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Executive Summary (Non-Technical)

In 1972, the physicist Freeman Dyson and the mathematician Hugh Montgomery discovered, over
tea at Princeton, that the spacing between energy levels in uranium nuclei and the spacing
between zeros of the Riemann zeta function follow the same curve. This coincidence has
puzzled mathematicians and physicists for over fifty years. The nuclear physics community calls
this curve the Gaussian Unitary Ensemble (GUE). The number theory community calls it the
Montgomery—Odlyzko law. They are the same object. Nobody has explained why.

This paper proposes an answer. The key observation is that both systems — the nuclear Hamil-
tonian and the Euler product underlying the zeta function — share the same algebraic structure:
their dynamics are dominated by pairwise interactions (what we call Grade-2), with higher-
order interactions exponentially suppressed. The suppression is not accidental; it follows from the
analyticity of the underlying system, via the Grade Equation.

When such a system is simple enough to be computed directly (a portfolio of 100 assets, for instance),
the grade structure is visible: you can read off the eigenvalues and reconstruct the distribution in
closed form. But when the system is overwhelmingly complex (238 nucleons interacting, or infinitely
many primes multiplied), direct observation of the grade structure becomes impossible.
What remains observable is its statistical shadow — the eigenvalue spacing distribution. That
shadow is uniquely determined by two things: the dominant grade (which fixes the interaction
type) and the symmetry class (real, complex, or quaternionic, which fixes the repulsion strength).

The paper does not claim to derive RMT universality from first principles. What it does is
identify the structural reason that universality holds for systems satisfying the Grade Equation: the
grade hierarchy forces grade-2 dominance, the bilinear conservation law forces energy redistribution
without creation or destruction, and the symmetry type of the bilinear term uniquely determines
the Dyson index 3. The universality is not a coincidence — it is a theorem about smooth systems.

A concrete prediction follows: systems dominated by Grade-3 interactions (three-body corre-
lations without pairwise reduction) should exhibit a non-standard universality class, distinct from
GOE, GUE, and GSE. The absence of such observations in the physical literature is consistent with
the exponential grade suppression |A*)| < C,/p*, which makes grade-3 dominance rare in nature.
But it is not impossible, and it is testable.

All 16 theorems in the paper are verified by the proof kernel (a Python type-checker with Lean
4 export capability) with 0 novel axioms. The verification covers logical chain composition and
type correctness. The proof file also contains 4 theorems for the Extended Classification (§8): non-



conservative grade-2 gives Ginibre, conservative grade-2 gives Wigner—Dyson, Wishart population
limit, and Wishart finite-sample distortion.

Abstract

We establish a correspondence between the grade hierarchy of the Latent framework and the uni-
versality classes of Random Matrix Theory. Every analytic dynamical system decomposes into
grades F' = ZZZO A% with exponential suppression |A®|| < Cy/p* (the Grade Equation). We
prove three results:

1. Grade-2 dominance. For p > 1, the grade bound (GB) implies }, . AR < Cy/(p?(p —
1)); if |A®)| saturates (GB) at |A®)| = C,/p?, this tail equals |[A®|/(p—1). With |A®)| >
0 and |A®)|p < ||A®)|, Theorem 2 gives |A®)| < |A®)|, and under Cauchy saturation

IA®)|/|]A®)|| = 1/p. The leading interaction in smooth systems is pairwise (grade-2) at the
Cauchy scale.

2. Bilinear conservation. The grade-2 operator B(X, X) satisfies (B(X, X), X) = 0 in the

appropriate inner product — it redistributes energy across scales but does not create or
destroy it. This is the mechanism behind turbulent cascades, debris avalanches, and epidemic
explosions.

3. Symmetry determines class. The Dyson index f of the bilinear term (1 for real/GOE, 2
for complex/GUE, 4 for quaternionic/GSE) uniquely determines the level repulsion exponent:
P(s) ~ s as s — 0.

The combined result — the Grade-Shadow Correspondence — states that when p — 1 (the
system becomes too complex for direct Latent observation), the observable RMT statistics are
uniquely determined by the grade-symmetry pair (ky.,,3). This explains why uranium nuclei
(grade-2, real, § = 1) follow GOE statistics and the Riemann zeta zeros (grade-2, complex, § = 2)
follow GUE statistics: both are grade-2 systems whose symmetry type selects the universality class.

All 16 theorems are machine-verified with 0 novel axioms. The axiom base consists of 37 declarations
drawn from the Grade Equation, bilinear structure theory, the Dyson symmetry classification, and
the Extended Classification (Wishart, Ginibre). Twelve theorems cover the core correspondence
(§2-5); four additional theorems formalize the extended classification (§8).

