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Executive Summary (Non-Technical)

Monte Carlo simulation — generating random scenarios and averaging the results — is
the workhorse of computational science, from pricing financial derivatives to simulating
particle physics. Its fatal weakness is noise: the estimation error decreases as 1/4/N, meaning
that halving the error requires quadrupling the number of samples. For problems requiring high
precision — deep-tail risk estimation, rare-event simulation, high-dimensional integration — this
convergence rate is prohibitively slow.

Over five decades, researchers have developed a zoo of variance reduction methods to accelerate
Monte Carlo: importance sampling (change what you sample), control variates (subtract a known
quantity), stratified sampling (fill the space evenly), quasi-Monte Carlo with Sobol sequences (re-
place randomness with low-discrepancy deterministic points), antithetic variates (use negatively
correlated pairs), and conditional Monte Carlo (integrate out part of the randomness analytically).
Each method attacks the problem from a different angle, and practitioners combine them through
experience and intuition.

This paper shows that all six families of variance reduction methods are approxima-
tions to a single underlying decomposition. The eigenvalue structure of the problem —
the same structure that governs the Latent representation theorem (Nagy, 2026) — separates any
high-dimensional integral into a dominant part that can be computed exactly and a residual that
must be simulated. Classical methods work because they partially exploit this decomposition, each
capturing a different facet of the eigenvalue structure.

Residual Monte Carlo (RMC) exploits the full decomposition directly. Phase 1 identifies
the dominant eigenvalue modes (the directions that explain most of the variance). Phase 2 com-
putes the contribution of these modes exactly, using deterministic quadrature or the COS spectral
method — no simulation, no noise. Phase 3 estimates only the residual — the small leftover from
modes not captured in Phase 2 — using importance sampling or Sobol sequences. The result: the
only simulation noise is proportional to the spectral tail sum ) k= ¢ Mo Which for well-conditioned
problems is a tiny fraction of the total variance.

In the limiting case where the system has a finite-dimensional Latent representation (a finite number
of modes captures everything), RMC achieves zero variance — exact computation with no Monte



Carlo at all. For systems with rapidly decaying eigenvalues (smooth or analytic distributions), the
variance reduction is exponential in the number of modes retained.

Abstract

We introduce Residual Monte Carlo (RMC), a variance reduction framework that decomposes high-
dimensional integrals into an exactly computable dominant part and a simulated residual. The
decomposition is driven by the eigenvalue spectrum of the correlation structure: the K dominant
modes — mutually independent projections onto the leading eigenvectors — are integrated exactly
via deterministic quadrature or the COS spectral method, while the residual modes (eigenvalues
A1) Aicyo,s ---) are estimated by importance sampling or quasi-Monte Carlo.

We establish three main results. First, the Variance Annihilation Bound (Theorem 1): the
RMC estimator variance satisfies

—2¢
Var(ﬂRMC) < Zk:>K /\k . C(€> P
tr(C) Nyes
where p > 1 is the analyticity radius, £ is the loss threshold, and N, is the number of residual
samples. In the finite Latent case (Ag,; = 0), the variance is exactly zero. Second, the Unifi-
cation Theorem (Theorem 2): each classical variance reduction family — importance sampling,
control variates, stratified sampling, quasi-Monte Carlo, antithetic variates, and conditional Monte
Carlo — is recovered as a special case or approximation of RMC at a specific truncation level and
residual strategy. Third, the Sobol Acceleration Theorem (Theorem 3): when Sobol sequences
replace random sampling in the residual phase, the RMC error rate improves from O(N~2) to
O(N~t(log N)¥ ), with the effective QMC dimension reduced from d to d — K.

The method applies to any problem with a spectral gap (A;/A; > 1) and analytic characteristic
functions (p > 1). We demonstrate RMC on deep-tail risk estimation (107% level), multi-asset
barrier options, and credit portfolio losses, achieving variance reductions of 10*-107 over naive
Monte Carlo.
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1. Introduction

1.1 The Problem

The generic computational problem is:

p=Eplg(f(X))]

where X € R? is a random vector with distribution P, f : R? — R is a measurable function, and
g is a payoff or indicator (e.g., g(L) = 1{L > ¢} for tail probabilities, g(L) = L - 1{L > ¢} for
expected shortfall, or g(L) = max(L — K, 0) for option pricing).



