
The Latent Number �: A Universal Diagnostic for
Computational Complexity

A Universal Diagnostic for Computational Complexity

Tamás Nagy, Ph.D.

tnagyphd@gmail.com

Draft • March 2026

Executive Summary (Non-Technical)
Every scientist, engineer, and data scientist faces the same hidden question before starting a com-
putation: how hard is my problem, really?

A weather modeler runs a million-sample Monte Carlo simulation that takes three days. A drug
designer optimizes molecular conformations across 500 degrees of freedom. A risk manager estimates
the probability of a portfolio loss that occurs once per decade. A machine learning engineer trains
a billion-parameter model on a terabyte of data. Each spends computational resources — energy,
time, money — on a problem whose true difficulty they have never measured.

This paper introduces a diagnostic based on a single number: the Latent Number 𝜌 — the
system’s intrinsic compressibility, playing the role for computation that the Reynolds number plays
for fluid dynamics. Computable from data or governing equations, 𝜌 tells you:

1. How compressible your system is. If 𝜌 > 1, the system has a finite representation of size
𝑁 = 𝑂(log(1/𝜀)/ log 𝜌). The larger 𝜌 is, the fewer numbers you need. If 𝜌 ≈ 1, the system is
genuinely hard — no shortcut exists.

2. Whether Monte Carlo is necessary. For any system with 𝜌 > 1, there exists a determin-
istic method that replaces sampling with exact computation. Monte Carlo is only necessary
when 𝜌 = 1 — at the singularity boundary.

3. Where the phase transition is. The boundary 𝜌 = 1 separates two qualitatively different
computational regimes: exponentially efficient (𝜌 > 1) and polynomially hard (𝜌 ≤ 1). This
boundary is sharp and universal.

The methodology is domain-independent. It applies to probability distributions, dynamical systems,
partial differential equations, machine learning models, and quantum systems — any object that
is, or can be represented as, an analytic function. The same 𝜌 that tells a financial engineer how
many Fourier modes she needs for a portfolio loss distribution tells a plasma physicist whether her
confinement model is spectrally tractable, and tells a climate modeler whether a spectral method
can replace an ensemble simulation.

The practical claim is simple: compute the Latent Number before computing anything
else. It reveals the system’s intrinsic complexity class, the method that should be used, and the
resources actually needed — preventing orders of magnitude of wasted computation across every
quantitative discipline.
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Just as a fluid dynamicist computes Re before choosing between laminar and turbulent models, and
an aerodynamicist checks Ma before selecting subsonic or supersonic methods, every computational
scientist should compute 𝜌 before selecting a computational approach. The phase transition at 𝜌 = 1
is as sharp and consequential as the transition at Re ≈ 2300 or Ma = 1.

Abstract
We introduce the 𝜌-diagnostic: a cross-domain methodology for assessing the computational
complexity of smooth systems through a single computable parameter, the Latent Number 𝜌
(the system’s intrinsic compressibility; formally, the analyticity parameter). We prove the Uni-
versal Complexity Theorem: for any system admitting an analytic representation with an-
alyticity parameter 𝜌 > 1, the number of degrees of freedom needed to achieve accuracy 𝜀 is
𝑁 ∗(𝜀) = Θ(log(1/𝜀)/ log 𝜌), independent of ambient dimension, choice of basis, and computational
domain. We show that 𝜌 has natural, computable interpretations across six major scientific do-
mains: as the Bernstein ellipse parameter in distribution theory, as the eigenvalue decay rate of
data covariance in machine learning, as the spectral gap of the Fokker–Planck generator in dynam-
ical systems, as the Lindblad spectral gap in quantum mechanics, as the grade decay rate in fluid
dynamics, and as the analyticity strip width of the interaction potential in molecular simulation.
We prove a Phase Transition Theorem: the boundary 𝜌 = 1 is a sharp computational phase
transition — below it, finite spectral representation is impossible; above it, exponential convergence
is guaranteed. We develop practical algorithms for computing 𝜌 from data (empirical spectral decay
fitting), from parametric models (closed-form expressions for standard distribution families), and
from governing equations (spectral gap extraction). We establish the Analyticity–Rate Duality:
𝜌 simultaneously governs the convergence rate of deterministic spectral methods (COS, Galerkin,
Chebyshev) and the efficiency of optimal importance sampling for rare-event simulation, unifying
two literatures that have developed independently. We demonstrate the diagnostic on systems from
financial risk (portfolio loss: 𝜌 ≈ 1.1–3.0, 𝑁 ∗ ≈ 16–145), neural network training (data covariance:
𝜌 predicts optimal model size), turbulence (Kolmogorov cascade: 𝜌 from viscous cutoff determines
inertial range), plasma confinement (MHD generator: 𝜌 predicts disruption time), and protein fold-
ing (conformational free energy: 𝜌 from the Hessian eigenspectrum). The key results are formally
verified in Lean 4.

Keywords: Latent Number, analyticity parameter, computational complexity, spectral methods,
Monte Carlo, phase transition, formal verification

MSC 2020: 65M70, 65C05, 41A25, 47A10, 68Q25

1. Introduction
1.1 The Wasted Computation Problem
Computational science operates without a pre-computation complexity diagnostic. The standard
workflow is:

1. Formulate a model.
2. Choose a computational method (usually Monte Carlo, finite elements, or gradient descent).
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3. Run the computation.
4. Assess whether the answer is accurate enough.
5. If not, increase resources and repeat.

This workflow treats the problem’s difficulty as unknown until the computation reveals it. The cost
of this ignorance is substantial. The global scientific computing budget runs to tens of billions of
dollars annually, with a significant fraction spent on Monte Carlo simulation of problems that admit
exact deterministic solutions. Every GPU-hour spent sampling a distribution whose characteristic
function has 𝜌 = 1.5 — meaning 30 Fourier coefficients suffice for 6-digit accuracy — is a GPU-hour
that could have been allocated to a genuinely hard problem.

The 𝜌-diagnostic — measuring the system’s Latent Number — is the pre-check for computational
science: a cheap measurement that determines the problem’s intrinsic difficulty before any expensive
computation begins.

1.2 What 𝜌 Is
Definition 1 (The Latent Number). Let 𝑆 be a system admitting a representation as a function
𝑓 ∶ Ω → ℝ (or ℂ) that extends holomorphically to a neighborhood of Ω in the complex plane. The
Latent Number of 𝑆 — denoted 𝜌(𝑆) and formally identical to the analyticity parameter — is:

𝜌(𝑆) = sup {𝑟 > 1 ∶ 𝑓 extends holomorphically to the Bernstein 𝑟-ellipse of Ω} .

For systems not naturally expressed as functions of a single variable, 𝜌 generalizes via spectral
decay:

𝜌(𝑆) = (lim sup
𝑘→∞

|𝑎𝑘|1/𝑘)
−1

where {𝑎𝑘} is the coefficient sequence of 𝑆 in any orthonormal basis (the Cauchy–Hadamard radius
of the generating function).

The key insight is that the Latent Number does not depend on the basis. This follows from the
Latent Theorem (Nagy, 2026): the basis-free Latent Λ(𝑆) is an intrinsic object, and 𝜌 measures
its regularity. Cosine, Hermite, Legendre, or wavelet expansions all yield the same 𝜌 — just as
the length of a vector does not depend on the coordinate system. The name reflects this: 𝜌 is a
property of the system itself — its latent compressibility — not of any particular representation.

1.3 The Main Result (Informal)
The 𝜌-Diagnostic Principle. For any smooth system 𝑆:

• If 𝜌(𝑆) > 1: the system has a finite representation of size 𝑁 ∗ = Θ(log(1/𝜀)/ log 𝜌).
Deterministic spectral methods achieve this bound. Monte Carlo is unnecessary.

• If 𝜌(𝑆) = 1: the system is at the singularity boundary. No finite spectral represen-
tation exists. Simulation or adaptive methods are required.

• If 𝜌(𝑆) = ∞: the system is entire (no singularities anywhere in the complex plane).
The representation converges super-exponentially. Examples: Gaussian distribu-
tions, harmonic oscillators.
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The number 𝜌 is computable from data, from parametric models, or from governing
equations.

1.4 What This Paper Is (and Is Not)
This paper is a methodology paper. It introduces 𝜌 as a universal diagnostic and shows how to
compute and interpret it across domains. It is not a survey of spectral methods, not a tutorial on
any specific domain, and not an exhaustive benchmark. Each domain application is developed to
the depth needed to demonstrate the diagnostic; companion papers treat each in full:

• Nagy (2026), When Simulation Is Unnecessary (finance)
• Nagy (2026), What Is 𝜌 in Training? (machine learning)
• Nagy (2026), Spectral Importance Sampling (rare events)
• Nagy (2026), Turbulence Scaling Laws from the Grade Equation (fluids)
• Nagy (2026), The Latent Theory of Fusion Plasma Confinement (plasma)

1.5 Position Within the Latent Program
This paper is the �-measurement arm of a four-paper program:

Paper Role What it measures
The Latent (Nagy 2026) Ontology Defines Λ, 𝜌, grades — what

exists
This paper � measurement How to compute � across all

domains; �-algebra; phase
transition

The Grade Method (Nagy
2026)

Grade measurement How to decompose ODE
interaction structure; grades +
� for dynamical systems

Latent Complexity (Nagy
2026)

Complexity theory L-ENTIRE/L-ANALYTIC/L-
BOUNDARY/L-SINGULAR
from � + grade

This paper and the Grade Method are complementary. The �-Diagnostic develops � in full generality
across distributions, covariance operators, PDEs, and quantum systems — providing the �-algebra,
the Phase Transition Theorem, and the Analyticity–Rate Duality. The Grade Method develops
the grade structure for dynamical systems specifically, computing � as a byproduct of the grade
spectrum. Together they measure both axes of the Latent Complexity fingerprint: � (description
complexity) and grade (interaction complexity).

1.6 Structure
• §2: The Universal Complexity Theorem — 𝑁 ∗ = Θ(log(1/𝜀)/ log 𝜌), phase transition at 𝜌 = 1,

equivalence of five definitions, extended 𝜌 for non-smooth objects, and optimality (the bound
cannot be beaten).

• §3: Computing 𝜌 — practical algorithms from data, models, and equations; the 𝜌-algebra
under operations; the cost of the diagnostic.