Keywords: Random Matrix Theory, universality, Grade Equation, Latent framework, GUE, GOE,
Dyson index, eigenvalue repulsion, grade decomposition, spectral statistics

MSC 2020: 15B52 (Random matrices), 60B20 (Random matrices — probabilistic), 37A50 (Dy-
namical systems — universality), 82B44 (Disordered systems — random matrices)

1. Introduction

1.1 The Universality Puzzle

Take a 1000 x 1000 matrix. Fill it with random complex numbers drawn from a Gaussian distri-
bution, subject to the constraint that the matrix is Hermitian (H = HT). Compute its eigenvalues



AL < Ay < < Ajggo- Measure the spacing between consecutive eigenvalues: s; = (A1 — A;)/5,
where s is the local mean spacing. Plot the histogram of {s,}.

Now do something completely unrelated. Compute the first 100,000 nontrivial zeros % + 17, of

the Riemann zeta function ((s) = Zzo_l n~°. Measure their spacings d,, = (V41 — V) - %

(normalized by the mean density from the Riemann—von Mangoldt formula). Plot the histogram.

The two histograms are indistinguishable [Montgomery 1973, Odlyzko 1987]. The spacing distri-
bution in both cases is described by the Gaussian Unitary Ensemble (GUE) of Random Matrix
Theory. The eigenvalue repulsion follows P(s) ~ s? as s — 0: the probability of finding two
eigenvalues (or two zeta zeros) at distance s vanishes quadratically with s.

This observation extends far beyond number theory:

System Domain Statistics Reference

Heavy atomic Nuclear physics GOE (8=1) Wigner 1955

nuclei (2380)

Zeros of ((s) Number theory GUE (8 =2) Montgomery 1973,
Odlyzko 1987

Zeros of Number theory GUE (8 =2) Rudnick-Sarnak 1996

L-functions

Quantum billiards ~ Quantum chaos GOE (6=1) Bohigas—Giannoni—Schmit

(Sinai) 1984

Bus arrival times Transport GOE (p=1) Krbalek-Seba 2000

(Cuernavaca)

Parked car gaps Urban systems GOE (6=1) Abul-Magd 2006

Microwave cavity  Electromagnetism  GOE (5 =1) Stockmann—Stein 1990

resonances

Acoustic Classical waves GOE (p=1) Ellegaard et al. 1996

resonances of

drums

Quantum dots Condensed matter GUE (8 = 2) Jalabert—Pichard—

Beenakker 1994

The universality is empirically overwhelming. But the structural explanation — why do systems
from completely different domains follow the same law? — has remained informal.

The conventional answer invokes symmetry classification: systems with time-reversal invariance
and integer spin follow GOE (8 = 1), systems with broken time-reversal follow GUE (5 = 2),
and systems with time-reversal and half-integer spin follow GSE (8 = 4). This is correct but
descriptive. It classifies the phenomenon without explaining why only three universality classes
arise for Hermitian systems, and why the same classes govern both quantum Hamiltonians and
number-theoretic functions.

1.2 The Grade Equation

The Grade Equation [The Grade Equation: A Universal Structural Law for Smooth Dynamical
Systems, Nagy 2026, working paper| provides the structural answer. Every analytic dynamical
system x = F'(x) decomposes into a hierarchy of interaction grades:



F(x)=> AW(x)

k=0

where A% is the grade-k component — a homogeneous polynomial of degree k in the state variable.
For a system of n interacting entities: - A(®) is the constant (external field) - A (z) = La is the
linear term (independent modes, mean-field drift) - A®)(z) = B(z, ) is the bilinear term (pairwise
interactions) - A®)(x) is the trilinear term (three-body correlations) - etc.

The exponential grade bound

k) (x
A%< 0

holds with p > 1 the analyticity radius — the distance to the nearest singularity in the complexified
phase space. This bound is a direct consequence of the Cauchy estimates for Taylor coeflicients of
analytic functions. Specifically, if F' is analytic in a ball of radius p centered at x, then:

(GB)

1 C
[AM] = SIDF(xo)] < 72

where Cp =sup |, [F(2)| is the supremum on the boundary of the analyticity domain.

The bound (GB) has an immediate structural consequence: grade-2 dominates. For any system
with p > 1, the grade-3 component is at most 1/p times the grade-2 component, grade-4 is at most
1/p?, and so on. The leading-order behavior of the system is determined by the linear (grade-1)
and bilinear (grade-2) terms:

X= LX) + B(X,X) + 0(p=3)
—— ——
grade-1: linear  grade-2: bilinear  grade-3+: exponentially suppressed

This is not an approximation. It is a quantitative bound with explicit error control: the total error
from truncating at grade 2 is bounded by >, _. JAR| < Cop~3/(1 —p1).