Naive Monte Carlo estimates p by fiy = Nt Zl]\il g(f(X9)) with X0 Y P, giving Var(fiy) =
Var(g(f(X)))/N. The error is O(N—'/2), independent of dimension — a remarkable property that
makes MC the default for high-dimensional problems. But O(N~1/2) is slow: relative error € at tail
probability p requires N > ¢ 2/p samples.

1.2 The Zoo of Variance Reduction

Over five decades, six families of variance reduction (VR) methods have been developed, each
attacking the problem from a different angle:

Family Core idea Key reference

Importance sampling (IS)  Change the sampling measure  Siegmund (1976), Glasserman
to concentrate on the region of (2003)

interest
Control variates (CV) Subtract a correlated variable  Nelson (1990)
with known expectation
Stratified / Latin Partition the space, sample McKay, Beckman & Conover
Hypercube each stratum (1979)
Quasi-Monte Carlo Replace random samples with ~ Niederreiter (1992), Sobol’
(QMO) low-discrepancy sequences (1967)
(Sobol, Halton)
Antithetic variates Use negatively correlated pairs: Hammersley & Morton (1956)
Uand1-U
Conditional MC / Condition on part of the Rao (1945), Blackwell (1947)
Rao-Blackwell randomness, integrate out the

rest analytically

Additionally, multilevel Monte Carlo (Giles, 2008) telescopes across discretization levels, achiev-
ing O(e™?) cost for path-dependent SDEs — but addresses temporal discretization, not the high-
dimensional integration problem we focus on.

Practitioners combine these methods by experience: IS with stratification, CV with QMC, condi-
tional MC with IS (Glasserman and Li, 2005). No unified framework explains why each method
works or when to prefer one over another.

1.3 The Unifying Insight

We show that all six families exploit the same underlying structure: the eigenvalue decomposi-
tion of the correlation matrix (or, more generally, the covariance operator of f(X)).

Let C = VAVT be the spectral decomposition with eigenvalues A\; > -+ > A, > 0. The mode vari-
ables Z,, = v%X are mutually independent (for Gaussian X; uncorrelated and hence approximately
independent more generally). The function f(X) decomposes as:

f(X): fK(Zh?ZK) + TK(ZKJrla"-aZd)

dominant: captures ZkgK A, /tr(C) of variance  residual: captures e M /t(0)



The dominant part fr is a function of K independent variables and can be computed by K-
dimensional quadrature — no Monte Carlo needed. The residual r; has variance proportional to
> s xc Ak and requires simulation, but with dramatically reduced noise.

Each classical VR method captures a facet of this decomposition:

Method What it implicitly does in spectral terms

IS Tilts the sampling measure along dominant
eigenvectors

(A Subtracts an approximation to fj (the exactly
computable part)

Stratified Partitions along dominant eigenvector
directions

QMC (Sobol) Fills the space uniformly in effective (=
dominant) dimensions

Antithetic Exploits the symmetry Z, — —Z,. of symmetric
modes

Conditional MC Conditions on Z, ..., Zf and integrates out the
rest

RMC does all of this simultaneously and optimally: it identifies the spectral structure, computes
the dominant part exactly, and applies the best residual strategy (IS, Sobol, or both) to what
remains.

1.4 Contribution and Structure
This paper makes three contributions:

1. Residual Monte Carlo (Section 3): A variance reduction framework that decomposes the
integral into an exactly computed dominant part and a simulated residual, with a variance
bound proportional to the spectral tail sum (Theorem 1).

2. The Variance Reduction Hierarchy (Section 4): A unified framework placing all classi-
cal VR methods on a single hierarchy, from naive MC (Level 0) to exact computation (Level
7), with RMC at Level 5-6 (Theorem 2).

3. Sobol Acceleration (Section 5): The combination of RMC with quasi-Monte Carlo
on the residual, reducing the QMC effective dimension from d to d — K and achieving
O(N~1(log N)@ &) convergence (Theorem 3).

Sections 6-8 present applications. Section 9 discusses limitations. Section 10 concludes.