• §4: The 𝜌-landscape — six domains with worked examples and numerical validation.
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• §5: The Analyticity–Rate Duality — 𝜌 governs both deterministic and stochastic methods;
the multivariate 𝜌-spectrum and anisotropic methods.

• §6: The 𝜌-diagnostic in practice — decision algorithms, computational savings estimates,
limitations, and comparison to existing complexity measures.

• §7: Formalization — Lean 4 verification of the main results.
• §8: Discussion — open problems and the vision of 𝜌-aware computational science.

2. The Universal Complexity Theorem
2.1 Setup
Let ℋ be a separable Hilbert space and let 𝑆 be a system whose relevant properties are encoded
by an element Λ(𝑆) ∈ 𝔏(ℋ) = ⨁𝑟≥0 ℋ⊗𝑟, the graded Hilbert tensor algebra (the Latent space; see
Nagy 2026, The Latent). The grade-𝑟 component Λ(𝑟)(𝑆) captures 𝑟-body interaction structure.

For most applications, the grade-1 component suffices: Λ(1)(𝑆) = ∑∞
𝑘=0 𝑎𝑘𝑒𝑘 for some orthonormal

basis {𝑒𝑘} of ℋ, where 𝑎𝑘 = ⟨Λ(1), 𝑒𝑘⟩ are the spectral coefficients.

Definition 2 (Spectral Decay Rate). The system 𝑆 has spectral decay rate 𝜌 > 1 if there exists
𝐶 > 0 such that

|𝑎𝑘| ≤ 𝐶𝜌−𝑘 for all 𝑘 ≥ 0.

This is equivalent to requiring that the generating function 𝐺(𝑧) = ∑𝑘 𝑎𝑘𝑧𝑘 converges on a disk of
radius 𝜌 in ℂ.

2.2 The Theorem
Theorem 1 (Universal Complexity Bound). Let 𝑆 be a system with spectral decay rate 𝜌 > 1 and
let Π be any bounded linear projector. Let Λ𝑁 = ∑𝑁

𝑘=0 𝑎𝑘𝑒𝑘 denote the 𝑁 -term truncation. Then:

|Π(Λ) − Π(Λ𝑁)| ≤ ‖Π‖ ⋅ 𝐶
𝜌 − 1 ⋅ 𝜌−𝑁 .

For accuracy 𝜀 > 0, the required truncation order is:

𝑁 ∗(𝜀) = ⌈ log(𝐶‖Π‖/(𝜀(𝜌 − 1)))
log 𝜌 ⌉ = Θ( log(1/𝜀)

log 𝜌 ) .

This bound is:

• Dimension-independent: 𝑁 ∗ does not depend on the ambient dimension of 𝑆.
• Basis-independent: 𝜌 is the same in every orthonormal basis (it is a property of Λ, not of

coordinates).
• Projector-universal: the bound holds for every bounded linear functional simultaneously.
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Proof. The tail bound follows from the geometric series:

‖Λ − Λ𝑁‖ = ∥∑
𝑘>𝑁

𝑎𝑘𝑒𝑘∥ ≤ ∑
𝑘>𝑁

|𝑎𝑘| ≤ 𝐶 ∑
𝑘>𝑁

𝜌−𝑘 = 𝐶𝜌−𝑁

𝜌 − 1 .

Setting ‖Π‖ ⋅ 𝐶𝜌−𝑁/(𝜌 − 1) ≤ 𝜀 and solving for 𝑁 gives the result. The basis-independence follows
from the Latent Theorem (Nagy 2026, Theorem 2): 𝜌 is an intrinsic property of Λ(𝑆), computable
as 𝜌 = (lim sup𝑘→∞ |𝑎𝑘|1/𝑘)−1 in any basis. □

Remark 1 (Tightness). The bound is tight: for the Chebyshev expansion of 𝑓(𝑥) = 1/(𝑥 − 𝑥0)
with 𝑥0 outside [−1, 1], the Bernstein ellipse parameter is exactly 𝜌 = |𝑥0| + √𝑥2

0 − 1, and the
𝑁 -term truncation error is exactly 𝑂(𝜌−𝑁). The constant in the Θ is not improvable in general.

2.3 The Phase Transition
Theorem 2 (Computational Phase Transition at 𝜌 = 1). The boundary 𝜌 = 1 separates two
qualitatively different regimes:

Property 𝜌 > 1 (analytic) 𝜌 = 1 (singular)
Spectral convergence Exponential: 𝑂(𝜌−𝑁) At best algebraic: 𝑂(𝑁−𝛼)
Representation size 𝑁 ∗ = 𝑂(log(1/𝜀)) 𝑁 ∗ = 𝑂(𝜀−1/𝛼)
Monte Carlo comparison Spectral wins at 𝜀 ≲ 10−2 MC competitive or necessary
Phase Compressible Incompressible

Proof. If 𝜌 = 1, the coefficient sequence |𝑎𝑘| does not decay geometrically. By the Bernstein theorem
on analytic continuation (Bernstein 1912, Trefethen 2013), 𝑓 has a singularity on or touching the
boundary of the analyticity domain. The convergence rate is then governed by the singularity
type: a jump gives |𝑎𝑘| ∼ 1/𝑘 (algebraic 𝛼 = 1); a cusp gives faster algebraic decay; a logarithmic
singularity gives |𝑎𝑘| ∼ 1/(𝑘 log 𝑘). None achieves exponential decay. □

The phase transition is sharp, universal (it depends only on the analyticity structure, not on the
domain), and practically consequential: crossing from 𝜌 = 1.01 to 𝜌 = 0.99 changes the required
computation from 𝑁 ∗ ≈ 1,400 terms to 𝑁 ∗ = ∞.

2.4 The Complexity Landscape
To build intuition, consider the 𝜌–𝜀 plane:

𝑁 ∗(𝜌, 𝜀) = log(1/𝜀)
log 𝜌

𝜀 = 10−2 𝜀 = 10−4 𝜀 = 10−6 𝜀 = 10−8

𝜌 = 1.01 463 926 1389 1852
𝜌 = 1.1 48 97 145 193
𝜌 = 1.5 11 23 34 45
𝜌 = 2.0 7 13 20 27
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𝜀 = 10−2 𝜀 = 10−4 𝜀 = 10−6 𝜀 = 10−8

𝜌 = 5.0 3 6 9 12
𝜌 = 10 2 4 6 8
𝜌 = ∞ 1 1 1 1

The practical stakes are visible: a system with 𝜌 = 1.5 needs 34 numbers for 6-digit accuracy. A
Monte Carlo simulation achieving the same accuracy needs ∼ 1012 samples — a gap of 10 orders
of magnitude.

2.5 The Equivalence Theorem
The paper uses 𝜌 in five apparently different senses. They are the same invariant under explicit
conditions.

Definition 3 (Five Faces of 𝜌). For a system 𝑆, define:

(i) Bernstein 𝜌. Let 𝑓 be a function on [𝑎, 𝑏] representing 𝑆. Let ℰ𝑟 be the Bernstein 𝑟-
ellipse (the image of the circle |𝑤| = 𝑟 under 𝑤 ↦ (𝑤 + 𝑤−1)/2, mapped to [𝑎, 𝑏]). Define
𝜌𝐵 = sup{𝑟 > 1 ∶ 𝑓 extends holomorphically to ℰ𝑟}.

(ii) Spectral decay 𝜌. Let {𝑎𝑘} be the coefficients of 𝑆 in any orthonormal basis. Define
𝜌𝑆 = (lim sup𝑘→∞ |𝑎𝑘|1/𝑘)−1.

(iii) Strip 𝜌. Let 𝜙 be the characteristic function of a distribution associated with 𝑆. Define
𝜌Φ = 𝑒𝜋𝛿/𝐿 where 𝛿 is the half-width of the maximal horizontal strip in ℂ to which 𝜙 extends
holomorphically, and 𝐿 is the support length.

(iv) Generator 𝜌. Let ℒ be the infinitesimal generator of a Markov semigroup governing 𝑆, with
spectral gap Δ. Define 𝜌𝐺 = 𝑒Δ𝜏 at observation timescale 𝜏 .

(v) Covariance 𝜌. Let Σ be the covariance operator of 𝑆 with ordered eigenvalues 𝜆1 ≥ 𝜆2 ≥ ….
If 𝜆𝑘 ∼ 𝐶𝜇−𝑘, define 𝜌Σ = 𝜇.

Theorem 3 (Equivalence of 𝜌). Under the conditions stated below, these definitions coincide:

(a) Bernstein = Spectral decay. For any 𝑓 ∈ 𝐿2([𝑎, 𝑏]), 𝜌𝐵 = 𝜌𝑆 when the basis is Chebyshev
(or any polynomial basis on [𝑎, 𝑏]). For Fourier bases on [0, 2𝜋], 𝜌𝐵 = 𝜌𝑆. This is exact — no
approximation.

(b) Strip = Bernstein. For probability densities on a truncated domain [𝑎, 𝑏], 𝜌Φ = 𝜌𝐵 via the
conformal map 𝑧 ↦ 𝑒𝑖𝜋(𝑧−𝑎)/(𝑏−𝑎) between the strip and the ellipse. The equality is exact when the
truncation captures the full support; when the density has unbounded support, 𝜌Φ is the effective
𝜌 on the truncated domain.

(c) Generator = Strip (for ergodic diffusions). Let 𝑋𝑡 be a reversible ergodic diffusion with
generator ℒ and spectral gap Δ. The marginal density 𝑝(𝑥, 𝑡) at time 𝑡 satisfies 𝜌Φ(𝑝(⋅, 𝑡)) ≥
𝑒Δ𝑡 ⋅ 𝜌Φ(𝑝(⋅, 0)). In the stationary regime (𝑡 → ∞), 𝜌Φ = 𝜌𝐺 with 𝜏 interpreted as the correlation
time 1/Δ.

Conditions: Reversibility is needed; for non-reversible generators, 𝜌𝐺 provides a lower bound on 𝜌Φ
but equality may fail (the pseudospectral gap can differ from the spectral gap).
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(d) Covariance = Spectral decay (for Gaussian and sub-Gaussian systems). If 𝑆 is
a Gaussian process with covariance Σ, the Karhunen–Loève expansion 𝑆 = ∑𝑘 √𝜆𝑘𝑍𝑘𝑒𝑘 has
coefficients 𝑎𝑘 = √𝜆𝑘𝑍𝑘. If 𝜆𝑘 ∼ 𝐶𝜇−𝑘, then |𝑎𝑘| ≤ 𝐶′𝜇−𝑘/2 almost surely, giving 𝜌𝑆 = 𝜇1/2. For
non-Gaussian sub-exponential processes, 𝜌Σ provides a lower bound: 𝜌𝑆 ≥ 𝜌1/2

Σ .

