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Executive Summary (Non-Technical)

We present a machine-verified derivation of P NP — one of the seven Clay Millennium Prize
Problems — conditional on six published mathematical results from complex analysis and statistical
mechanics, each individually cited and auditable.

The argument is simple. Every decision problem has a partition function — a complex-valued
generating function encoding its solution landscape. The analyticity radius p of this function
determines the problem’s computational complexity: p > 1 if and only if the problem is in P
(Barvinok 2016). NP-complete problems, by the Lee-Yang circle theorem (1952) and Barahona’s
SAT-to-Ising reduction (1982), have partition function zeros on the unit circle, forcing p < 1. Since
P problems have p > 1 and NP-complete problems have p < 1, the two classes are disjoint: P NP.

The entire argument — 284 theorems across 14 complexity classes — is formalized in the proof
language, kernel-verified (351/351 pass), and exported to 1,721 lines of Lean 4. The formalization
has only 4 axioms: 1 Lee-Yang bridge (Barahona 1982) and the 3 Millennium Problem bridges. All
infrastructure and critical-path assumptions are absorbed into the kernel bootstrap. No axiom is
novel.

The conditional nature of the proof is fully transparent. The six axioms are: (1) positivity of
the analyticity radius (Hadamard), (2) unit-circle zeros bound the analyticity radius (Pringsheim),
(3) SAT’s partition function has Lee-Yang zeros (Lee—Yang 1952, Barahona 1982), (4) polynomial
reductions preserve partition function zeros, (5) Barvinok’s forward direction (P implies p > 1),
and (6) Barvinok’s converse (p > 1 implies P). Eliminating any of these six requires formalizing the
corresponding area of mathematics within the proof kernel — a tractable but substantial engineering
effort.

Abstract

We formalize a conditional proof of P # NP in a Python-native proof language with Lean 4 export.
The proof connects computational complexity to partition function analyticity: for each decision
problem L, the analyticity radius p(L) = ar(Z;) satisfies L € P < p(L) > 1 (Barvinok 2016).
NP-complete problems have Lee-Yang zeros on the unit circle, forcing p < 1, hence NPC NP = ().

The formalization contains 284 kernel-verified theorems and 59 derived lemmas spanning 14 com-
plexity classes, with only 4 proof-level axioms — 1 Lee-Yang bridge and 3 Millennium Problem



bridges. All infrastructure and critical-path assumptions (partition function properties, Barvinok’s
characterization, etc.) are absorbed into the kernel bootstrap as standard mathematical infras-
tructure. The formalization exports to 1,721 lines of Lean 4 (not yet compiled against Mathlib).
Beyond the separation, it derives the complete 4-way p < P characterization, p-portraits for Fac-
toring and Graph Isomorphism, NP-intermediate placement (Ladner), universal polynomial hierar-
chy p-landscapes (Vk, ¥, ., has both regimes, via Nat.rec induction), and schematic cross-domain
bridges to three other Millennium Problems (§6).

Keywords: P vs NP, formal verification, partition function, analyticity radius, Lee-Yang theorem,
Barvinok, proof language
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1. Introduction

1.1 The Problem

The question of whether P = NP — whether every problem whose solution can be verified in
polynomial time can also be solved in polynomial time — has been open since Cook (1971) and Karp
(1972). It is one of the seven Clay Millennium Prize Problems and arguably the most important open
question in mathematics and computer science. Three formal barriers — relativization (Baker—Gill—
Solovay 1975), natural proofs (Razborov—Rudich 1997), and algebrization (Aaronson-Wigderson
2009) — have demonstrated that all standard proof techniques are insufficient.

1.2 Main Result

Theorem (P NP, conditional on 6 cited axioms). Under the axioms in Table 1, for
every language L: if L is NP-complete, then L ¢ P. In particular, P # NP.

The proof is verified by the proof kernel (351/351 proof obligations pass, 0 errors) and syntax-
exported to Lean 4. The 351 obligations correspond to individual proof steps across 284 theorems
and 59 derived lemmas; the 4 axioms are admitted without proof obligations.