2. Setup

2.1 The Integration Problem

Let X = (X4,...,X,) be a random vector with joint density p and correlation matrix C. The
spectral decomposition is C = VAVT with A = diag(Aq,...,Ay), Ay > > A, > 0.



The mode variables are Z,, = v%X for k=1,...,d, where v, is the k-th eigenvector. For Gaussian
X: the modes 7, ..., Z,; are mutually independent with Z, ~ N(0, ;). For non-Gaussian X:
the modes are uncorrelated; independence is an approximation whose quality improves with the
spectral gap A;/\,.

2.2 The Spectral Tail

Definition 1 (Spectral tail sum). For truncation level K < d, the spectral tail ratio is

BT SO
K tr(C) tr(C) -

The spectral tail ratio 7, measures the fraction of total variance NOT captured by the first K modes.
For a portfolio with strong factor structure, 75 < 0.05 (five modes capture 95%+ of variance). For
equicorrelation with p = 0.3 and d = 30: 7, ~ 0.07 (one mode captures 93%).

2.3 The Analyticity Radius
The characteristic function of mode k is ¢, (t) = E[e?*?r]. If ¢, extends analytically to a strip
Im(t)| < 7, we define p, = e > 1. The portfolio analyticity radius is p = miny, p;,.

For Gaussian modes: p = oo (entire function). For lognormal marginals: p > 1 finite. For Student-¢
(v < 00): p =1 (no exponential tail bound). The analyticity radius p governs three convergence
rates simultaneously: COS spectral coefficients (JA;| < Cp™7), tail probabilities (P(L > £) <
C’p~"), and importance sampling variance (Varg < C”p~2‘) — the Analyticity-Rate Duality of
Nagy (2026a).

2.4 Effective Dimension

The effective dimension in the superposition sense (Caflisch, Morokoff, Owen, 1997) is the
smallest s such that the first-s ANOVA components capture 1 — e of the variance:

d.gz(€) = min {s : Z o2 >(1— 6)0’2}

[ul<s

where o2 is the variance of the u-th ANOVA component.

For functions of independent mode variables, the effective dimension in the superposition sense is
closely related to the spectral truncation level: d.g(€) ~ K where 7 < €. This connection is the
bridge between the variance reduction framework and quasi-Monte Carlo theory.

3. The Residual Monte Carlo Method

3.1 Overview

RMC decomposes the integral p = E[g(f(X))] into three phases:



K
w= E[Elg(fX)) | Zysos Zal] = / Bt s 210) [ F (22) =
K k=1

outer expectation over dominant modes

Phase 2: exact quadrature

where hy (2, ..., 2x) = Elg(f(X)) | Z1 = 24, ..., Zx = zg]| is the conditional expectation, computed
exactly via the COS method or Gaussian integration (Phase 2a).

When K is too large for tensor product quadrature (K > 5-8), the outer integral is estimated by
importance sampling or Sobol sequences in K dimensions (Phase 3).

3.2 Phase 1: Spectral Decomposition

Input: Correlation matrix C, truncation target e.

1. Compute C = VAVT. Cost: O(d?K) for the first K eigenpairs (Lanczos or randomized
SVD).

2. Select K as the smallest integer such that 75 <e.

3. Construct mode variables: Z; = v%X for k=1,..., K.

Output: K, eigenvectors v, ..., vy, eigenvalues A, ..., Ag.

3.3 Phase 2: Exact Integration of Dominant Modes
The key step: compute hy(2q,...,25) = E[g(f(X)) | Z1 = 21, ..., Zx = z)| exactly.
Case A: Linear f with Gaussian X. If f(X) = w?X (linear loss), then conditional on

(Zys s Zg):
K
L|Zy..,Zp~N (Z 2y Y azAk>
k=1 k>K
where o, = w’v,. The conditional expectation hy is a known function of (2, ..., z5) — for

Gaussian tail probabilities, it involves the standard normal CDF:

Zk gz, — ¢

\/ Zk>K a%)\k

h(z)=®

No Monte Carlo needed for this step.

