Topology of the Proof Space
	2.2.4 Geodesics and Optimal Proof Strategies

	2.3 Domains as Closer Voronoi Cells
	2.4 Dimensionality of the Proof Space
	2.4.1 Fiber Bundle Structure
	2.4.2 Empirical Dimensionality from Tactic Diversity
	2.4.3 Trigram Analysis and Stereotyped Paths
	2.4.4 Dimensional Reduction via Progress Metrics


	3. The Two-Layer Decomposition
	3.1 Layer 1: Decidable Closers (Highways)
	3.2 Layer 2: Creative Routing (Navigation)
	3.3 The Routing-Closing Interface
	3.4 Cross-Domain Bridges
	3.5 External Bridge Mining: Mathlib as a Bridge Atlas
	3.6 The Category of Proof Domains
	3.6.1 Objects and Morphisms
	3.6.2 Functoriality of Bridge Transport
	3.6.3 The Domain Graph as a Transportation Network
	3.6.4 Natural Transformations and Proof Refactoring


	4. Monotone Progress: When Is It Achievable?
	4.1 Unconditional Monotonicity (Decidable Fragments)
	4.2 Conditional Monotonicity (Routing with Oracle)
	4.3 Fundamental Impossibility (General Case)
	4.4 Case Study: Perelman's \mathcal{W}-Entropy
	4.5 Formalized Bridge Case Study: Perelman Template for Millennium Problems
	4.6 The Bottleneck Bypass Pattern: A Meta-Theorem

	5. Empirical Analysis: Agent Proof Traces
	5.1 Dataset
	5.2 Tactic Distribution
	5.3 Sequential Pattern Analysis
	5.4 Tactic Diversity and Effective Dimensionality
	5.5 Dead End Analysis
	5.6 Extended Reasoning Trace Analysis
	5.7 Case Study: Two Proof Architectures (Poincaré Bridges vs Navier-Stokes)
	5.8 Hypothesis Suggestion Engine
	5.9 Self-Depletion: A Third Proof Architecture
	5.10 Probabilistic Domain Structure
	5.11 Hypothesis Suggestion: Tier 1 Dominance
	5.12 Proof Space Dimensionality
	5.13 Proof Space Compression Theorem
	5.14 Live Validation: Tool Guidance Quality
	5.15 Case Study: Multi-Path Convergent Architecture (Goldbach)
	5.15.1 The Goldbach proof as a Dom diagram
	5.15.2 Parts as proof landmarks
	5.15.3 The hypothesis hierarchy as a functor
	5.15.4 Architecture comparison (extended)


	6. Practical Implications
	6.1 Highway Expansion
	6.2 Bridge Synthesis
	6.3 Bridge Mining: Sources and Methodology
	Source 1: The proof system's own memory (highest density, lowest cost)
	Source 2: Mathlib import graph (highest volume, moderate cost)
	Source 3: Mathlib PR stream (real-time bridge discovery)
	Source 4: Specialized Lean formalization projects
	Source 5: Mathematical literature (highest novelty, highest cost)
	Source 6: Proof benchmarks (calibrated difficulty)
	Source 7: MSC classification co-occurrence in publications
	Mining pipeline architecture

	6.4 Proof Planning as Software Architecture
	6.4.1 The architecture of a proof
	6.4.2 Routing as API design
	6.4.3 Proof as test-driven development
	6.4.4 Progress as tech debt
	6.4.5 The planning algorithm
	6.4.6 Implementation

	6.5 The Formalize-Early Principle
	6.6 Progress Tracking
	6.7 Three Solver Tiers: Algorithmic, Strategic, and Agent-Based
	6.7.1 Tier 1: Auto-prove (highway)
	6.7.2 Tier 2: Strategy-prove (systematic routing)
	6.7.3 Tier 3: Agent-prove (creative construction)
	6.7.4 Empirical separation: the capability benchmark
	6.7.5 The boundary matches the theory
	6.7.5a The integrated cascade
	6.7.6 Improving the boundary: the UseWitnessStep


	7. Optimal Path Search
	7.1 A* Search with Admissible Heuristic
	7.1.1 The search problem
	7.1.2 Domain-based lower bound
	7.1.3 Empirical bridge cost refinement

	7.2 Curvature Theory: When Order Matters
	7.2.1 Tactic commutativity and curvature
	7.2.2 Empirical curvature map
	7.2.3 Curvature predicts difficulty

	7.3 Proof Landmarks
	7.3.1 The navigation problem
	7.3.2 Empirical landmarks
	7.3.3 Landmark-based search decomposition
	7.3.4 The routing distance distribution

	7.4 Experimental Validation
	7.4.1 Experimental setup
	7.4.2 Results
	7.4.3 Failure analysis
	7.4.4 Large-scale validation (11,526 traces)
	7.4.5 Implications

	7.5 Controlled Experiment: Theory-Guided vs Baseline Search
	7.5.1 Experimental design
	7.5.2 Results
	7.5.3 Curvature validation
	7.5.4 Interpretation

	7.6 The Algorithmizability Theorem
	7.6.1 The 34-tactic vocabulary
	7.6.2 Routing entropy
	7.6.3 Iterative mining convergence
	7.6.4 The Separation Principle
	7.6.5 Implications for proof automation
	7.6.6 Extending the analysis to L3: bridge predictability
	7.6.7 The complete algorithmizability landscape
	7.6.8 The recursive separation: three layers of lemma invention
	7.6.9 The fractal bottom: characterizing the irreducible 0.06%
	7.6.10 The pre-formal layer: numerical exploration as creativity amplifier

	7.6.11 The geometry of proof space: dimensionality, proof types, and problem fingerprints
	7.6.12 External validation: the algorithmizability claim is corpus-specific

	7.7 The Proof Complexity \rho: Cook-Reckhow as \rho > 1
	7.7.1 Two \rho characterizations
	7.7.2 Cook-Reckhow in the \rho language
	7.7.3 Formalization
	7.7.4 Connection to the proof space geometry
	7.7.5 The local–system bridge
	7.7.6 Concrete \rho for proof systems
	7.7.7 The complexity landscape
	7.7.8 The barrier landscape: why P \neq NP is hard
	7.7.9 The Gödel boundary revisited


	8. Open Questions and Future Directions
	8.13. Experimental Validation
	8.13.1. Completeness Decomposition
	8.13.2. The L0+L1+L2 Algorithm
	8.13.3. The Latent Bridge: Compactification as L3
	8.13.4. Case Study: Navier-Stokes Cycle Closure Hypothesis

	9. Conclusion
	References