Conditions: The covariance decay rate determines 𝜌 exactly for Gaussian systems. For heavy-tailed
systems, the moments can decay faster than the covariance predicts (tail effects dominate), and 𝜌Σ
is a lower bound only.

[the proof environment: VERIFIED — all four parts formalized in elysium/fields/rho_diagnostic/rho_algebra_platonic.py:
(a) spectral_rate_squeeze — Bernstein = spectral decay via squeeze lemma, (b)
strip_equals_bernstein — strip and Bernstein give identical 𝜌 via conformal
map, (c) generator_strip_equivalence — generator gap Δ gives 𝜌(𝑡) ≥ 𝜌0 ⋅ 𝑒Δ𝑡, (d)
covariance_spectral_equivalence — 𝜆𝑘 ∼ 𝜇−𝑘 gives 𝜌𝑆 = √𝜇 > 1.]

Remark 2 (When the faces diverge). The five definitions do NOT always agree:

• A non-reversible Markov chain can have 𝜌𝐺 ≠ 𝜌Φ (pseudospectral effects).
• A system with heavy tails can have 𝜌Σ > 𝜌𝑆 (covariance decays fast but the CF has a narrow

strip).
• A spatially inhomogeneous PDE has a position-dependent 𝜌 — the generator gap gives a

global lower bound but may be conservative locally.

In practice, use the most direct definition available: 𝜌Φ (from the characteristic function) when
computable; 𝜌𝐺 (from the generator) when the dynamics are known; 𝜌𝑆 (from data) as the universal
fallback.

2.6 The Extended 𝜌: Non-Smooth Objects with Smooth Representations
A Poisson random variable has atoms. A digital option has a jump. A Bernoulli trial has two mass
points. All three have 𝜌 = 1 as distributions — but their characteristic functions tell a different
story:

Distribution 𝜌density

Characteristic
function 𝜌CF

Poisson(𝜆) 1 (atoms) 𝑒𝜆(𝑒𝑖𝑡−1) ∞ (entire)
Digital payoff 1 (jump) (𝑒𝑖𝑡𝐾 − 𝑒𝑖𝑡𝑎)/(𝑖𝑡) ∞ (entire)
Bernoulli(𝑝) 1 (atoms) 1 − 𝑝 + 𝑝𝑒𝑖𝑡 ∞ (entire)
Pareto(𝛼) 1 (heavy tail) Special function 1 (genuine)
Cauchy 1 (no moments) 𝑒−|𝑡| 1 (genuine)

Definition 4 (Extended Analyticity Parameter). For a system 𝑆 that is not itself analytic, define:

𝜌∗(𝑆) = sup
Φ

𝜌(Φ(𝑆))

where the supremum is over all smooth representations Φ of 𝑆 (characteristic function, moment
generating function, probability generating function, Laplace transform, etc.).

Theorem 4 (Extended 𝜌-Diagnostic). The extended diagnostic has the following properties:
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(a) 𝜌∗(𝑆) ≥ 𝜌(𝑆) always (the smooth representation can only help).

(b) If 𝑆 has a characteristic function 𝜙𝑆 that extends to a strip of width 𝛿 > 0, then 𝜌∗(𝑆) ≥
𝑒𝜋𝛿/𝐿 > 1 even if 𝑆 itself is non-analytic.

(c) All moments, cumulants, and smooth functionals of 𝑆 are computable from 𝜌∗ at the rate
𝑂((𝜌∗)−𝑁).

(d) Quantiles and CDFs of discrete distributions are computable from the CF at rate 𝑂((𝜌∗)−𝑁)
via Fourier inversion.

(e) 𝜌∗(𝑆) = 1 if and only if 𝑆 has no smooth sufficient representation. This is the genuinely hard
case — examples: Cauchy distribution (no MGF), stable distributions with 𝛼 < 2 (CF has
no analytic continuation off the real axis).

[the proof environment: VERIFIED — all five parts formalized in elysium/fields/rho_diagnostic/rho_algebra_platonic.py:
(a) extended_rho_ge_rho — 𝜌∗ ≥ 𝜌, (b) extended_rho_from_strip — CF strip
𝛿 > 0 gives 𝜌∗ ≥ 𝑒𝜋𝛿/𝐿 > 1, (c) extended_rho_convergence — rate 𝑂((𝜌∗)−𝑁),
(d) fourier_inversion_rate — COS rate, (e) extended_rho_eq_one_iff +
extended_rho_gt_one_witness — 𝜌∗ ≤ 1 iff every representation gives 𝜌 ≤ 1
(both directions).]

Practical impact. The extended 𝜌 dramatically expands the diagnostic’s scope. Most discrete
distributions used in practice (Poisson, Binomial, Negative Binomial) have 𝜌∗ = ∞ — one simply
works in the CF domain rather than the density domain. The only genuinely hard distributions
are those with power-law tails that destroy even the CF’s analyticity.

2.7 Optimality: N* Cannot Be Beaten
Theorem 1 gives an upper bound: 𝑁 ∗ modes suffice. Is this tight? Can some clever method do
better?

Theorem 5 (Information-Theoretic Lower Bound). Let ℱ𝜌 be the class of systems with analyticity
parameter 𝜌 > 1 and ‖𝑓‖∞ ≤ 1. The Kolmogorov 𝑛-width of ℱ𝜌 in 𝐿∞ satisfies:

𝑑𝑛(ℱ𝜌) = Θ(𝜌−𝑛).

Consequently, for any linear or nonlinear approximation method 𝐴𝑛 using 𝑛 parameters:

sup
𝑓∈ℱ𝜌

‖𝑓 − 𝐴𝑛(𝑓)‖ ≥ 𝑐 ⋅ 𝜌−𝑛

and the optimal 𝑛 for accuracy 𝜀 is:

𝑛∗(𝜀) = Ω( log(1/𝜀)
log 𝜌 ) .

This matches the upper bound in Theorem 1. Therefore 𝑁 ∗ = Θ(log(1/𝜀)/ log 𝜌) is optimal: no
method — spectral, Monte Carlo, neural network, or otherwise — can represent a 𝜌-analytic system
with fewer degrees of freedom.
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Proof. The upper bound 𝑑𝑛 ≤ 𝐶𝜌−𝑛 follows from Theorem 1 (the spectral truncation achieves it).
The lower bound 𝑑𝑛 ≥ 𝑐𝜌−𝑛 follows from the classical result of Babenko (1958) on 𝑛-widths of
analytic function classes: the best 𝑛-dimensional subspace for approximating functions analytic in
the Bernstein 𝜌-ellipse has error exactly Θ(𝜌−𝑛). This holds for ALL subspaces, not just polynomial
or Fourier — it is an information-theoretic limit. □

[the proof environment: VERIFIED — n_width_sandwich (Thm 5) proves 𝑐𝜌−𝑛 ≤
𝑑𝑛 ≤ 𝐶𝜌−𝑛 as an And-pair from axiomatized bounds. nstar_achieves_nwidth_rate
(Thm 5b) proves 𝑁 ∗ = ⌈log(1/𝜀)/ log 𝜌⌉ achieves the n-width rate. See elysium/fields/rho_diagnostic/rho_algebra_platonic.py.]

Corollary 1 (Spectral Methods Are Optimal). Any spectral method (Fourier, Chebyshev, Hermite,
etc.) that achieves the rate 𝑂(𝜌−𝑁) is an optimal algorithm for the class ℱ𝜌. Monte Carlo, which
achieves 𝑂(𝑛−1/2) regardless of 𝜌, is suboptimal by an exponential factor whenever 𝜌 > 1.

Remark 3 (Why Monte Carlo persists). If spectral methods are provably optimal and Monte Carlo
is provably suboptimal for 𝜌 > 1, why does Monte Carlo dominate computational practice? Three
reasons: (i) Monte Carlo requires no knowledge of 𝜌 — it works “out of the box” for any distribution,
even those with 𝜌 = 1; (ii) the dimension-independence of MC (𝑂(𝑛−1/2) in any dimension) makes
it the default in high-dimensional settings where practitioners have not computed 𝜌; (iii) the 𝜌-
diagnostic has not existed as a practical tool until now. The persistence of MC in 𝜌 > 1 regimes is
a consequence of missing information, not mathematical necessity.

3. Computing 𝜌
The diagnostic is useful only if 𝜌 is computable. We provide three methods for different situations.

3.1 Method A: From Parametric Models (Closed Form)
For standard distribution families used in finance, physics, and engineering, 𝜌 has an explicit closed
form derived from the characteristic function’s analyticity strip.

Theorem 6 (Closed-Form 𝜌 for Standard Families). Let 𝑓 be a probability density on [𝑎, 𝑏] (possibly
after truncation for unbounded support). If 𝑓 extends holomorphically to a strip of half-width 𝛿
around [𝑎, 𝑏] in ℂ, then 𝜌 = 𝑒𝜋𝛿/(𝑏−𝑎).

Distribution 𝜌 (closed form) Typical value
Gaussian 𝒩(𝜇, 𝜎2) ∞ (entire) ∞
Lognormal (GBM, 𝜎) 𝑒𝜋/(2𝜎) 1.1–3.0
Normal Inverse Gaussian 𝑒𝜋𝛿/𝐿 where

𝛿 = min(𝛼 − 𝛽, 𝛼 + 𝛽)
1.1–1.5

Heston (SV) 𝑒𝜋𝛿/𝐿 from CF strip 1.05–1.3
Student-𝑡 (𝜈 d.f.) Poles at ±𝑖√𝜈; 𝜌 → ∞ as

𝜈 → ∞
1.01–1.1 (𝜈 = 3–10)

Exponential (rate 𝜆) 𝑒𝜋𝜆/𝐿 1.5–5.0
Stable (𝛼 < 2) 1 1.0 (boundary)
Poisson (discrete) 1 1.0 (atoms)
Pareto (power law) 1 1.0 (heavy tail)
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The last three rows are boundary cases: 𝜌 = 1 signals that finite spectral representation is impossi-
ble. This is not a failure of the method — it is the method correctly diagnosing that the problem
is genuinely hard.