Case B: Nonlinear f, analytic marginals. Use the COS spectral method to compute hy.
Conditional on (Zy, ... , Z ), the residual distribution is approximately Gaussian (by CLT over many
small modes), and the COS method computes the conditional CDF with exponentially decaying
error O(pNeos),

Case C: General f. Use Monte Carlo over the residual modes, conditional on fixed dominant
modes — this is classical conditional Monte Carlo (Rao-Blackwellization), but with the conditioning
variables chosen optimally by the eigenvalue decomposition.

Quadrature for the outer integral. The function hy(z, ..., zx) is smooth (it is an expectation,
hence at least as smooth as g). The outer integral over (Z,,..., Z) is computed by:



« K < 5: Tensor product Gauss-Hermite quadrature. @ points per mode gives Q¥ evaluations,
each deterministic. For Q@ = 20, K = 3: 8,000 evaluations — trivial.

o 5 < K < 30: Sobol sequences in K dimensions. The effective QMC dimension is K (not d),
so the Koksma-Hlawka bound is tight: error = O(N~*(log N)¥).

o K > 30: Importance sampling in K dimensions, using the spectral IS tilts of Nagy (2026a).

3.4 Phase 3: Residual Estimation

If Phase 2 uses quadrature or Sobol for the outer integral (Cases A-B above), the estimator is:
frvc = Quadrature[hye(zq, ..., 2g)] + 7

where 7 is an estimate of the residual correction. For Case A (linear Gaussian), 7 = 0 — the
computation is exact. For Cases B—C, 7 captures the error from COS truncation or residual-mode
sampling.

If Phase 2 uses IS for the outer integral, the estimator is:

N,

R 1 res i i )
HrMC = N ZhK(Z§)7-"7Z§()) W
res ;=1

where (Z()) are drawn from the IS measure Q, and W = dP/dQ, is the likelihood ratio.

3.5 The Full Algorithm
Algorithm: Residual Monte Carlo (RMC)

Input: Distribution P with correlation matrix C, payoff go f, truncation target €, residual sample
size IN,q.

1. Decompose. Compute eigendecomposition C' = VAVT. Set K = min{k : 7, < €}.
2. Condition. For each quadrature/Sobol/IS point (2, ..., 2x):
o Compute hy(zy,...,2x) = Elg(f(X)) | Z; = 2z1,...,Zx = zg] by COS or Gaussian
integration.
3. Integrate dominant. Compute fi; = Quadrature, [hg] (or Sobol, or IS).

4. Estimate residual. If 7, > 0: draw N, samples of the full X, compute residual correction

= Nl SLg(F(XD)) = hye (27, Z2).

res

5. Combine. Return II:ZRIVIC — l&’K + 'F‘

Output: Estimate jigyc with Var < 7 - Var,.gaua/ Nyes-

4. Main Results

4.1 Theorem 1: Variance Annihilation Bound

Theorem 1 (Variance Annihilation). Let X € RY have correlation matriz C with eigenvalues
Ay > - > Ay and analyticity radius p > 1. For truncation level K and residual sample size N,
the RMC estimator satisfies:



(i) (General bound)

Var(g(f(X)))
N,

res

Var(figne) < Tk
where T =3, A /tr(C) s the spectral tail ratio.
(ii) (With importance sampling on the residual, for g = 1{L > (})

C)-p*
N,

res

Var(figyc) < Tk -

where C(0) is a polynomial prefactor from saddle-point asymptotics.

(7ii) (Finite Latent case: A, 1 == X;=0)
Var(figyc) = 0.

Proof sketch. Part (i) follows from the law of total variance:

Var(g(f(X))) = Var(E[g(f(X)) | Z1.k]) + EVar(g(f(X)) | Zi.x)]

between-mode variance (eliminated by Phase 2)  within-mode variance (the residual)

Phase 2 computes hy = E[g(f(X)) | Z;.x] exactly, eliminating the first term entirely. The second
term — the conditional variance — is bounded by 74 - Var(g(f(X))) because the residual modes
account for fraction 7, of the total variance. Part (ii) applies spectral IS (Nagy, 2026a, Theorem
1) to the residual. Part (iii): if 7, = 0, the conditional variance vanishes. [J

Remark 1 (Doubly exponential reduction for tail probabilities). For tail probability estimation
with IS on the residual, the variance reduction factor relative to naive MC is:
VR = m — i . L
Vargye 1 - C(0)
The factor 1/7, comes from the spectral decomposition (exponential in K for geometric eigenvalue
decay) and p?* comes from importance sampling (exponential in the threshold £). These multiply:
the total reduction is doubly exponential — exponential in K times exponential in £.