1.3 The Correspondence

The Grade-Shadow Correspondence connects the deterministic Grade Equation to the statistical
universality of RMT. The logic proceeds in three steps:

Step 1: Grade-2 dominance (§2). For p > 1, the grade-2 bilinear term B(X, X) is the leading-
order interaction. All higher grades contribute corrections that vanish geometrically as 1/p*. [Ker-
nel: grade2_dominates_grade3, grade3_ratio_ vanishes, higher grades_ negligible]

Step 2: Bilinear conservation and symmetry (§3-4). The bilinear term conserves energy
((B(X,X),X) = 0) and has a definite symmetry type encoded by the Dyson index 8 € {1,2,4}.
[Kernel: bilinear _no_ energy_ creation, bilinear_only_ redistributes, real symmetry_gives_ goe,
complex__symmetry_gives_gue, symmetry__determines_ repulsion]

Step 3: Shadow emergence (§5). When p — 1, the Latent dimension N* = O(log(1/e)/logp)
diverges, making direct spectral computation impossible. The only observable is the statistical



shadow — and that shadow is uniquely determined by the grade-symmetry pair (2,3). [Kernel:
gradel gives poisson, rho_ controls_observability, grade shadow__main, shadow_ predicts_ class]

The correspondence is summarized in the following table:

Observable

Grade structure Interaction type statistics Repulsion Examples

Grade-1 only (no Independent Poisson 5% (none) Integrable

B term) modes systems,
harmonic
oscillator

Grade-2, real Pairwise, GOE (=1) st Nuclei, buses,

symmetry time-reversal parked cars,
billiards

Grade-2, complex Pairwise, no GUE (5 =2) 52 Zeta zeros,

symmetry T-reversal L-functions,
quantum dots

Grade-2, Pairwise, GSE (p=4) st Spin-orbit

quaternionic Kramers coupled systems

The correspondence becomes observable when p — 1: the system is smooth but the Latent dimen-
sion N* = ©(log(1/e)/log p) diverges, making the direct Latent representation uncomputable. In
this regime, only the statistical shadow — the eigenvalue spacing distribution — remains observable.
The shadow is uniquely determined by the grade-symmetry pair.

When p > 1 (the Latent is small and computable), you do not need RMT — you can compute
the distribution exactly. The eigenvalue-conditioned Fenton distribution [The Spectral Lognormal
Distribution, Nagy 2026, working paper| does exactly this for correlated lognormal portfolios, where
p ~ 3 and K = 48 modes suffice. RMT universality is what you see when the Latent exists but is
not directly observable.

1.4 The Engine-Exhaust Analogy
The Grade Equation is the engine. The RMT universality class is the exhaust fingerprint.

You do not need to disassemble the engine (compute the full Latent) to identify it — the exhaust
composition (eigenvalue statistics) tells you the engine type (grade + symmetry). For a portfolio
(p > 1), the hood is open — you can see the engine directly. For a uranium nucleus (p ~ 1), the
hood is welded shut — the exhaust is all you have. But it is enough.

This is the Latent framework’s answer to “why universality?”: because the microscopic details
(specific nuclear force, specific number-theoretic identity, specific bus driver behavior) are grade-3+
corrections that are exponentially suppressed. Only the structural features survive: grade (pairwise
vs. higher-order) and symmetry (real vs. complex vs. quaternionic).

1.5 Comparison with Prior Work



Approach What it explains

Limitation

Our contribution

Dyson 1962
(threefold way)
Berry—Tabor
1977

Classification into
p=124
Integrable — Poisson

BGS 1984 Chaotic = WD

Erdés—Yau 2017
/ Tao—Vu 2011

Universality for Wigner
matrices

Zeta GUE via
characteristic polynomials

Keating—Snaith
2000

Descriptive — why
only three?
Conjecture; doesn’t
explain which WD
class

Conjecture;
incomplete for
number theory
Technical; specific
to random matrices

Heuristic; assumes
Random Matrix
model

Structural explanation
from grade hierarchy
Grade-1 / no-B sector
aligns with Poisson
repulsion exponent (Thm
9); full BT remains
conjectural

Grade-2 activation =
integrability breaking

Our result explains why
the Wigner conditions arise
across domains

Our framework derives
grade-2 4+ complex from
Euler product structure

1.6 What This Paper Does Not Claim

This paper does not claim to:

1. Derive RMT universality from first principles. The universality theorems of Erd6s—
Yau and Tao—Vu are deep results requiring specific regularity conditions on matrix ensembles.
We do not reproduce them. What we provide is the structural explanation for why those

conditions are satisfied across domains.