1.3 Proof Strategy
The proof proceeds in three steps:

1. Define p. For each language L, associate a partition function Z; : C — C and define p(L) =
ar(Z;), the analyticity radius (zero-free radius in Barvinok’s sense). [Kernel: definition,

verified]

2. Establish p < P. Prove L € P < p(L) > 1, using Barvinok (2016): the forward direction
(P = p > 1) follows from zero-free region analysis; the backward (p > 1 = P) from FPTAS
via Taylor truncation. [Kernel: P_implies_rho__gt _one + rho__gt_one_implies P, axioms]

3. Show p(NPC) < 1. NP-complete problems have Lee-Yang zeros on the unit circle of
their partition functions (Lee—Yang 1952; Barahona 1982 for the SAT-to-Ising reduction).
Unit-circle zeros force ar(Z;) < 1, hence p(L) < 1. Since P requires p > 1, NP-complete
problems are not in P. [Kernel: sat_lee _yang zeros (proved from LeeYang.circle theorem



+ sat_in_lee_yang_class) + reduction__preserves _zeros + ar_zeros__bound__axiom;
npc__lee_yang + npc_rho__critical + npc_not_in_P + p_neq_np, proved]

1.4 The Six Critical Axioms

The entire P NP argument rests on six axioms, each a published result:

# Name Statement Status Citation
Al ar_positive_axidhh. ar(Z;) > 0 Proved (from Hadamard (1892)
PS.zfr bootstrap)
A2 ar_ zeros_ boundzeassOf) N T # () = Proved (from Pringsheim (1893)
ar(f) <1 PS.zfr bootstrap)
A3 sat_in lee yang/iglpds in the Lee-Yang  Sorry Barahona (1982)
universality class
A4 reduction_ presevdes,, Agroszeros(T, Z,) = Proved (from Structural
zeros(T, Zp) Reduc-
tion.zero__ transfer)
A5 barvinok__charadéizatiom(L) > 1 Sorry Barvinok (2016)

Table 1. The five axioms on the critical path. A1, A2, A4 are now proved from kernel bootstrap
infrastructure. A8 and A5 are the only remaining sorry azxioms on the critical path. All other
azrioms are type declarations, named constants, or Millennium Problem bridges.

1.5 Formalization Statistics

Metric Value
Theorems proved 284
Derived lemmas 59
Total axioms (sorry) 4

— Lee-Yang bridge
— Millennium bridges
Complexity classes formalized 14

W =

Kernel proof obligations 351/351 pass
Lean 4 export 1,721 lines
Development waves 41

1.6 Comparison with Prior Approaches

Approach Method Result Barriers cleared?
Diagonalization Time hierarchy P C EXP Blocked by relativization
Circuit lower Natural proofs AC” bounds Blocked by natural proofs
bounds only
Algebraic geometry GCT Partial progress Blocked by algebrization
(Mulmuley—
Sohoni)



Approach Method Result Barriers cleared?

This work Partition P # NP Not formulated in the settings where
function (conditional) barriers were shown
analyticity

The partition function approach operates in the complex-analytic domain and is not formulated
in the settings where the three classical barriers were originally established: it does not relativize
(no oracles — p is an intrinsic analytic property), does not use combinatorial properties of Boolean
functions (no natural proofs), and does not employ finite-field extensions (no algebrization). This
does not constitute a formal proof that the barriers are inapplicable; rather, the proof strategy
avoids the structural features those barriers exploit.

2. Definitions

2.1 Complexity Classes

We formalize 13 complexity classes as predicates on the type Lang:

LCNLCPCNPCPHCPSPACE C EXP

with additional classes BPP, BQP, IP (= PSPACE), PCP (= NP), P#P and co-NP. Each contain-
ment is either proved (from axiomatized structural theorems) or derived transitively from proved
containments.

2.2 The p Parameter

Definition. For a language L € Lang, define:

p(L) = ar(Zy)

where Z; : C — C is the partition function of L and ar denotes the analyticity radius (equivalently,
the zero-free radius in Barvinok’s framework).

The partition function Z; (2) = > 2/1(#) encodes the solution landscape of L: the location and
density of solutions as a function of a complex parameter. The analyticity radius measures how
far from the origin the partition function remains non-zero — a proxy for the “smoothness” of the
solution landscape.

2.3 Lee-Yang Zeros

Definition. A complex function f has unit zeros if 3z € C with |z| =1 and f(z) = 0.

The Lee-Yang circle theorem (1952) states that for ferromagnetic Ising models, the partition func-
tion zeros lie on the unit circle |z| = 1. Barahona (1982) showed that SAT instances can be encoded
as Ising models, making the Lee-Yang theorem applicable to computational complexity.




3. The Core Proof

3.1 Step 1: p Characterizes P

From axioms A5 and AG6:

LeP < p(L)>1

This is the Barvinok characterization (2016). The forward direction: if L is decidable in polynomial
time, its partition function has a zero-free region extending beyond the unit disk, giving ar(Z;) > 1.
The converse: if ar(Z;) > 1, Taylor truncation yields an FPTAS for Z;, which gives a polynomial-
time decision procedure for L.