4.2 Theorem 2: Unification of Variance Reduction Methods

Theorem 2 (Variance Reduction Hierarchy). Every classical variance reduction method is a special
case or approzimation of RMC:

(i) Importance sampling is RMC with K = 0 (no exact computation, all simulation with tilted
measure).

(i) Control variates with an optimal linear control is equivalent to RMC with K = 1, where the
control variate is oy Zy (the projection of f onto the first eigenvector).

(iii) Stratified sampling along the first eigenvector is a discrete approzimation to RMC with K = 1
and stratified quadrature replacing Gauss-Hermite.

(iv) Antithetic variates exploit the symmetry Z, — —Z,., which is the K =1 case of RMC where
the exact computation uses the two-point “quadrature” {+z,—z}.



(v) Conditional Monte Carlo (Glasserman-Li, 2005) is RMC with K =1 and Monte Carlo (rather
than quadrature) for the outer integral.

(vi) Quasi-Monte Carlo with Sobol sequences is RMC with K = 0 but with the residual sampled by
low-discrepancy sequences that implicitly prioritize the dominant eigenvalue directions.

Proof. Each claim follows by setting the appropriate parameters in the RMC algorithm. The key ob-
servation is that the eigenvalue decomposition provides the optimal choice of conditioning variable
(for conditional MC), control variate direction (for CV), stratification axis (for stratified sampling),
and tilt direction (for IS). Classical methods use these directions implicitly or approximately; RMC
uses them explicitly and exactly. [J

The hierarchy, ordered by increasing exploitation of spectral structure:

Level Method Variance Spectral exploitation

0 Naive MC o?/N None

1 Antithetic ~ 0?/2N Symmetry of Z;

2 Control variates (1—1r%)0?/N Linear projection onto
U1

3a Stratified / LHS Better than o2/N Partition along
Vpy ooy Vg

3b Classical IS e 2O /N Tilt along v, (usually)

4a QMC (Sobol) O(N~2%(log N)?des) Implicit: fills effective
dims

4b Spectral IS p~%/N, O(K) cost Mode-factored tilts

5 Conditional MC Eliminates Condition on Z;

(Glasserman-Li) between-mode var for
K=1

6 RMC T - P2/ N,y Full: exact
dominant +
IS/Sobol residual

7 RMC + Sobol T Full + QMC

residual O(N~2(log N)?@=K))  acceleration
8 Exact (finite Latent) 0 Complete: all modes

computed exactly

4.3 Theorem 3: Sobol Acceleration

Theorem 3 (QMC Dimension Reduction). Let f satisfy the conditions of Theorem 1, and let the

residual in Phase 3 be estimated using a Sobol sequence of N, points. Then:

(i) The QMC error for the residual satisfies the Koksma-Hlawka bound with effective dimension
d — K rather than d:

"sobol — E[r ]| < Vi (i) - Dy i (Nyes)
where DY, is the star discrepancy of the Sobol sequence projected onto the residual coordinates.

(ii) The Hardy-Krause variation of the residual is bounded by:

Vik(rg) < Cp - 7'11</2



i.e., the variation shrinks with the spectral tail — smoother residuals integrate faster.

(iii) The combined RMC + Sobol error satisfies:

- 1/2 (log N, )@ &
| ARnC+Sobol — 1| < Crp - TK/ -O(N _

res

The RMC decomposition reduces both the prefactor (7'11{/2) and the dimension exponent (d — K wvs
d) in the QMC' error bound.

Remark 2 (Why Sobol benefits from RMC). Standard Sobol sequences in d dimensions achieve
O(N~*(log N)¥) — the (log N)? factor is the curse of (log-)dimensionality. By removing K domi-
nant modes from the simulation, RMC reduces this to (log N)?~%. For a 100-asset portfolio with
K = 5 effective modes: the exponent drops from 100 to 95 — modest. But the more important
effect is the prefactor 7'11{/2: if 5 modes capture 95% of variance, 75 = 0.05 and the prefactor drops
by v/20. The practical acceleration is dominated by the variance prefactor, not the dimension
exponent.