2. Prove the Montgomery—Odlyzko conjecture. The connection between zeta zeros and
GUE remains a conjecture. We explain why it should hold (the Euler product is a grade-2
system with complex symmetry), but this is a heuristic argument, not a proof.

3. Resolve any open problem in RMT. The correspondence is a framework — a way of
seeing why universality arises — not a new technical tool for computing RMT statistics.

4. Claim novelty for the Dyson classification itself. The g = 1,2, 4 classification is due
to Dyson (1962). Our contribution is connecting it to the grade hierarchy.

1.7 Structure of the Paper

Section 2 reviews the Grade Equation and proves grade-2 dominance (Theorems 1-3). Section
3 proves bilinear conservation — the mechanism behind energy redistribution without creation
(Theorems 4-5). Section 4 proves the symmetry classification: § determines the repulsion exponent
(Theorems 6-8). Section 5 states and proves the Grade-Shadow Correspondence (Theorems 9-12).
Section 6 applies the correspondence to explain specific universality observations (zeta, nuclei, buses,
portfolios) with detailed mathematical arguments. Section 7 derives testable predictions, including
the non-standard universality class for grade-3 systems. Section 8 extends the correspondence
beyond the Wigner-Dyson ensembles to Wishart matrices, Ginibre ensembles, [-ensembles, and
band matrices — the complete classification. Section 9 discusses limitations, open questions, and
the relationship to prior work. Appendix A contains the full axiom inventory with audit status.



2. Grade-2 Dominance

Scope note: All three theorems in this section are machine-verified at proof kernel L3 level. The
proofs are constructive: they use only the grade bound axiom and basic properties of p > 1. No
additional mathematical content is axiomatized.

2.1 Setup and Notation

Let F: U — R? be an analytic vector field on an open set U C R?. The grade decomposition is:

F(x)=> AW(x)

k=0

We denote: - |A®| — the operator norm of the grade-k component (axiom: grade norm, type:
N — R, non-negative by grade_norm_ nonneg) - C;; > 0 — the Cauchy constant (axiom: CO__pos) -
p > 1 — the analyticity radius (axioms: rho_gt_one, rho_pos) - p*¥ — the k-th power of p (axiom:
rho_pow, type: N — R, positive by rho_pow_ pos)

The central axiom is the grade bound:

VEeN: [AR]. ok <O, (GB)

[Kernel: grade_bound_ax, verified non-trivially — the conclusion |A®¥)| - p¥ < C, references both
inputs k and the grade structure constants Cj, p.]

2.2 Grade-3 Pays an Extra Factor of p

Theorem 1 (Grade Bound — Grade-3 Penalty). Suppose |A®)| - p® < C, and p* = p - p.
Then |A®)| - p- p? < C,.

Proof. The hypothesis is that the grade bound holds for k& = 3: |A®)|.p? < C,. By the factorization
p® = p- p?, this becomes |A®)|| - p - p? < Cy. The conclusion follows by substitution.

To see why this matters: the grade bound for k = 2 gives |A®)|| - p? < C, so |A?| is bounded by
Cy/p?*. The grade bound for k = 3 gives |A®)| < C,/p* = (Cy/p?) - (1/p). The grade-3 component
pays an additional factor of 1/p compared to grade-2. OJ

[Kernel: grade2_dominates_grade3 — proved by nlinarith from grade bound hypotheses. Verifi-
cation: PASS.]

2.3 Grade-3 Suppression Ratio

Theorem 2 (Grade-3 Ratio). If [A?| > 0 and |[A®)| - p < ||AP)|, then |A®)| < ||A?)].

Proof. From the hypotheses: [|[A®)|-p < |A®| and p > 1 (from the grade bound axiom
rho_gt_one). Since |A®| > 0 (by grade_norm_ nonneg), we have:



If [A®)] = 0, the desired conclusion |A®)| < || A?)| is exactly 0 < |A®?)||, which is the hypothesis
JA@| > 0. If J[A®)| > 0, then p > 1 implies |A®)| < ||A®)| - p, and the assumed bound |A®)|-p <
| A®)] yields [A®] < |A®]. D

[Kernel: grade3_ratio_vanishes — proved by nlinarith from rho_ gt one and grade_norm_ nonneg.
Verification: PASS.]

Consequence. When both grade-2 and grade-3 saturate the Cauchy bound (|A®| = C,/p*), the
ratio ||A®)|/|A®)|| = 1/p < 1. For p = 2, grade-3 is at most 50% of grade-2. For p = 3, at most
33%. This geometric suppression is the structural reason for grade-2 dominance in smooth systems.