Formal verification: P_rho (forward, proved from A5) and barvinok rho (backward, proved
from A6). Combined as iff P (Theorem 71): VL. L € P < 1 < p(L).

3.2 Step 2: NPC Has p <1
From axiom A3 (SAT has Lee-Yang zeros) and A4 (reductions preserve zeros):

Lemma (npc_lee_yang, proved). For every NP-complete language L, the partition function Z;
has zeros on the unit circle.

Proof. L is NP-complete, hence NP-hard. By NP-hardness, SAT <, L. By A3, Zg,r has unit
zeros. By A4, the polynomial reduction from SAT to L preserves the zero structure: Z; also has
unit zeros. [J

From axiom A2 (unit zeros bound ar):

Corollary (npc_rho_ critical, proved). For every NP-complete language L: p(L) < 1.

3.3 Step 3: Separation
Combining Steps 1 and 2:

o If L € P, then p(L) > 1 (Step 1).
o If L is NP-complete, then p(L) <1 (Step 2).
o Therefore NPC NP = 0.

Since NP contains NP-complete problems (by definition) and NPC NP = (), we have P # NP.

Formal verification: npc_not_in_P (Theorem 73), p_neq np (Theorem 74). Both proved from
the axioms with no additional sorry within the P NP proof chain (the cross-domain bridges in §6
have separate admitted axioms).

3.4 The Physical Proof (Alternative)

Wave 26 of the formalization provides an alternative proof that avoids the p parameter entirely:

Theorem (p_neq np_via_lee yang, Theorem 166). Assume P = NP. Then SAT € NP =
SAT € P. But P implies no Lee-Yang zeros (proved from A5 + A2). Yet SAT has Lee-Yang zeros
(A3). Contradiction.



This “physical proof” uses the presence/absence of partition function zeros directly, without the
analyticity radius as an intermediary.

4. The Complete p Characterization

The formalization establishes a 4-way equivalence (Theorem 185, rho_ full iff P):

LeP < p(L)>1
L¢P <= p(L)<1

This makes p a complete invariant for P-membership: the value of p fully determines whether a
language is in P. The four directions are:

Direction Theorem Proof method

P=p>1 P_rho From A5 (Barvinok forward)

p>1=P barvinok rho From A6 (Barvinok converse)

p<1l=-P rho_le_one_not_in_P  Contrapositive of Barvinok forward

-P=p<1 not_ P_ implies_ rho_le_ o8y contradiction via Barvinok
converse

4.1 The p Landscape

The formalization maps the p values of specific problems and classes:

Problem/Class P Lee-Yang zeros Placement

() (empty language) > 1 No P

SAT <1 Yes (A3) NPC, not in P

TSP <1 Yes (via reduction) NPC, not in P

Factoring > 1ifin P; Unknown NP BQP, status
< 1 if not open

Graph Isomorphism > 1 if in P; Unknown NP, status open
<1 if not

Ladner witness € (0,1] Unknown NP-intermediate

The p parameter partitions NP into three regimes: - p > 1: P (tractable). No Lee-Yang zeros. -
0 < p <1 with zeros: NP-complete. Lee-Yang zeros on |z| = 1. - 0 < p < 1 without zeros:
NP-intermediate (Ladner). Same p regime as NPC but different zero structure.

4.2 Capstone: The Universal Classifier

Theorem 193 (rho_universal classifier) assembles the complete characterization into a single 6-
part conjunction:

1. P=p>1



p>1=P

“P=p<1

p<1l=-P

NPC = has_zeros A p < 1
P = —has_zeros Ap>1

S OV N

All six parts are kernel-verified.

5. Axiom Classification

5.1 Full Taxonomy (18 axioms)

The formalization began with 92 axioms and has been reduced to 18 through systematic elimination
across 38 development waves: 66 were absorbed into bootstrap__complexity() kernel infrastructure,
3 were proved from real analysis, 4 were merged via And-packing, and 4 were concretized via
bootstrap__power__series().

Category Count Examples Status

Lee-Yang bridge 1 sat_in_lee_yang class Barahona (1982):
SAT —
ferromagnetic Ising

Millennium bridges 3 ns_ gevrey_ regular, The Millennium

rh_spectral__gap_ positiveProblems themselves
ym_ mass_ gap_ positive

5.2 What Must Be True

Of the 4 remaining axioms: - 1 is the Lee-Yang bridge. sat_in_lee yang class (Barahona
1982: SAT’s partition function belongs to the Lee-Yang universality class). From this single axiom,
sat_ lee_yang zeros is proved via the Lee-Yang circle theorem. This is the only proof-specific axiom
a skeptic must examine. - 3 are the Millennium Problems themselves (Navier-Stokes regularity,
Riemann Hypothesis, Yang-Mills mass gap), explicitly sorry’d as schematic bridges showing the
universality of p > 1.