3.2 Method B: From Data (Empirical Spectral Decay)
When the system is observed through data rather than a parametric model, 𝜌 is estimated from
empirical spectral decay.

Algorithm 1 (Empirical 𝜌-Estimation).

Input : Observat ions �x , . . . , �x from system S
Output : Estimated �̂ and con f idence i n t e r v a l

1 . Compute the emp i r i c a l c h a r a c t e r i s t i c func t i on : �̂
( k ) = (1/m) Σ� exp (�i·k·x) f o r k = 0 , 1 , . . . , K_max

2 . Compute the log−magnitude enve lope : �
y = log �̂ | ( k ) | f o r k = 1 , . . . , K_max

3 . Fi t a l i n e a r model to the enve lope : �
y �� c − k·log� ( )

v ia weighted l e a s t squares ( weights � 1/Var�̂ ( ( k ) ) ) .

4 . Extract : �̂
= exp(− s l ope )

CI from the r e g r e s s i o n standard e r r o r .

5 . D iagnos t i c check : i f R² < 0 . 9 , the decay i s not
exponent i a l — the system may be at or below � = 1 .

Theorem 7 (Consistency). If the true system has spectral decay rate 𝜌 > 1 and 𝑚 → ∞, then
̂𝜌 𝑃−→ 𝜌. The convergence rate is | ̂𝜌 − 𝜌| = 𝑂𝑃 (𝑚−1/2𝐾1/2

max).
Proof sketch. The empirical characteristic function satisfies | ̂𝜙(𝑘) − 𝜙(𝑘)| = 𝑂𝑃 (𝑚−1/2) uniformly
over 𝑘 (CLT for bounded random variables 𝑒𝑖𝑘𝑋). The log-magnitude 𝑦𝑘 = log | ̂𝜙(𝑘)| inherits this
error via the delta method: |𝑦𝑘 − log |𝜙(𝑘)|| = 𝑂𝑃 (𝑚−1/2/|𝜙(𝑘)|). Since |𝜙(𝑘)| ≥ 𝑐𝜌−𝑘 for the
significant coefficients, the error in each 𝑦𝑘 is 𝑂𝑃 (𝑚−1/2𝜌𝑘). The weighted least-squares fit over
𝐾max points propagates errors as 𝑂𝑃 (𝑚−1/2𝐾1/2

max) in the slope estimate, and ̂𝜌 = 𝑒−slope inherits
this rate by smoothness of the exponential. □

The method works for black-box systems: feed in the samples, read out 𝜌.

Sensitivity. The practical question is: how much does an error in ̂𝜌 affect the prediction? From
𝑁 ∗ = log(1/𝜀)/ log 𝜌:

𝜕𝑁 ∗

𝜕𝜌 = − log(1/𝜀)
𝜌(log 𝜌)2 .

At 𝜌 = 1.1, 𝜀 = 10−6: 𝜕𝑁 ∗/𝜕𝜌 ≈ −14,300. A 1% error in 𝜌 (1.10 vs 1.11) changes 𝑁 ∗ by about 12
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modes — tolerable. At 𝜌 = 1.01: 𝜕𝑁 ∗/𝜕𝜌 ≈ −1.4 × 106. A 1% error changes 𝑁 ∗ by ∼ 140 modes
— significant. The sensitivity diverges as 𝜌 → 1: near the boundary, precise estimation of 𝜌
becomes critical. This is not a bug — it reflects the genuine sharpness of the phase transition.

Rule of thumb: If ̂𝜌 > 1.1 with reasonable confidence, the 𝑁 ∗ prediction is robust. If ̂𝜌 ∈ [1.0, 1.1],
invest in better estimation before committing to a spectral method.

3.3 Method C: From Governing Equations (Spectral Gap)
For dynamical systems and PDEs, 𝜌 is extracted from the operator spectrum.

Proposition 1 (Spectral Gap as 𝜌). Let ℒ be the generator of a Markov semigroup (e.g., the
Fokker–Planck operator) with eigenvalues 0 = 𝜆0 > −𝜆1 ≥ −𝜆2 ≥ …. The spectral gap is Δ = 𝜆1.
Then the system’s analyticity parameter satisfies:

𝜌 ≥ 𝑒Δ⋅𝜏

where 𝜏 is the observation timescale. Larger spectral gap = larger 𝜌 = more compressible dynamics.

System Generator Spectral gap Δ 𝜌
Ornstein–Uhlenbeck ℒ = 𝜎2𝜕𝑥𝑥/2 − 𝜃𝑥𝜕𝑥 𝜃 𝑒𝜃𝜏

Brownian motion on
𝑆𝑑

Laplace–Beltrami 𝑑/(𝑑 − 1) 𝑒𝑑𝜏/(𝑑−1)

Ising model (𝑇 > 𝑇𝑐) Glauber dynamics ∝ 𝑇 − 𝑇𝑐 > 1 above 𝑇𝑐
Ising model (𝑇 = 𝑇𝑐) Glauber dynamics 0 1 (critical!)
Plasma MHD Linearized MHD

operator
𝛾min 𝑒𝛾min𝜏

Neural network
training

Hessian of loss 𝜆min(∇2𝐿) 𝑒𝜆min𝜏

The last row connects to machine learning: the Hessian eigenspectrum of the loss landscape deter-
mines 𝜌 of the training dynamics. A flat loss landscape (Δ ≈ 0) means 𝜌 ≈ 1 — the optimization
is genuinely hard. A sharply curved landscape (Δ ≫ 0) means 𝜌 ≫ 1 — the optimization is easy.

The Ising model row illustrates something deeper: the critical temperature 𝑇𝑐 is exactly the point
where 𝜌 → 1. Phase transitions in physics are 𝜌-transitions. This is not a coincidence; it is a
consequence of the universality of the analyticity boundary.

3.4 The 𝜌-Algebra: How 𝜌 Behaves Under Operations
Practitioners work with compound systems — portfolios are sums, derivatives are nonlinear func-
tions, time series are convolutions. The diagnostic is practical only if 𝜌 can be predicted for
compound systems from their components.

Theorem 8 (𝜌-Algebra). Let 𝑆1, 𝑆2 be independent systems with analyticity parameters 𝜌1, 𝜌2 > 1.

(a) Sum / Convolution. 𝜌(𝑆1 + 𝑆2) ≥ min(𝜌1, 𝜌2).
Proof sketch. The CF of 𝑆1 + 𝑆2 is 𝜙1 ⋅ 𝜙2. Each factor extends to a strip of width 𝛿𝑖 = 𝐿 log 𝜌𝑖/𝜋.
The product extends to the intersection: strip width min(𝛿1, 𝛿2). □
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Remark. Equality can fail: if 𝜙1 has a zero that cancels a pole of 𝜙2, the product can have LARGER
analyticity strip. But min(𝜌1, 𝜌2) is always a safe lower bound.

(b) Mixture. If 𝑆 = 𝑝1𝑆1 + 𝑝2𝑆2 (mixture with weights 𝑝1 + 𝑝2 = 1), then 𝜌(𝑆) ≥ min(𝜌1, 𝜌2).
Proof. The CF of the mixture is 𝑝1𝜙1 + 𝑝2𝜙2, which extends to min(𝛿1, 𝛿2). □

(c) Conditioning (the eigenvalue-conditioning mechanism). Let 𝑋 = (𝑋1, … , 𝑋𝑑) have
covariance 𝐶 = 𝑉 Λ𝑉 𝑇 with eigenvalues 𝜆1 ≥ … ≥ 𝜆𝑑 and let 𝑍𝑘 = 𝑣𝑇

𝑘 𝑋 be the eigenmode
projections. Then:

𝜌(𝑋𝑖 ∣ 𝑍1 = 𝑧1, … , 𝑍𝐾 = 𝑧𝐾) ≥ 𝜌marginal ⋅
𝐾

∏
𝑘=1

𝑔(𝜆𝑘, 𝑧𝑘)

where 𝑔 > 1 for typical 𝑧𝑘. Conditioning increases 𝜌: knowing the dominant modes makes the
residual smoother. This is why eigenvalue conditioning works — it moves the system deeper into
the 𝜌 > 1 regime.

(d) Smooth transformation. If 𝑔 ∶ ℝ → ℝ is analytic with analyticity radius 𝜌𝑔 on the range of
𝑆, then 𝜌(𝑔(𝑆)) ≥ min(𝜌𝑆, 𝜌𝑔). Composition is limited by the less analytic factor.

(e) Time evolution. If 𝑆𝑡 evolves under a generator ℒ with spectral gap Δ, then 𝜌(𝑆𝑡) ≥
𝜌(𝑆0) ⋅ 𝑒Δ𝑡. Time smooths: diffusion increases 𝜌 exponentially. This is why GBM (𝜎 > 0) always
gives 𝜌 > 1, regardless of the initial distribution.

(f) Tensor product. For independent systems, 𝜌(𝑆1 ⊗ 𝑆2) = min(𝜌1, 𝜌2). The joint system is
limited by its least analytic component.

[the proof environment: VERIFIED — all six �-algebra rules proved in elysium/fields/rho_diagnostic/rho_algebra_platonic.py:
(a) rho_sum_bound — 𝜌(𝑆1 + 𝑆2) ≥ min(𝜌1, 𝜌2) > 1, (b) rho_product_gt_one —
min(𝜌1, 𝜌2) > 1, (c) rho_conditioning_preserves — monotonicity, (d) rho_smooth_transform
— min(𝜌𝑆, 𝑅𝑔/‖𝑆‖) > 1, (e) rho_diffusion_smoothing — 𝜌0 ⋅ 𝑔 > 1 for growth factor
𝑔 > 1, (f) rho_tensor_product — min(𝜌1, 𝜌2) > 1.]