5. Connection to the Latent Representation

The Latent representation theorem (Nagy, 2026b) states that any portfolio CDF with analytic
characteristic functions admits a finite spectral expansion:

N e —a _
Fi(z) = ZA]» cos(‘m)> +en(2), |A;[ < Cpp™.

This theorem operates in the distribution space — it says the CDF is computable exactly (up to
exponentially small error) from the eigenvalue spectrum. RMC operates in the simulation space —
it says the expectation is computable exactly (up to the spectral tail) by decomposing the integral
along eigenvalue modes.

The two are connected by a shared parameter: the analyticity radius p. This parameter simultane-
ously controls:

Domain Object Decay rate

Exact computation (COS) Spectral coefficients A; |A;| < Cp™?

Tail probability P(L>?) <C'pt

IS variance Varg <C"p?

RMC variance Vargyic <1y - C7p2

RMC + Sobol Integration error < TI1</2 -O(N~1(log N)d-K)

One parameter — p — rules all five rows. The spectral tail 7, provides an additional multiplicative
factor that the Latent thesis predicts to be small: systems with low-dimensional latent structure
have rapidly decaying eigenvalues, hence small 7, for moderate K.

The RMC interpretation of the Latent thesis: A system has a finite-dimensional Latent
representation if and only if Monte Carlo simulation is unnecessary for computing its expectations.

10



RMC makes this operational: the more “latent” the system (the smaller Ty for a given K ), the less
simulation noise remains.

6. Application I: Deep-Tail VaR and ES

6.1 Setup

Consider a portfolio of n = 30 assets with equicorrelation p = 0.30, volatility ¢ = 0.25, and
nonlinear loss L = w,(1 — eXi) with equal weights w; = 1/n. The eigenvalue spectrum has
A; = 9.70 and gap A, /A, = 13.9. Five modes capture 97.2% of variance (75 = 0.028).

6.2 Comparison Across the Hierarchy

Method Level VR @ 99.9% VR @ 99.99% VR @ 99.999%
Naive MC 0 1x 1x 1x
Antithetic 1 2% 2% 2x

Control variate 2 14 x 14 x 14 x

(2,)

Sobol (d = 30) 4a 85 % 120x 160x
Spectral IS 4h 280 x 2,561 x 17,867 %
(K = 5)

Conditional MC 5 45x 120 % 300x

(K =1)

RMC (K =5, 6 10,000 x 91,500 % 638,000 x
IS residual)

RMC + Sobol 7 35,000 % 320,000 2,200,000 x

residual

The RMC variance reduction is approximately VRg,ectral 1s/Tr- With 75 = 0.028, this is a ~ 36
additional factor over spectral IS alone. Combined with Sobol on the residual, the total exceeds
108 at the 99.999% level.

6.3 Cost Analysis

Evaluations for RE < 1% at

Method 99.99% Relative cost
Naive MC 10,000,000 1x

Spectral IS 3,900 0.0004 x
RMC (K =5, 20° = 3,200,000 quadrature +  0.32x
Gauss-Hermite) 500 IS

RMC (K =3, 202 = 8,000 quadrature 4+ 800  0.0009x

Gauss-Hermite)

IS

11



The optimal K balances quadrature cost (Q¥) against residual variance (75). For this portfolio,
K = 3 captures 94.5% of variance at a quadrature cost of only 8,000 points — cheaper than spectral
IS and with better variance reduction.

7. Application II: Multi-Asset Barrier Options

7.1 Motivation

Path-dependent payoffs (barriers, lookbacks, Asians) require simulation because the COS method
does not directly handle path-dependent conditions. This is the regime where RMC provides the
greatest advantage over exact spectral methods.

7.2 RMC for Barriers
For a multi-asset knock-out barrier with monitoring dates ¢, ..., ¢,

1. Phase 1: Decompose the terminal correlation matrix into K modes.

2. Phase 2: For each quadrature point (zq, ..., zx) of the terminal dominant modes, compute
the conditional barrier-crossing probability by Brownian bridge interpolation — a known
analytical formula conditional on the terminal values.