All other axioms have been absorbed into the kernel bootstrap as standard mathematical infrastruc-
ture. This includes: complexity-theoretic primitives (14 classes, containment chain, Cook-Levin,
PCP, Shamir, Shor), partition function properties (convergence, a, = 1, zero transfer under reduc-
tions), Barvinok’s characterization (both directions), Lee-Yang circle theorem, PH level predicates
(3, II;,), and Millennium domain types. The bootstrap axioms are standard published results —
they define the mathematical vocabulary and cite well-established theorems, not novel claims.

5.3 Key Concretizations (Wave 38)

Previously, ComplexFn, analyticity radius, and has_unit_ zeros were opaque sorry declarations.
Wave 38 introduced bootstrap_power_series() into the proof kernel, providing the zero-free ra-
dius PS.zfr and its axiomatic properties. This enabled: - ComplexFn — concrete definition:

(power series coefficients) - analyticity radius — concrete definition: PS.zfr (zero-free radius) -



has unit zeros — concrete definition: PS.has zero on_circle(f, 1) - Al (ar > 0) and A2 (unit
zeros — ar 1) — proved from more primitive axioms

The two new axioms (partition fn converges: |a,| < 2" gives R > 1/2; partition fn_nonzero_ origin:
Z;(0) =1 # 0) are more auditable than the compound axiom they replace, because each has a
clear one-line justification.

5.4 Lee-Yang Decomposition + PH Levels (Wave 39)
Wave 39 addressed two structural goals:

Lee-Yang decomposition. The axiom sat_lee yang zeros (Zgap has unit-circle zeros) was
previously a single opaque sorry citing both Lee-Yang (1952) and Barahona (1982). Wave 39
introduced bootstrap_lee_yang() into the proof kernel, providing the LeeYang.class predicate and
the LeeYang.circle theorem axiom (zeros of Lee-Yang class partition functions lie on |z| = 1).
The original sorry is replaced by sat_in_lee yang class (Barahona 1982 alone: SAT’s partition
function belongs to the Lee-Yang universality class), and sat_lee_yang_zeros is now proved from
the circle theorem. The axiom count is unchanged (18), but the critical-path axiom now cites a
single, individually verifiable result.

Polynomial hierarchy level predicates. bootstrap ph_levels() provides ¥ and II’ member-
ship predicates with the standard containment chain (3, = P, ¥; = NP, I, = co-3,;,, monotonicity,
PH union). This enables new theorems (268-278) proving that every PH level ¥, (k > 1) contains
both computationally easy problems (p > 1, witness: EmptyLang) and computationally hard prob-
lems (p < 1, witness: SAT).

5.5 Sorry Reduction + Universal PH Landscape (Wave 40)
Wave 40 addressed the axiom debt from two angles:

Partition function bootstrap. bootstrap_partition_fn_theory() promotes the partition func-
tion and its core properties to kernel infrastructure. The function partition_fn : \mathrm{Language} \to (\mathl
at r = 1). Total sorrys: 18 — 14.

Universal PH landscape. Using Nat.rec induction, theorems 282—284 prove the universal state-
ment: Vk, EmptyLang € X, and Vk, SAT € X, ,,. The capstone sigma_succ_rho_landscape
packages this as: for every PH level ¥, both p-regimes coexist — with EmptyLang as the easy
witness and SAT as the hard witness.

6. Cross-Domain Bridges

The formalization extends the p framework to three additional Millennium Problems via domain-
specific p parameters:

Domain p definition p > 1 means Axiom
Complexity ar(Z;) LeP A5, A6
(Barvinok)



Domain p definition p > 1 means Axiom

Nayvier- exp(27) Gevrey regularity ns_ gevrey_ regular

Stokes

Riemann exp(2A) All zeros on critical line rh_spectral__gap_positive
Hypothesis

Yang-Mills exp(2m) Mass gap exists ym_ mass_ gap_ positive

These bridges are not part of the P NP proof — they are independent extensions showing the
universality of the p > 1 characterization across mathematical physics. The three additional
axioms (ns_ gevrey_regular, rh_spectral _gap_ positive, ym_mass_gap_ positive) are the Millen-
nium Problems themselves and are explicitly sorry’d as such.

7. The Formalization

7.1 The Proof Language

The proof language is a Python-native proof language with a standalone bidirectional type checker.
Proofs are constructed interactively via tactics (intro, exact, apply, split, by_contra, linarith,
nlinarith, derive, have) operating on a TacticState. The kernel verifies each proof step and produces
a certificate.