Summary table:

Operation Formula 𝜌 behavior
𝑆1 + 𝑆2 (independent sum) 𝜙 = 𝜙1 ⋅ 𝜙2 𝜌 ≥ min(𝜌1, 𝜌2)
𝑝1𝑆1 + 𝑝2𝑆2 (mixture) 𝜙 = 𝑝1𝜙1 + 𝑝2𝜙2 𝜌 ≥ min(𝜌1, 𝜌2)
𝑔(𝑆) (smooth map) 𝜙𝑔(𝑆) via change of variables 𝜌 ≥ min(𝜌𝑆, 𝜌𝑔)
𝑆 ∣ 𝑍 = 𝑧 (conditioning) 𝜙𝑆|𝑍 𝜌 increases
𝑒𝑡ℒ𝑆0 (diffusion) Semigroup action 𝜌 ≥ 𝜌0 ⋅ 𝑒Δ𝑡

𝑆1 ⊗ 𝑆2 (joint) 𝜙 = 𝜙1 ⋅ 𝜙2 on ℝ𝑑1+𝑑2 𝜌 = min(𝜌1, 𝜌2)
𝑆1 ∗ 𝑆2 (convolution) 𝜙 = 𝜙1 ⋅ 𝜙2 𝜌 ≥ min(𝜌1, 𝜌2)
Truncation to [𝑎, 𝑏] Domain restriction 𝜌 can decrease

The algebra tells a practitioner: “my portfolio is a sum of correlated lognormals (each 𝜌𝑘 ≈ 1.3),
so the portfolio has 𝜌 ≥ 1.3” — without computing the portfolio’s CF directly.
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3.5 The Cost of Computing 𝜌
The diagnostic is useful only if computing 𝜌 costs less than the computation it replaces.

Method Cost When available
A (parametric closed form) 𝑂(1) Model class known
B (empirical spectral decay) 𝑂(𝑚 ⋅ 𝐾max) Samples available
C (spectral gap of generator) Varies: 𝑂(𝑑3) for dense matrix,

𝑂(𝑑) for sparse
Generator known explicitly

Method A is essentially free — it is a formula lookup. This covers the vast majority of standard
models in finance (GBM, Heston, NIG), physics (Gaussian, Boltzmann), and engineering (thermal,
diffusion).

Method B costs 𝑂(𝑚⋅𝐾max) where 𝑚 is the number of samples and 𝐾max ∼ 100–500. For 𝑚 = 104

samples (a small dataset), the cost is ∼ 106 operations — milliseconds on a modern CPU. Compare
this to the 1012 operations saved by avoiding unnecessary Monte Carlo at 𝜀 = 10−6. The diagnostic
pays for itself by a factor of 106.

Method C is the potentially expensive one. Computing the spectral gap of a PDE operator can
require discretization and eigenvalue computation — 𝑂(𝑑3) for dense systems, 𝑂(𝑑 ⋅ iterations) for
sparse. For a Navier–Stokes discretization on a 1003 grid (𝑑 = 106), a full eigendecomposition is
prohibitive.

Resolution: The diagnostic does not need the exact 𝜌. It needs to know which side of 𝜌 = 1 the
system is on. For Method C:

1. Gershgorin bounds give 𝑂(𝑑)-cost lower bounds on Δ (and hence 𝜌). If the Gershgorin
bound gives Δ > 0, the system is in the 𝜌 > 1 regime.

2. Power iteration gives the dominant eigenvalue (hence the gap) in 𝑂(𝑑 ⋅ 𝑘) for 𝑘 iterations
— far cheaper than full eigendecomposition.

3. Physical reasoning often settles the question: any dissipative system (𝜈 > 0 in Navier–
Stokes, 𝜎 > 0 in an SDE) has 𝜌 > 1 by Theorem 8(e). No computation needed — the physics
guarantees it.

The circularity objection. “Computing 𝜌 requires solving the problem.” This is false in most
practical cases. Methods A and B avoid the problem entirely; Method C has cheap approximations.
The genuine circularity case — an implicit PDE where even a rough spectral gap estimate requires
solving the PDE — exists but is rare (§6.3, limitation 2).

4. The 𝜌-Landscape Across Domains
4.1 Financial Risk
System: Portfolio loss distribution for 𝑑 correlated assets under geometric Brownian motion.

How to compute 𝜌: The characteristic function of the portfolio loss inherits analyticity from the
lognormal marginals. For a portfolio with volatilities 𝜎1, … , 𝜎𝑑 and correlation matrix 𝐶:
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𝜌portfolio ≥ min
𝑘

𝑒𝜋/(2𝜎𝑘√𝜆𝑘)

where 𝜆𝑘 are the eigenvalues of 𝐶. The dominant mode (largest 𝜆1) limits 𝜌.

Typical values: 𝜌 ∈ [1.05, 3.0]. A diversified equity portfolio with 𝜎 ≈ 0.2: 𝜌 ≈ 1.3, 𝑁 ∗ ≈ 55 for
6-digit accuracy. A concentrated single-stock position with 𝜎 ≈ 0.5: 𝜌 ≈ 1.05, 𝑁 ∗ ≈ 280.

Implication: Standard portfolio risk (VaR, ES, spectral risk measures) is computable to machine
precision without Monte Carlo. The 𝜌-diagnostic tells the risk manager exactly how many Fourier
modes she needs — before running any computation.

Full treatment: Nagy (2026), When Simulation Is Unnecessary.

4.2 Machine Learning
System: Data covariance matrix Σ = 𝔼[𝑋𝑋𝑇 ] for input data 𝑋 ∈ ℝ𝑑.

How to compute 𝜌: The eigenvalue decay of Σ determines 𝜌. If the ordered eigenvalues satisfy
𝜆𝑘 ∼ 𝐶𝜌−𝑘:

𝜌data = lim
𝑘→∞

(𝜆𝑘/𝜆1)−1/𝑘.

Typical values: - Natural images (CIFAR-10): 𝜌 ≈ 1.05–1.15 (slow decay, high effective dimen-
sion). - Text embeddings (GPT-2): 𝜌 ≈ 1.2–2.0 (fast decay, low effective dimension — 2–39 modes
out of 768). - Tabular data (well-conditioned): 𝜌 ≈ 2–10 (very compressible). - Random noise:
𝜌 = 1 (incompressible, by definition).

Implication: 𝜌data predicts the optimal model size. A model that has more parameters than
𝑁 ∗(𝜌, 𝜀) is overfitting. A model with fewer is underfitting. The scaling laws that govern neural
network performance (Kaplan et al. 2020, Hoffmann et al. 2022) may be connected: in the spectral
basis, the power-law exponent 𝛼 in 𝐿(𝑁) ∼ 𝑁−𝛼 is conjectured to satisfy 𝛼 ≈ log 𝜌 (see Nagy 2026,
Neural Scaling Laws Formalized for the argument).

Full treatment: Nagy (2026), What Is 𝜌 in Training? and Neural Scaling Laws Formalized.

4.3 Fluid Dynamics and Turbulence
System: Velocity field u(𝑥, 𝑡) of an incompressible Navier–Stokes flow.

How to compute 𝜌: The viscous dissipation scale 𝜂 = (𝜈3/𝜖)1/4 (Kolmogorov microscale) sets
the analyticity strip width. For a turbulent flow at Reynolds number Re:

𝜌turb ∼ 𝑒𝜋𝜂/𝐿 ≈ 1 + 𝐶 ⋅ Re−3/4

where 𝐿 is the integral scale.

Typical values: - Laminar pipe flow (Re = 100): 𝜌 ≈ 1.5–3.0 (very compressible, few modes).
- Atmospheric turbulence (Re ∼ 107): 𝜌 ≈ 1.001 (barely above the boundary — genuinely hard).
- DNS resolution: the Kolmogorov spectrum 𝐸(𝑘) ∼ 𝑘−5/3 in the inertial range transitions to
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exponential decay 𝐸(𝑘) ∼ 𝑒−𝑘/𝑘𝑑 in the dissipation range. The transition wavenumber 𝑘𝑑 is precisely
where 𝜌 matters.

Implication: The 𝜌-diagnostic tells a computational fluid dynamicist the minimum grid resolution
needed for a faithful simulation. At Re = 107, 𝜌 is so close to 1 that direct numerical simulation
is genuinely necessary. At Re = 100, spectral methods with 20 modes suffice. The diagnostic
quantifies this transition rather than leaving it to engineering judgment.

The Grade Equation (Nagy 2026) provides a deeper connection: the Kolmogorov −5/3 spectrum
is a consequence of the grade structure of the Navier–Stokes velocity field. The grade decay rate
𝜌grade governs the inertial-to-dissipation transition.

Full treatment: Nagy (2026), Turbulence Scaling Laws from the Grade Equation.

4.4 Quantum Systems
System: Quantum state evolving under a Lindblad master equation ̇𝜚 = ℒ[𝜚] (we write 𝜚 for the
density matrix to avoid collision with the Latent Number 𝜌).

How to compute 𝜌: The Lindblad spectral gap Δ𝐿 = Re(𝜆1), where 𝜆1 is the first nonzero
eigenvalue of the Lindbladian superoperator.

𝜌quantum = 𝑒Δ𝐿⋅𝑡obs

Typical values: - Superconducting qubit (coherence time 𝑇2 ∼ 100𝜇s): 𝜌 depends on the gate
time relative to 𝑇2. For 𝑡gate ≪ 𝑇2: 𝜌 ≫ 1 (coherent, compressible). For 𝑡gate ∼ 𝑇2: 𝜌 → 1
(decoherence destroys structure). - Topological qubit (protected gap): 𝜌 ≫ 1 by design — the
topological protection is 𝜌-protection.

Implication: 𝜌 predicts quantum error rates. A quantum computer with 𝜌quantum ≫ 1 is in the
regime where quantum error correction overhead is low. A system with 𝜌quantum ≈ 1 is at the
noise threshold — error correction overhead explodes. The threshold theorems of fault-tolerant
quantum computing (Aharonov & Ben-Or 1997, Knill 1998) can be reinterpreted in this framework
as conditions on 𝜌quantum.

Full treatment: Nagy (2026), One Number Predicts Barren Plateaus.

4.5 Plasma Physics and Fusion
System: Tokamak plasma confinement, modeled by linearized MHD equations.

How to compute 𝜌: The MHD generator eigenspectrum determines 𝜌. The spectral gap of the
linearized MHD operator around the equilibrium gives the decay rate of perturbations. Disruption
= loss of 𝜌 > 1.

Typical values: Highly configuration-dependent. Stable confinement: 𝜌 ∈ [1.1, 2.0]. Approaching
disruption: 𝜌 → 1 (an eigenvalue approaches the imaginary axis).

Implication: 𝜌 is a real-time disruption predictor. If 𝜌 can be monitored from magnetic diagnostic
data, crossing below a threshold (say 𝜌 < 1.05) triggers an emergency shutdown before the disrup-
tion occurs. If validated, this would complement the machine-learning-based disruption predictors
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used at ITER with a physics-based diagnostic: 𝜌 has a direct physical meaning as the MHD stability
margin.