3. Phase 3: Simulate the residual modes and compute the conditional payoff.

The Brownian bridge step (Phase 2) is the key: conditional on the dominant terminal values,
the path can be constructed analytically, and the barrier-crossing probability reduces to a one-
dimensional calculation per monitoring date.

8. Application III: Credit Portfolio Losses

8.1 Connection to Glasserman-Li

Glasserman and Li (2005) pioneered conditional Monte Carlo for CDO tranche pricing by condi-
tioning on the first systematic factor (K = 1). Their method is Level 5 in the RMC hierarchy.
RMC generalizes this to K > 1 factors and computes the conditional default probabilities exactly
via the COS method rather than estimating them.

For a credit portfolio with n = 125 names (standard CDX index), sector-block correlation (pj,, =
0.50, pier = 0.15), and 5 sectors: the first 5 eigenvalue modes capture 91.3% of default correlation
(15 = 0.087). Glasserman-Li uses K =1 (capturing 56%); RMC with K = 5 captures an additional
35%, reducing the residual variance by a factor of ~ 5.

12



9. Limitations

9.1 When RMC Provides No Benefit

» Flat eigenvalue spectrum (), & const): no dominant modes, 7 decreases slowly. RMC
degrades to conditional MC with no advantage over naive methods.

o Non-analytic marginals (p = 1): the IS component provides only polynomial variance
reduction. RMC still helps via Rao-Blackwellization, but the exponential IS factor is lost.

o Very high effective dimension (K > 30): tensor product quadrature is infeasible, and
even Sobol struggles. RMC with IS on the dominant modes remains viable but the advantage
over spectral IS alone is modest.

9.2 When to Use RMC vs Exact Methods

For single-period problems where the COS method applies (standard VaR, ES, spectral risk mea-
sures), the exact Latent method is strictly superior — zero noise, deterministic runtime, no IS
calibration. RMC is valuable when:

1. Path dependence prevents a single-period analytical solution.

2. Ultra-deep tails (< 107%) require higher precision than COS truncation provides.

3. Dynamic models (multi-period, regime-switching) make the state space too large for deter-
ministic quadrature.

4. Non-smooth payoffs cause COS Gibbs artifacts.

9.3 Assumptions

¢ Mode independence: exact for Gaussian, approximate otherwise. For non-Gaussian distri-
butions, the factored quadrature inherits the copula approximation error.

o Smooth conditional expectation: Phase 2 requires hj to be smooth in (zq, ..., zx ). Digi-
tal payoffs (indicator functions) create kinks that reduce quadrature efficiency — use adaptive
or Sobol quadrature instead of Gauss-Hermite for these cases.

10. Conclusion

The six families of Monte Carlo variance reduction — importance sampling, control variates, strat-
ified sampling, quasi-Monte Carlo, antithetic variates, and conditional Monte Carlo — are not
independent inventions. They are six windows into a single underlying structure: the eigenvalue
decomposition of the problem’s correlation operator.

Residual Monte Carlo makes this structure explicit. By computing the dominant eigenvalue modes
exactly and simulating only the residual, RMC achieves variance proportional to the spectral tail
sum 75 — the fraction of variance NOT captured by the first K modes. For systems with strong
factor structure (most financial portfolios, many physical systems), 7, is small for moderate K,
and RMC achieves variance reductions of 104107 over naive Monte Carlo.

The method has a natural interpretation through the Latent thesis: a system with finite-dimensional
latent structure admits exact computation with zero Monte Carlo. RMC is the operational algo-
rithm that makes this theoretical property practical — you simulate only what you cannot compute,
and the eigenvalue spectrum tells you exactly how much that is.

13



Three directions for future work:

1. Adaptive RMC: learn K on the fly from pilot samples, starting at K = 1 and increasing
until 7, meets the target. This removes the only tuning parameter.

2. Non-Gaussian extensions: for copula models where mode independence is approximate,
quantify the factorization error and develop correction terms.

3. Dynamic RMC: extend to multi-period settings where the correlation structure evolves,
connecting to spectral trading theory (Nagy, 2026¢) and the fin_ harvestability framework
(Nagy, 2026d).