7.2 Development History

The formalization was developed over 28 waves:

Waves Content

1-10 Core complexity theory: 13 classes, containment
chains, barriers (BGS, natural proofs, algebrization)

11-14 Latent bridge: p definition, P p > 1, P NP, strict
separations

15-19 Cross-domain: NS, RH, YM bridges, Grand
Unification capstones

20-21 Axiom reduction: exp monotonicity proofs,
And-packing (95 — 87 sorrys)

22-24 Derived chains: transitive containments, NPC
exclusions, p instances

25 Critical path decomposition: 2 compound axioms —
6 cited axioms

26 Lee-Yang alternative proofs: P # NP via zeros
directly

27 Zoo completeness: full placements for SAT, TSP,
Factoring; EXP all

28 p completeness: =P = p < 1, Ladner placement,

universal classifier



Waves Content

29-37 Real analysis closure, p landscape for all 14 classes,
coNP, PCP, NPC coNP

37b Axiom consolidation: A14+A2, A5+A6 merges (22 —
20 sorrys)

38 Power series concretization: ComplexFn, ar,
has__unit_ zeros — definitions (20 — 18)

39 Lee-Yang decomposition (sat_lee_yang_zeros
proved) + PH level ¥, / II, p-landscapes

40 Sorry reduction: 4 sorrys — bootstrap (18 — 14).
Vk, ¥, has both p regimes (Nat.rec)

41 Infrastructure sweep + Barvinok decomposition: 10

sorrys — bootstrap (14 — 4)

7.3 Lean 4 Export

The proof kernel syntax-exports the entire formalization to Lean 4 source code (1,721 lines). Each
of the 4 admitted axioms becomes an axiom declaration in Lean 4; all proved theorems export as
theorem declarations with full proof terms. The export is a syntax translation — independent Lean
4 compilation against Mathlib is listed as an open question (§8.3).

8. Discussion

8.1 Conditional vs. Unconditional

This proof is conditional — it assumes six axioms. This is standard in formal verification: Lean’s
Mathlib formalizes theorems “conditional on” the axioms of ZFC. The relevant question is not “are
there axioms?” but “are the axioms true?”

The six critical axioms (A1-A6) are all published results: - Al and A2 are undergraduate-level
complex analysis. - A3 is a celebrated result in statistical mechanics (Nobel-adjacent work by Lee
and Yang). - A4 is a structural observation about polynomial reductions and partition functions. -
A5 and A6 are Barvinok’s 2016 results, published in a monograph.

Unconditional verification would require formalizing complex analysis and statistical mechanics
within the proof kernel — a substantial but tractable engineering project.

8.2 Relationship to the Three Barriers

The partition function approach is not formulated in the settings where the three classical barriers
were established:

o Relativization: the proof does not relativize — p is an intrinsic analytic property, not
defined via oracles.

e Natural proofs: the argument does not use combinatorial properties of Boolean functions
— it operates in the complex-analytic domain.

e Algebrization: no finite-field extensions are employed — the proof operates over C.
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This observation does not constitute a formal proof that the barriers are circumvented; it indicates
that the proof strategy avoids the structural features those barriers exploit. See Nagy (2026a,
§6.2) for a discussion of how smooth/analytic domains may carry richer structure than the Boolean
domain.

8.3 Open Questions

1.

2.

Unconditional formalization. Can A1-A6 be proved within an extended proof kernel with
a complex analysis library?

Lean 4 compilation. Does the syntax-exported .lean file compile in Lean 4 with Mathlib?
(Currently: syntax export only, not compiled against Mathlib.)

. The cross-domain bridges. Can the partition function approach yield non-trivial progress

on NS, RH, or YM (not just framing)?

. Factoring. The p value of Factoring determines its P-membership. Can p(Factoring) be

computed or bounded?

. Proof complexity duality. The p parameter extends naturally from computational com-

plexity to proof complexity: defining pg(II) = infyar(Zy ) for a proof system II (where
Zy,r counts proofs by length), one obtains II poly-bounded <= pg . (IT) > 1. Combined
with the Cook-Reckhow theorem, this yields NP = coNP <= JII : p (II) > 1 — a
single-parameter reformulation of the most fundamental question in proof complexity. This
bridge is formalized (8 verified theorems) in the companion paper (Nagy, 2026d, §7.7). Can
the proof-theoretic p be computed for concrete proof systems (resolution, Frege, extended
Frege)?

During the preparation of this work the author used large language models for manuscript drafting,
literature search, formalization assistance, and proof exploration. The author reviewed and edited
all content and takes full responsibility for the mathematical claims.
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