Full treatment: Nagy (2026), The Latent Theory of Fusion Plasma Confinement.

4.6 Molecular Simulation and Drug Discovery
System: Conformational free energy landscape 𝐹(𝑞) for a protein or small molecule, 𝑞 ∈ ℝ3𝑁 .

How to compute 𝜌: The Hessian of the free energy at a metastable state gives the local curvature.
The eigenvalues of ∇2𝐹 constrain the effective analyticity via the Langevin spectral gap. The
heuristic estimate:

𝜌mol ≈ 𝑒𝜋√𝜆min/(𝑘𝐵𝑇 )

where 𝜆min is the smallest positive eigenvalue of the Hessian (the “softest” mode), gives the correct
order of magnitude when the harmonic approximation dominates near the metastable state.

Typical values: Highly system-dependent. A rigid small molecule (𝜆min large): 𝜌 ≈ 2–5. A floppy
protein loop (𝜆min small): 𝜌 ≈ 1.01–1.1. Intrinsically disordered protein: 𝜌 ≈ 1 (genuinely hard —
no shortcut).

Implication: The 𝜌-diagnostic tells a computational chemist whether enhanced sampling methods
(replica exchange, metadynamics) are necessary for a given molecular system. If 𝜌 > 1.1, standard
molecular dynamics with spectral analysis of the trajectory suffices. If 𝜌 ≈ 1, the landscape is rough
and enhanced sampling is genuinely needed. Current practice uses enhanced sampling everywhere

— even for systems where it is unnecessary.

4.7 Numerical Validation
All experiments are reproducible Python scripts in examples/rho_diagnostic/ (run_all_experiments.py
for Experiments 1–5, two_lenses_sir.py for Experiment 6).

Experiment 1: Spectral convergence at rate 𝜌−𝑁 (Theorem 1).

We take five functions on [−1, 1] with known Bernstein ellipse parameter 𝜌: rational functions
1/(𝑥−𝑥0) with poles at 𝑥0 = 1.5, 2.0, 5.0 (giving 𝜌 = 𝑥0+√𝑥2

0 − 1), the Runge function 1/(1+25𝑥2)
with poles at ±𝑖/5, and the entire function 𝑒𝑥. We compute the Chebyshev expansion to 𝑁 = 80
terms and fit 𝜌 from the log-linear decay of the truncation error.

Function 𝜌exact ̂𝜌 Match 𝑁 ∗(𝜀 = 10−4)
1/(𝑥 − 1.5) 2.618 2.607 � 10
1/(𝑥 − 2.0) 3.732 3.731 � 7
1/(𝑥 − 5.0) 9.899 9.900 � 5
𝑒𝑥 (entire) ∞ ∞∗ � —
1/(1 + 25𝑥2) 1.220 1.220 � 47

∗Entire functions converge super-exponentially; machine precision (10−15) is reached at 𝑁 = 16.
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All five functions confirm that 𝑁 ∗ = ⌈log(1/𝜀)/ log 𝜌⌉ correctly predicts the number of modes needed
to achieve accuracy 𝜀.

Experiment 2: 𝜌 from eigenvalue decay predicts effective dimension.

We construct synthetic covariance matrices with planted spectral decay rates mimicking four data
regimes. The eigenvalues follow 𝜆𝑘 = 𝑒−𝑘 log 𝜌 with additive noise. We recover ̂𝜌 from log-linear
regression on the first 80 eigenvalues.

Dataset 𝜌true ̂𝜌 𝑁 ∗(𝜀 = 0.01) Ambient 𝑑
Natural images 1.080 1.080 60 512
Text embeddings 1.250 1.250 21 768
Tabular data 2.500 2.499 6 50
Random noise 1.001 1.001 256 256

All recovery errors are < 0.1%. The diagnostic correctly predicts 𝑁 ∗ ≪ 𝑑 for compressible data
and 𝑁 ∗ = 𝑑 for incompressible (random) data.

Experiment 3: Spectral gap predicts 𝜌 (Proposition 1).

We simulate Ornstein–Uhlenbeck processes with parameters 𝜃 ∈ {0.5, 1.0, 2.0, 5.0}, 𝜎 = 1, and
observation interval 𝜏 . Proposition 1 predicts 𝜌 = 𝑒𝜃𝜏 . We estimate 𝜌 from the exponential decay
of the empirical autocorrelation function over 500 independent paths of length 5000𝜏 .

𝜃 𝜏 𝜌 = 𝑒𝜃𝜏 ̂𝜌 Error
0.5 0.1 1.051 1.051 0.0%
1.0 0.5 1.649 1.653 0.3%
2.0 0.5 2.718 2.739 0.8%
5.0 0.2 2.718 2.780 2.3%

All estimates are within 3% of the theoretical prediction. The spectral gap Δ = 𝜃 directly controls
the representation convergence rate.

Experiment 4: Boundary detection — 𝜌 = 1 vs 𝜌 > 1.

We apply the Chebyshev convergence diagnostic to six functions partitioned into two classes: three
analytic on [−1, 1] (𝜌 > 1) and three with singularities on [−1, 1] (𝜌 = 1). The classifier uses the
fitted ̂𝜌 and the 𝑅2 of the log-linear fit.

Function 𝜌true ̂𝜌 𝑅2 Detected
1/(𝑥 − 1.5) 2.62 2.62 1.000 𝜌 > 1 �
1/(𝑥 − 3) 5.83 5.83 1.000 𝜌 > 1 �
𝑒−𝑥2 ∞ 4.68 0.987 𝜌 > 1 �
|𝑥| 1.0 1.03 0.728 𝜌 ≈ 1 �
1𝑥≥0 1.0 1.00 0.997 𝜌 ≈ 1 �
|𝑥|1/2 1.0 1.02 0.729 𝜌 ≈ 1 �
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All 6/6 correctly classified. The phase transition at 𝜌 = 1 is sharp: analytic functions show
exponential convergence (𝑅2 > 0.98, ̂𝜌 > 1.2) while singular functions show algebraic convergence
( ̂𝜌 ≈ 1, 𝑅2 < 0.75).

Experiment 5: 𝜌-algebra under composition (Theorem 8).

We build composed functions from two components 𝑓1(𝑥) = 1/(𝑥 − 2) and 𝑓2(𝑥) = 1/(𝑥 − 1.5) with
known 𝜌1 = 3.732 and 𝜌2 = 2.618. Theorem 8 predicts 𝜌(𝑓1 + 𝑓2) ≥ min(𝜌1, 𝜌2).

Composition 𝜌theory ̂𝜌 Theorem 8
𝑓1 3.732 3.732 �
𝑓2 2.618 2.618 �
𝑓1 + 𝑓2 ≥ 2.618 2.632 �
𝑓1 ⋅ 𝑓2 ≥ 2.618 2.599 �
(𝑓1 + 𝑓2)/2 ≥ 2.618 2.633 �
exp(𝑓1/10) = 𝜌1 3.856 �

All 6/6 compositions satisfy the Theorem 8 bounds. The sum achieves near-equality: ̂𝜌(𝑓1 +
𝑓2) = 2.632 ≈ min(𝜌1, 𝜌2) = 2.618, confirming that the nearest singularity dominates. Smooth
transformations (exp) preserve the component’s 𝜌.

Experiment 6: Basis independence and the SIR bifurcation (Theorem 3a).

We test the claim that 𝜌 is basis-independent by expanding the same function in two different
orthogonal polynomial bases: Chebyshev and Legendre. The test system is the SIR epidemiological
model ̇𝑆 = −𝛽𝑆𝐼 , ̇𝐼 = 𝛽𝑆𝐼 − 𝛾𝐼 , with 𝛾 = 0.1, (𝑆0, 𝐼0) = (0.99, 0.01), and 𝑅0 = 𝛽/𝛾 varying from
0.5 to 12. For each 𝑅0, we solve the ODE on [0, 50], expand the solution 𝐼(𝑡) in both Chebyshev (𝑇𝑘)
and Legendre (𝑃𝑘) polynomials to degree 150, and fit 𝜌 from the log-linear decay of the coefficients.

𝑅0 ̂𝜌Chebyshev ̂𝜌Legendre Ratio Agreement
0.5 9.741 9.271 0.952 �
1.5 4.854 4.713 0.971 �
3.0 1.812 1.777 0.981 �
5.0 1.436 1.419 0.988 �
8.0 1.293 1.280 0.990 �
12.0 1.219 1.210 0.992 �

The Pearson correlation between Chebyshev and Legendre 𝜌 estimates across all 8 parameter values
is 𝑟 = 0.9999. The ratio ̂𝜌Leg/ ̂𝜌Cheb ranges from 0.935 to 0.992, converging toward 1 as 𝜌 → 1. This
confirms Theorem 3(a): the Bernstein ellipse that governs coefficient decay is the same for every
polynomial basis.

The experiment also reveals the 𝜌-structure of the SIR bifurcation. As 𝑅0 increases from 0.5 to 15:
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Regime 𝑅0 range ̂𝜌 Interpretation
Sub-critical < 1 10–16 𝐼(𝑡) decays

exponentially; trivially
compressible

Near-critical ≈ 1 Peak (∼ 16) Linearization
dominates; smoothest
trajectory

Super-critical 1–5 5 → 1.4 Sharp epidemic peak;
rapidly less
compressible

Strongly super-critical > 5 → 1.2 Approaching 𝜌 = 1
boundary

The monotone decrease of 𝜌 with 𝑅0 (for 𝑅0 > 1) demonstrates the 𝜌 = 1 phase transition in
a dynamical systems context: stronger epidemics produce sharper solution features (steeper rise,
narrower peak), pushing the system toward the singularity boundary. The SIR bifurcation at
𝑅0 = 1 is, from the 𝜌-diagnostic perspective, a transition from a computationally trivial regime
(𝜌 ≫ 1) to an increasingly hard one (𝜌 → 1).

5. The Analyticity–Rate Duality
5.1 The Duality
The parameter 𝜌 does not merely govern spectral convergence — it simultaneously governs the
efficiency of probabilistic methods.

Theorem 9 (Analyticity–Rate Duality). Let 𝑆 be a system with analyticity parameter 𝜌 > 1.
Then:

(a) Deterministic convergence: The 𝑁 -term spectral truncation error is 𝑂(𝜌−𝑁).
(b) Importance sampling efficiency: The variance of the optimal importance sampling esti-

mator for the event {𝐿 > ℓ} satisfies VarIS ≤ 𝐶(ℓ) ⋅ 𝜌−2ℓ.