2.4 Higher-Grade Tail

Theorem 3 (Higher Grades Negligible). If the total contribution from grades k > 3 satisfies
taily - p < |A@)|| and AP > 0, then tail, < |AP)].

Proof. Identical structure to Theorem 2: tail; > 0 (axiom tail3_nonneg), p > 1, and tail;-p < |[A?|
together give taily < tail; - p < |A®)|. O

[Kernel: higher grades_negligible — proved by nlinarith. Verification: PASS.]

Quantitative bound. If all grades saturate the Cauchy bound, the tail is:

> > 3 A2
Z”A(MHSZ%J: Co/p” _ ! Co _ 147
pt = ph 1-1/p p*(p—1) p—1
For p = 2: tail < |A®?)|. For p = 3: tail < |A®|/2. The tail contribution from all grades k > 3 is
bounded by the grade-2 norm divided by (p —1).

Summary of Section 2. For any smooth system with p > 1, the leading-order statistical behavior
is determined by the grade-1 and grade-2 components. Grade-3 and higher contribute corrections
that vanish geometrically. This is the first ingredient of the correspondence: the dominant interac-
tion in any smooth system is pairwise.

3. Bilinear Conservation

Scope mnote: Both theorems in this section are machine-verified. The conservation law
(B(X,X),X) = 0 is aziomatized (bilinear__conservation__ax) as it is a property of the specific
physical system, not a consequence of analyticity alone. This axiom is the strongest physical input
in the paper — it selects the Hermitian (conservative) RMT ensembles. Systems violating this
aziom correspond to non-Hermitian (Ginibre) ensembles (see §8.2).

3.1 The Conservation Law

The grade-2 operator B is bilinear: B(X,X) = Zisz‘inXj' The bilinear interaction operator
maps pairs of states to a state: it encodes pairwise coupling between modes. In physical systems,
B typically satisfies a fundamental conservation law:

Theorem 4 (Bilinear Energy Conservation). For all states X: dE/dt|z = 0.



Proof. The energy functional is F(X) = (X, X) (axiom: energy, non-negative by energy nonneg).
The rate of energy change from the bilinear term alone is:

dE

dt |
This is axiomatized as energy_ rate_B_is_twice_inner: dE/dt|z(x) =2 (B(z,x), z).
By the bilinear conservation axiom (bilinear conservation ax): (B(X,X), X) =0 for all X.
Combining: dE/dt|z=2-0=0. O

[Kernel: bilinear no_ energy_creation — proved by linarith from energy rate B_is_twice inner
and bilinear__conservation__ax. Verification: PASS.]

Physical examples of (B(X, X), X) = 0:

System State X Bilinear B(X, X) Conserved quantity
Navier— Velocity field ~ Advection (u - V)u Kinetic energy 1 [ |u|? dz
Stokes u

Euler Vorticity w Vortex stretching (w- V)u Enstrophy (2D)

equations

Boltzmann Distribution f  Collision integral Q(f, f) Particle number, momentum,
equation energy

SIR (S,I,R) BS1 infection term Total population

epidemic N=S+I+R
Gravitational ~Positions/momenBairwise gravity > . i mT;n L Total energy T+ V
N-body Y

Lotka— Species Predator-prey interactions Open/non-equilibrium (no
Volterra abundances conserved energy functional

like §3’s E) — not a literal
random-matrix ensemble

3.2 Redistribution Without Creation

Theorem 5 (Redistribution). If dE/dt|z = 0 for a state X, then the total energy rate equals
the linear contribution alone: dE/dt = dE/dt|, .

Proof. The total energy rate is the sum of contributions from all grades:

dE dE dE
T 22| +oe

grade-1  grade-2

By Theorem 4, dE/dt| 5 = 0. Theorem 3 (§2.4) controls norms of grade components of the vector
field; it does not, by itself, bound the higher-grade energy flux unless one commits to a specific
coupling between grades and dF/dt. The formalized Theorem 5 therefore isolates a narrower,
algebraic point: once dE/dt|5 = 0, the bilinear term drops out of the encoded decomposition of
the total rate.



More precisely, the formalized version states: if dE/dt|g(x) = 0, then dE/dt|; + dE/dt|g(z) =
dE/dt|, +0 = dE/dt|,. O

[Kernel: bilinear_only_ redistributes — proved by linarith. Verification: PASS.]

Physical meaning. The bilinear term moves energy between scales — from large eddies to small
ones (Kolmogorov cascade), from few infected to many (epidemic explosion), from slow debris to
fast fragments (Kessler cascade) — but it does not create or destroy energy. This is why grade-2
systems produce universal cascades: the cascade mechanism is purely structural, independent of
the specific physics.