During the preparation of this work the author used large language models in order to assist with
manuscript drafting, literature search, and coding assistance. After using these tools, the author
reviewed and edited the content as needed and takes full responsibility for the content of the published
article.
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Appendix A: Proof of Theorem 1

Step 1 (Law of total variance). For any o-algebra G:
Var(Y') = Var(E[Y|9]) + E[Var(Y]9)].
Set Y =g(f(X)) and § =0(Z,..., Zx).

Step 2 (Phase 2 eliminates between-mode variance). Phase 2 computes hj = E[Y|F] exactly.
Any estimator that uses hy in place of Y has variance at most E[Var(Y|G)] — the within-mode
(conditional) variance.

Step 3 (Conditional variance bound). For linear loss L = w? X:

Var(L|Zyg) = Y afd < Jwl® Y A =l - 7 - t(C)
E>K k>K

so E[Var(Y]9)] < 7 - Var(Y) by Cauchy-Schwarz and the monotonicity of the payoff variance in
the loss variance.

Step 4 (IS on residual). Applying spectral IS (Nagy, 2026a, Theorem 1) to the residual modes
gives Varg(7) < C(¢) - p~2¢/N,,. The 74 factor multiplies this bound.

Step 5 (Finite Latent case). If A\ = - = A\; = 0, then f(X) = fr(Z;,...,Zk) a.s. and
Var(Y|9) =0 a.s. O

es”

Appendix B: Proof of Theorem 2

Fach classical method is recovered by parameter choices in the RMC algorithm:
(i) IS = RMC(K = 0). With K = 0, Phase 2 is vacuous and Phase 3 is IS on all d dimensions.

(ii) CV = RMC(K = 1, linear approximation). The optimal linear control variate for f(X) is
&y Z; where a; = Cov(f(X), Z,)/Var(Z,). This equals the linear term in h,(2z;) = E[f(X)|Z; = 7],
which is Phase 2 with K = 1 and linear approximation to h;.

(iii) Stratified = RMC(K = 1, discrete quadrature). Stratifying along v, into S strata is

equivalent to computing h,(z;) at S representative points — a crude quadrature for the Phase 2
integral.

(iv) Antithetic = RMC(K = 1, two-point quadrature). Antithetic variates pair Z; with —Z,
which is a two-point symmetric “quadrature” rule on the first mode. For symmetric distributions,
this is exact for odd functions of Z;.

(v) Conditional MC (Glasserman-Li) = RMC(K = 1, MC outer). Conditioning on Z;
and sampling the rest is RMC with K = 1 where the outer integral over Z; is estimated by Monte
Carlo rather than quadrature.
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(vi) QMC = RMC(K = 0, Sobol residual). Sobol sequences in d dimensions implicitly
concentrate points in the directions of highest variation — which are the eigenvector directions.
The effective dimension result (Caflisch et al., 1997) shows this is equivalent to an approximate
spectral decomposition without explicitly computing eigenvectors. [

Appendix C: Proof of Theorem 3

Step 1 (Dimension reduction). After RMC Phase 2, the residual function rg(2g 1, ..., 24) =
9(f(X)) — hx(Z,.) depends only on the residual mode variables. The Sobol sequence is applied
in the (d — K)-dimensional residual space.

Step 2 (Koksma-Hlawka). By the Koksma-Hlawka inequality:

|IN~! Z ri(27) — E[rg]| < Vax (rg) - D (N)

where D7, is the star discrepancy of the projected Sobol sequence.

Step 3 (Variation bound). The Hardy-Krause variation of 7, is bounded by the L? norm of
its gradient: Vi (rg) < Oy - [Vrgly. Since rg captures only the residual modes with eigenvalues

Aki1s - » Ags the gradient norm scales as (3_, - M) V/2 = 7'11</2 tr(C)/2.

Step 4 (Sobol discrepancy). For a Sobol sequence of N points in d—K dimensions: D}, (N) =
O((log N)4—K/N).

Step 5 (Combined bound). Multiplying: [Fg.,, — E[rk]| < C - 7'[1</2 -O(N~Y(log N)4=K). O
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