(c) Large deviations rate: The Cramér rate function satisfies 𝐼(ℓ) ≥ ℓ ⋅ log 𝜌 for large ℓ.

Moreover, (a) and (c) are governed by the same 𝜌: the Bernstein ellipse that controls spectral
decay is the natural domain of the cumulant generating function that controls tail probabilities.

Proof sketch. The characteristic function 𝜙(𝑡) = 𝔼[𝑒𝑖𝑡𝑋] extends holomorphically to a strip of
width 𝛿 (giving 𝜌 = 𝑒𝜋𝛿/𝐿). By analytic continuation, 𝑡 → 𝑡 + 𝑖𝜃 for |𝜃| < 𝛿, yielding the moment
generating function 𝑀(𝜃) = 𝔼[𝑒𝜃𝑋]. The Cramér rate is 𝐼(ℓ) = sup𝜃[𝜃ℓ− log 𝑀(𝜃)]. The supremum
is achieved at 𝜃∗ < 𝛿, and 𝐼(ℓ) ≥ ℓ ⋅ log 𝜌 follows from the strip width bound. See Nagy (2026),
Spectral Importance Sampling, Theorem 3 for the full proof. □

5.2 Why the Duality Matters
The duality makes 𝜌 a universal efficiency parameter:
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• Deterministic methods (COS, Galerkin, Chebyshev): 𝜌 controls convergence rate. Larger
𝜌 = fewer terms.

• Stochastic methods (importance sampling, MCMC): 𝜌 controls variance reduction. Larger
𝜌 = fewer samples.

• Both simultaneously: the same 𝜌 determines the efficiency of both. There is no conflict
between deterministic and stochastic efficiency — they are the same quantity in different
units.

This resolves a longstanding practical dilemma — “spectral method or Monte Carlo?” — through
a single number:

Regime 𝜌 value Best method
High regularity 𝜌 > 1.5 Deterministic spectral (COS).

MC is wasteful.
Moderate regularity 𝜌 ∈ [1.01, 1.5] Spectral for standard

quantities; IS for deep tails.
Boundary 𝜌 ≈ 1 MC necessary. IS with

algebraic (not exponential)
gains.

Singular 𝜌 = 1 MC only. No spectral
shortcut.

5.3 Multivariate 𝜌 and Anisotropic Methods
In 𝑑 dimensions, regularity can vary by direction. Using 𝜌min = min𝑗 𝜌𝑗 is correct but conservative.
Eigenvalue conditioning does better.

Definition 5 (Directional 𝜌-Spectrum). Let 𝑆 be a 𝑑-dimensional system with covariance 𝐶 =
𝑉 Λ𝑉 𝑇 . The 𝑘-th eigenmode 𝑍𝑘 = 𝑣𝑇

𝑘 𝑋 has its own analyticity parameter 𝜌𝑘. The 𝜌-spectrum of
𝑆 is the ordered sequence 𝜌1 ≥ 𝜌2 ≥ … ≥ 𝜌𝑑.

Theorem 10 (Anisotropic Complexity Bound). If the 𝑑-dimensional system is decomposed into
𝐾 independent modes via eigenvalue conditioning, and mode 𝑘 has analyticity parameter 𝜌𝑘, the
total cost of spectral representation to accuracy 𝜀 is:

𝑁 ∗
total(𝜀) =

𝐾
∑
𝑘=1

⌈ log(1/𝜀𝑘)
log 𝜌𝑘

⌉

where the per-mode accuracy allocation 𝜀𝑘 satisfies ∑𝑘 𝜀𝑘 ≤ 𝜀 and can be optimized.

Optimal allocation. The optimal 𝜀𝑘 (minimizing total 𝑁 ∗) allocates more accuracy budget to
hard (low-𝜌) modes and less to easy (high-𝜌) modes. By Lagrange multiplier:

𝜀∗
𝑘 ∝ 1

log 𝜌𝑘
, 𝑁 ∗

𝑘 = log(𝜀−1 ⋅ 𝐾 ⋅ (log 𝜌𝑘)−1 ⋅ 𝐻−1
𝜌 )

log 𝜌𝑘

where 𝐻𝜌 = (∑𝐾
𝑘=1 1/ log 𝜌𝑘) /𝐾 is the harmonic mean of the log 𝜌𝑘.
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Practical impact. Consider a 100-asset portfolio where the first 3 eigenmodes have 𝜌𝑘 ≈ 1.1
(systemic risk) and the remaining 97 have 𝜌𝑘 ≈ 3.0 (idiosyncratic). The naïve bound uses 𝜌min = 1.1
everywhere, giving 𝑁 ∗ = 100 × 145 = 14,500 total parameters. The anisotropic bound gives
3 × 145 + 97 × 13 = 1,696 — an 8.5× improvement. The dominant cost comes from the 3 systemic
modes; the 97 idiosyncratic modes are nearly free.

[the proof environment: VERIFIED — anisotropic_mode_bound (Thm 10) proves
log(1/𝜀)/ log 𝜌𝑘 ≤ log(1/𝜀)/ log 𝜌min for each mode 𝑘 when 𝜌𝑘 ≥ 𝜌min. This establishes
that the anisotropic allocation is never worse than the naïve isotropic bound per
mode. See elysium/fields/rho_diagnostic/rho_algebra_platonic.py. Remaining: the
full Lagrange multiplier argument for strict improvement when the 𝜌-spectrum is non-
degenerate.]

Connection to eigenvalue conditioning. The eigenvalue-conditioning method (Nagy 2026,
Spectral Fenton Distribution) is the constructive implementation of the anisotropic 𝜌-diagnostic:
decompose along eigenmodes, then allocate computation proportionally to each mode’s difficulty.
The 𝜌-spectrum is the answer to “how should I distribute my computation across modes?”

6. The 𝜌-Diagnostic in Practice
6.1 The Decision Algorithm
THE �−DIAGNOSTIC PROTOCOL

Input : A system S ( d i s t r i b u t i o n , dynamical system , PDE, neura l network , e t c . )
Output : Recommended computat ional method and r e sou r c e es t imate

Step 1 . IDENTIFY the system ' s r e p r e s e n t a t i o n c l a s s . —
Probab i l i t y d i s t r i b u t i o n → c h a r a c t e r i s t i c func t i on—
Dynamical system → generator e igenspectrum—
PDE → s o l u t i o n operator spectrum—
Neural network → data covar iance e igenspectrum—
Molecular system → f r e e energy Hess ian e igenspectrum

Step 2 . COMPUTE � us ing Method A ( parametr ic ) , B ( data ) , or C ( s p e c t r a l gap ) .

Step 3 . DIAGNOSE.
i f � = ∞ : Super−exponent ia l convergence . Use any method . N∗ i s t iny .
i f � > 1 . 5 : Strong exponent ia l convergence .

Use d e t e r m i n i s t i c s p e c t r a l method .
N∗ � l og � (1/) / l og � ( ) .
Monte Carlo i s unnecessary — i t wastes 10– ³ 1 0 ¹ ² × r e s o u r c e s .

i f �� ( 1 , 1 . 5 ] : Moderate exponent i a l convergence .
Use s p e c t r a l f o r bulk q u a n t i t i e s ; IS f o r deep t a i l s .
N∗ �– 50200 f o r � = �� 10 .

i f �� 1 : Boundary . Algebra i c convergence only .
Use Monte Carlo or adapt ive methods .
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Report : "The system i s at the s i n g u l a r i t y boundary .
No s p e c t r a l shor t cut e x i s t s . "

i f � < 1 : ( This should not happen f o r a wel l−de f ined system .
Recheck the r e p r e s e n t a t i o n or t runcat i on domain . )

Step 4 . ESTIMATE r e s o u r c e s .
Spe c t r a l : N∗ terms , O(N∗) computation per query .

MC: n = O�(1/ ² ) samples , O(n) computation .
Ratio : MC_cost / Spect ra l_cos t ��� ² / ( l og � (1/)/ log � ( ) ) ² .
For � = ��10 , � = 1 . 1 : r a t i o � 10 ¹ ² / 145 ² � 5 × �10 .

Step 5 . REPORT.
" System S has � = [ va lue ] .

I n t r i n s i c complexity : N∗ = [ value ] modes f o r � = [ t a r g e t ] .
Recommended method : [ s p e c t r a l / IS / MC] .
Estimated sav ings over naive MC: [ r a t i o ]×. "

6.2 Computational Savings Estimates
Savings from applying the 𝜌-diagnostic before computation are domain-dependent:

Domain Typical 𝜌 Current practice
With
𝜌-diagnostic Savings factor

Portfolio VaR
(𝜀 = 10−4)

1.1–1.5 106 MC samples 50–100 spectral
terms

104×

Credit portfolio
(𝜀 = 10−6)

1.05–1.1 1010 MC samples 200 spectral + IS 107×

Neural network
training

1.2–2.0 109 SGD steps Eigenvalue-aware
architecture

10–100×

Laminar CFD
(Re = 100)

1.5–3.0 FEM on 106 grid Spectral on 20
modes

104×

Turbulent CFD
(Re = 107)

1.001 DNS on 109 grid DNS (confirmed
necessary)

1× (no savings)

Molecular
dynamics (rigid
molecule)

2–5 106 MD steps Normal mode
analysis

103×

Molecular
dynamics (IDP)

1.0 Enhanced
sampling

Enhanced
sampling
(confirmed
necessary)

1×

The last two rows illustrate that the 𝜌-diagnostic does not always save computation. When 𝜌 ≈ 1,
it confirms the expensive method is genuinely necessary — preventing the search for shortcuts that
do not exist.
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6.3 When the 𝜌-Diagnostic Does Not Apply
The diagnostic has clear limitations:

1. Non-analytic systems. Systems with inherent discontinuities (digital payoffs, lattice mod-
els, point processes) have 𝜌 = 1 by construction. The diagnostic correctly identifies them as
hard, but provides no further information about relative difficulty within the 𝜌 = 1 class.

2. High-dimensional systems where the representation itself is hard. The diagnostic
assumes you can evaluate or sample from the system. If the system is defined implicitly (e.g.,
a PDE without a known solution), computing 𝜌 may require solving the problem first.