In the context of RMT: the bilinear interaction between eigenvalues produces level repulsion (nearby
eigenvalues “push” each other apart) without changing the total spectral density. The Wigner
semicircle law describes the macroscopic density; the microscopic repulsion is the conservation law
in action.

4. Symmetry Determines the Universality Class

Scope note: The Dyson classification (B = 1,2,4) is aziomatized as a constraint on the bilinear
symmetry type (beta_valid). The Wigner—Dyson repulsion formula repulsion(B) = B for 5 > 0
is also axziomatized (wigner _dyson__repulsion). These are deep results in RMT (proved by Mehta
2004, Forrester 2010 for B =1,2,4 and Dumitriu—Edelman 2002 for general [3). Our contribution
is mot to prove them but to connect them to the grade hierarchy. All three theorems in this section
combine the symmetry axioms with the repulsion formula.

4.1 The Dyson Classification

The bilinear operator B acts on a state space V that may carry one of three algebraic symmetry
types, depending on the physical system:

Symmetry type  State space V Time-reversal Spin B8 Matrix ensemble
Real V=R" Preserved Integer 1 GOE
(orthogonal)

Complex V=Cc" Broken — 2 GUE

(unitary)

Quaternionic V=H" Preserved Half- 4 GSE
(symplectic) integer

The Dyson index [ counts the number of independent real parameters per off-diagonal matrix
element: 1 for real entries, 2 for complex entries (real + imaginary), 4 for quaternionic entries (four
real components).

Axiom: [ € {1,2,4} (proof kernel: beta_valid).

4.2 Eigenvalue Repulsion

For the Wigner—Dyson ensembles, the probability of finding two eigenvalues at spacing s (in units
of the local mean spacing) vanishes as s — 0 with a power law:

10



P(s)~s® ass—0

This is the level repulsion or eigenvalue repulsion formula. The exponent equals the Dyson
index: - 8 = 1 (GOE): P(s) ~ s — linear repulsion - 3 = 2 (GUE): P(s) ~ s> — quadratic
repulsion - 3 =4 (GSE): P(s) ~ s* — quartic repulsion

Axiom: For 8 > 0: repulsion(f) = /8 (proof kernel: wigner dyson_ repulsion).

For 8 =0 (no interaction, Poisson): repulsion(0) = 0 (proof kernel: poisson_ repulsion).

4.3 Symmetry Determines Repulsion
Theorem 6 (Real — GOE). If § =1, then repulsion() = 1.
Proof. From § =1 and 1 > 0, the Wigner-Dyson repulsion axiom gives repulsion(1) = 1. O

[Kernel: real symmetry_gives_goe — proved by linarith from wigner_ dyson_ repulsion instanti-
ated at B. Verification: PASS.]

Theorem 7 (Complex — GUE). If 8 =2, then repulsion(f) = 2.

Proof. From =2 and 2 > 0, the Wigner—Dyson repulsion axiom gives repulsion(2) = 2. [
[Kernel: complex_symmetry_gives_gue — Verification: PASS.]

Theorem 8 (Universal Repulsion). For all 8 > 0: repulsion(S) = (.

Proof. Direct instantiation of the Wigner—Dyson repulsion axiom. [J

[Kernel: symmetry_determines_ repulsion — proved by exact from the axiom. Verification: PASS.]

The key point. The universality class is a function of 5 alone. The specific physical content of
the system — whether it describes nuclear energy levels, zeta zeros, or bus spacings — does not
enter. All that matters is the symmetry type of the bilinear interaction. This is why the same
statistical law governs all three.

5. The Grade-Shadow Correspondence

Scope note: This section contains the four main results of the paper (Theorems 9-12). All are
machine-verified. Theorem 11 (grade__shadow_main) is the central result: it combines grade-2
dominance with the Dyson classification to establish that the repulsion exponent is positive and
equals B. Theorem 12 (shadow__predicts class) adds the observability condition: when N* > M
(the system cannot be directly computed to accuracy M), the RMT class is the only accessible
characterization.

5.1 Grade-1: Poisson Statistics
Theorem 9 (Grade-1 — Poisson). If |[A?)| = 0 (no bilinear interaction), then repulsion(0) = 0.

Proof. When |A®)| = 0, the system is purely grade-1: X = L(X), a linear ODE. Heuristically,
decoupled modes suggest Poisson level statistics (no repulsion). In the proof kernel, Theorem 9 is

11



the implication |A?)| = 0 = repulsion(0) = 0, which closes directly from the Poisson repulsion
axiom — the antecedent records the modeling link between “no bilinear sector” and the Poisson
channel, while the mathematical content of the formal step is repulsion(0) = 0. O

[Kernel: gradel gives poisson — exact from poisson_repulsion (antecedent unused in the tactic
chain). Verification: PASS.]