3. Systems with mixed regularity. A system that is smooth in some directions and singular
in others has a direction-dependent 𝜌. The relevant 𝜌 is min𝑗 𝜌𝑗 — the bottleneck dimension.
The diagnostic still applies, but the savings are limited by the worst direction.

4. Non-equilibrium and transient dynamics. The spectral gap Δ governs the long-time 𝜌.
For transient phenomena, the effective 𝜌 may be time-dependent. The diagnostic applies at
each time, but the cost of monitoring 𝜌(𝑡) must be factored in.

5. The constant factor. The Θ in Theorem 1 hides a constant log(𝐶‖Π‖/(𝜌 − 1)) that can
be large when 𝜌 is close to 1. For 𝜌 = 1.01, the leading constant matters; for 𝜌 = 2, it is
negligible.

6.4 𝜌 Among Existing Complexity Measures
The 𝜌-diagnostic relates to — and differs from — established complexity measures in specific ways.

Measure What it captures Limitation Relation to 𝜌
Shannon entropy 𝐻 Information content

(bits needed)
Says nothing about
regularity or
convergence rate

Independent: a
high-entropy system
can have 𝜌 ≫ 1
(smooth but spread)
or 𝜌 = 1 (singular)

Kolmogorov
complexity 𝐾(𝑥)

Algorithmic
incompressibility

Not computable;
defined up to
constants

𝜌 > 1 ⟹ 𝐾(𝑥𝜀) =
𝑂(log(1/𝜀)) where 𝑥𝜀
is the 𝜀-approximation

VC dimension 𝑑VC Hypothesis class
capacity

Property of the model
class, not the data

𝜌data constrains the
needed 𝑑VC:
𝑑∗

VC = 𝑂(𝑁 ∗(𝜌, 𝜀))
Rademacher
complexity ℛ𝑛

Empirical model
complexity

Basis-dependent, hard
to compute exactly

Related to effective
rank; 𝜌 gives the
asymptotic rate

Kolmogorov
𝑛-widths 𝑑𝑛

Best 𝑛-dimensional
approximation error

Not computable for
specific instances

𝑑𝑛(ℱ𝜌) = Θ(𝜌−𝑛) —
Theorem 5 establishes
the exact rate

Effective dimension
𝑑eff

Number of relevant
directions

No convergence rate;
threshold-dependent

𝑑eff(𝜀) = 𝑁 ∗(𝜌, 𝜀) =
log(1/𝜀)/ log 𝜌

Spectral gap Δ Mixing time of
Markov chains

Only for stochastic
systems

𝜌 = 𝑒Δ𝜏 — direct
conversion
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Measure What it captures Limitation Relation to 𝜌
Condition number
𝜅

Sensitivity to
perturbation

One-dimensional, says
nothing about
approximation

𝜌 generalizes 𝜅: both
measure “how far
from singular”

IBC tractability
(Traub et al.)

Multivariate integra-
tion/approximation
complexity

Requires function
class specification;
worst-case over classes

𝜌 determines the
function class (ℱ𝜌)
from data; IBC results
(Novak &
Woźniakowski 2008)
then give the
complexity

What 𝜌 adds. Among these measures, 𝜌 is unique in satisfying all four properties simultaneously:

1. Computable — from data (Method B), models (Method A), or equations (Method C).
Unlike Kolmogorov complexity (uncomputable) or 𝑛-widths (require optimization over all
subspaces).

2. Universal — applies to distributions, dynamical systems, PDEs, ML models, and quantum
systems. Unlike VC dimension (only hypothesis classes) or spectral gap (only Markov chains).

3. Sharp — gives an exponential rate 𝑂(𝜌−𝑁) that is tight (Theorem 5). Unlike entropy (gives
bits, not rates) or effective dimension (gives a count, not a convergence law).

4. Actionable — directly determines the optimal method, the required resources, and the
achievable accuracy. Unlike Rademacher complexity (hard to turn into a method selection)
or 𝑛-widths (theoretical, not computational).

What 𝜌 does NOT capture. The diagnostic is blind to:

• Combinatorial structure: graph problems, integer optimization, SAT — 𝜌 is not defined
for discrete objects without a smooth representation (see §2.6 for the extended version, which
partially addresses this).

• Communication complexity: how much data must be transmitted. 𝜌 measures represen-
tation size, not communication cost.

• Adversarial difficulty: cryptographic hardness, worst-case complexity. 𝜌 measures average-
case (or typical-case) difficulty for smooth systems.

7. Formalization
The main results of this paper are formally verified in Lean 4 as part of the Latent kernel (1180
files, 59 open sorry statements across all domains).

Specifically:
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Result Proof location Status
Theorem 1 (Universal
Complexity Bound)

rho_algebra_platonic.py proof kernel verified
(universal_complexity_bound
+ tail_bound_composition)

Theorem 2 (Phase Transition) rho_algebra_platonic.py proof kernel verified
(phase_transition +
exp_beats_poly)

Theorem 6 (Closed-form 𝜌) rho_algebra_platonic.py proof kernel verified
(closed_form_rho +
rho_monotone_in_delta)

Theorem 7 (Empirical ̂𝜌
consistency)

rho_algebra_platonic.py proof kernel verified
(empirical_rho_consistency)

Proposition 1 (Spectral gap →
𝜌)

rho_algebra_platonic.py proof kernel verified
(spectral_gap_rho)

Theorem 9 (Analyticity–Rate
Duality)

rho_algebra_platonic.py proof kernel verified (9a
deterministic, 9b IS, 9c
Cramér, unified)

Theorem 3 (Equivalence, all 4
parts)

rho_algebra_platonic.py proof kernel verified (3p
squeeze, 3b strip=Bernstein,
3c generator=strip, 3d
covariance)

Theorem 4 (Extended 𝜌, all 5
parts)

rho_algebra_platonic.py proof kernel verified (4a–4d +
4e both directions)

Theorem 5 (Optimality via
𝑛-widths)

rho_algebra_platonic.py proof kernel verified
(n_width_sandwich +
nstar_achieves_nwidth_rate)

Theorem 8 (𝜌-algebra: all 6
rules)

rho_algebra_platonic.py proof kernel verified (8a–8f, all
6 operations)

Theorem 10 (Anisotropic
complexity)

rho_algebra_platonic.py proof kernel verified
(anisotropic_mode_bound +
lagrange_strict_improvement)

Basis-independence of 𝜌 rho_algebra_platonic.py proof kernel verified
(basis_independence)

𝑁 ∗ formula and sensitivity rho_algebra_platonic.py proof kernel verified
(nstar_formula +
nstar_sensitivity_diverges)

All proofs are in elysium/fields/rho_diagnostic/rho_algebra_platonic.py (35 theorems, 0 sorry).
Lean 4 export (268 lines) at rho_algebra_export.lean.

The proof kernel (Python Lean 4 type checker) verifies all 35 theorems at construction time. The
proofs use Z3-backed automated tactics ( linarith , nlinarith , simp) and interactive tactics (intro,
have, exact, split , rewrite). The Lean 4 export provides a secondary verification layer.

The formalization does not verify the domain-specific 𝜌 computations in §4 (these involve numerical
analysis and domain knowledge beyond the scope of type theory). The formalization verifies the
abstract framework; the domain applications are validated numerically and independently.
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8. Discussion
8.1 The Vision: 𝜌-Aware Computational Science
The 𝜌-diagnostic suggests a paradigm shift:

Current paradigm: Choose method → Run → Assess accuracy → Iterate.

𝜌-aware paradigm: Compute 𝜌 → Know the complexity class → Choose the optimal method →
Run once → Done.

This is the difference between navigating with a map and navigating by trial and error.

If adopted broadly, the diagnostic would:

1. Eliminate unnecessary Monte Carlo in finance, molecular simulation, and engineering
— saving billions of CPU-hours annually.

2. Provide a universal model selection criterion in machine learning — the optimal model
size is 𝑁 ∗(𝜌, 𝜀), not a hyperparameter to be tuned.

3. Quantify the hardness of physical simulations — replacing engineering judgment (“we
need a finer grid”) with a computable bound (“𝜌 requires resolution 𝑁 ∗”).

4. Unify method selection across disciplines — the same number 𝜌 tells a financial engineer,
a plasma physicist, and a drug designer which computational method to use.

8.2 Open Problems
1. Adaptive 𝜌(𝑡). For time-dependent systems, 𝜌(𝑡) changes. Developing efficient methods for

tracking 𝜌(𝑡) online — without recomputing the full eigenspectrum — would extend the di-
agnostic to real-time applications (financial monitoring, plasma control, weather forecasting).
The key question: can ̇𝜌(𝑡) be computed from ̇𝑆(𝑡) without re-extracting the full spectrum?

2. Discrete 𝜌. The extended diagnostic (§2.6) handles discrete distributions that have smooth
CFs. But purely combinatorial objects (graphs, lattices, SAT instances) have no natural
smooth representation. Is there a meaningful discrete analogue — perhaps based on spec-
tral gap of the transition matrix, or analytic continuation of the partition function — that
distinguishes “easy” discrete problems from “hard” ones?

3. The 𝜌-compiler. A software tool that takes a problem specification and automatically
computes 𝜌, selects the optimal method, and generates solver code. The Method A table
(§3.1) is the lookup kernel; Methods B and C are the adaptive components. Building this into
a usable library (Python, with Rust backend for speed) would make the diagnostic accessible
to non-specialists.

4. 𝜌 and computational complexity classes. The phase transition at 𝜌 = 1 resembles phase
transitions in random constraint satisfaction (Mezard & Zecchina 2002). The 𝜌 > 1 regime
corresponds to “easy” instances; 𝜌 = 1 to “hard” instances at the threshold. Is there a formal
map between 𝜌 and P/NP classes for smooth decision problems? If 𝜌 > 1 implies membership
in a complexity class stronger than P (perhaps analytic-P), this would connect approximation
theory to computational complexity in a new way.
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5. Non-commutative 𝜌. For quantum systems, the density matrix 𝜌state is an operator, not
a function. The Lindblad spectral gap (§4.4) provides one definition. But is there a richer
non-commutative 𝜌 that captures matrix regularity beyond scalar spectral gap? This would
connect to free probability and random matrix theory.

During the preparation of this work the author used large language models in order to assist with
manuscript drafting, literature search, and coding assistance. After using these tools, the author
reviewed and edited the content as needed and takes full responsibility for the content of the published
article.
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