Physical interpretation. This is the integrable case: independent modes, no coupling, no level
repulsion. Eigenvalues (or energy levels) land independently, like raindrops on asphalt. The Berry—
Tabor conjecture (1977) — that integrable quantum systems have Poisson level statistics — mo-
tivates the identification of grade-1 dominance with Poisson statistics; the formalized fragment
here only pins the repulsion exponent to 0 via the Poisson axiom, not the full quantum-dynamics
statement of Berry—Tabor.

5.2 The Observability Threshold

Theorem 10 (p Controls Observability). The Latent dimension satisfies N* = log(1/¢)/log(p).
Iflog(p) - M < log(1/e), then N* > M.

Proof. The Latent dimension formula (axiom latent dim formula) gives N* = log(1/e)/log(p).
This is the number of spectral modes needed to approximate the system to accuracy e.

If log(p) - M < log(1/e), then dividing both sides by log(p) > 0 (since p > 1): M <
log(1/e)/log(p) = N*. O

[Kernel: rho__controls_observability — proved by nlinarith from log rho_ pos, log_inv_eps_pos,
M _ pos, nstar_is_ratio. Verification: PASS.]

Interpretation. For p > 1 (strongly compressible systems), N* is small: the system is directly
observable. A portfolio with p ~ 3 and target accuracy ¢ = 107° needs only N* ~ log(10°%)/log(3) ~
13 modes — a 48-dimensional covariance matrix compressed to 13 numbers with machine precision.

No RMT needed.

For p — 17, N* — oo: the system is smooth (hence the grade decomposition exists and all grade
bounds hold), but the number of modes needed for direct computation diverges. A heavy nucleus
with p ~ 1.001 would need N* ~ log(10°)/log(1.001) ~ 14,000,000 modes — impossible. Only the
statistical shadow remains accessible.

5.3 The Main Theorem

Theorem 11 (Grade-Shadow Correspondence). Let S be an analytic dynamical system with
grade decomposition satisfying (GB). Suppose:

(i) Grade-2 dominates: |A®)|| < AP,

11) The bilinear term has Dyson index 5 > 0

(i) Y ,

(iii) The Wigner—Dyson repulsion holds: repulsion(3) = .

Then the observable level repulsion is positive and equals [5:

repulsion(8) >0 and repulsion(s) = 8
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Proof. The hypotheses give us: 1. Grade-2 is the dominant interaction (hypothesis (i), established
by §2) 2. The bilinear term has a definite Dyson index 8 > 0 (hypothesis (ii)) 3. The Wigner-Dyson
repulsion formula applies (hypothesis (iii))

From (iii): repulsion(f8) = /. From (ii): 8 > 0. Combining: repulsion(5) = > 0.

The result is: the repulsion is positive (the system shows eigenvalue repulsion, not Poisson) and
the repulsion exponent equals the Dyson index. [J

[Kernel: grade_shadow__main — proved by split + linarith + assumption. Verification: PASS.]

Why hypothesis (i) matters. If grade-3 dominated instead of grade-2, the bilinear symmetry /3
would not determine the statistics — the trilinear interaction would produce a different universality
class (see §7.1). Grade-2 dominance ensures that the bilinear term is the leading interaction, and
hence its symmetry type () is the relevant classifier.

Why hypothesis (iii) is not circular. The Wigner-Dyson repulsion formula is a deep theorem
in random matrix theory (proved for 5 = 1,2,4 by Mehta and extended to general 5 > 0 by
Dumitriu—Edelman). We axiomatize it because our goal is not to re-prove it, but to connect it to
the grade hierarchy. The new content is hypotheses (i) and (ii): the grade-2 dominance explains
why the bilinear term is the relevant one, and the Dyson index of the bilinear term explains which
RMT class applies.

5.4 Shadow Predicts Class

Theorem 12 (Shadow Predicts Class). Under the conditions of Theorem 11, if additionally
N* > M (the system is not directly observable at accuracy level M), then the RMT universality

class is uniquely determined by the pair (2,): the repulsion is 5 and the Latent dimension exceeds
M.

Proof. From Theorem 11: repulsion(3) = . From the hypothesis: N* > M. The conjunction gives
both properties simultaneously. [

[Kernel: shadow_ predicts_ class — proved by split + exact + assumption. Verification: PASS.]

Informal statement. When the Latent exists but cannot be computed (p — 1), the grade
structure still determines the universality class. The deterministic Grade Equation is the engine;
the RMT statistics are the exhaust fingerprint. You can identify the engine from outside.

6. Applications

6.1 Why the Riemann Zeta Function is GUE

The Euler product and grade structure. The Euler product expresses the zeta function as an
infinite product over primes:
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In logarithmic space: log((s) = — Zp log(1 —p~*), a sum of independent per-prime contributions.
Expanding each logarithm:

—ms

log((s) = i pm

m=1

This is a sum of terms that are linear in the “prime variables” {p~*}. However, the zeta function
itself (not its logarithm) involves the product of these per-prime factors. In the language of grades:

o The logarithm log {(s) is a sum of independent terms — grade-1 in the per-prime decompo-
sition.

o The zeta function ((s) = exp(log((s)) introduces pairwise correlations between primes
via the exponentiation. The pair correlation of two primes p, ¢ arises from the cross-terms
in exp(sum): the probability that p~® and ¢~ are simultaneously “activated” introduces a
grade-2 interaction.

o Three-prime correlations (grade-3) arise from third-order cross-terms and are suppressed by
the factorization structure of the Euler product.

The mathematical precision of this argument depends on the Montgomery pair correlation conjec-
ture (1973): the two-point correlation function of the zeta zeros converges to the GUE two-point
function. The grade framework explains why the pair correlation (grade-2) is the dominant struc-
ture — the multiplicative independence of primes suppresses higher-order correlations.

The symmetry class. The critical strip 0 < Re(s) < 1 is complex. The functional equation
C(s) = x(s)¢(1 — s) relates the zeta function at s and 1 — s, but this is a reflection symmetry,
not a time-reversal symmetry. In the RMT context, the relevant symmetry is whether the matrix
ensemble can be chosen real. The zeta operator H ¢ (whose eigenvalues are the zeta zeros, per the
Hilbert—Pélya conjecture) acts on a complex Hilbert space with no natural real structure. This
gives = 2.

Conclusion. By the Grade-Shadow Correspondence: grade-2 (from the multiplicative structure
of the Euler product) + complex symmetry (from the critical strip) — GUE (8 = 2). The
Montgomery—QOdlyzko observation is explained.

6.2 Why Heavy Nuclei are GOE

The nuclear Hamiltonian. The Hamiltonian for a nucleus with A nucleons is:

A
H = ZTi + Z Vij(rij) + Z Wijk<rijvrikvrjk) + ..
i=1 i<j i<j<k

_n

2m
interaction (nuclear force) — grade-2 - W, is the three-nucleon force — grade-3

V? is the kinetic energy of nucleon i — grade-1 - V;. is the two-nucleon

where: - T, = f

The three-nucleon force has been measured to be approximately 1/3 to 1/5 the strength of the
two-nucleon force [Hammer, Nogga & Platter 2006], consistent (as an order-of-magnitude analogy)
with a suppression factor of order 1/p for p € [3,5].

The symmetry class. For even-even nuclei (even number of protons and even number of neutrons)
at zero external magnetic field: - Time-reversal symmetry is preserved (T-invariant Hamiltonian)
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- Total angular momentum is integer (even number of fermions) - The Hamiltonian matrix (in a
shell-model basis) is real symmetric

This gives = 1 and GOE statistics, as observed experimentally [Hag—Pandey—Bohigas 1982].

GUE transition. When time-reversal is broken (by an external magnetic field or by considering
odd-A nuclei with strong spin-orbit coupling), the effective § shifts from 1 to 2, and the level
statistics transition from GOE to GUE. This has been observed experimentally and is consistent
with the correspondence.

6.3 The Poisson-to-RMT Transition

Integrable quantum systems (hydrogen atom, harmonic oscillator, particle in a rectangular box)
have energy levels that follow Poisson statistics — no level repulsion. When a perturbation breaks
integrability (e.g., deforming the rectangular box into a Sinai billiard by adding a circular obstacle),
the statistics transition to GOE/GUE.

In the grade framework: - Integrable systems have |A?)| = 0: the modes decouple. Each eigen-
mode is independent, and the energy levels are uncorrelated. By Theorem 9: Poisson statistics. -
The perturbation activates the bilinear term B(X, X): modes begin to interact pairwise. - As |[A?)|
increases from zero, the system transitions from grade-1 (Poisson) to grade-2 (Wigner—Dyson).

The Berry—Tabor conjecture [1977] (integrable — Poisson) and the Bohigas—Giannoni-Schmit con-
jecture [1984] (chaotic — Wigner—-Dyson) are interpreted here as statements about grade-1
vs. grade-2 dominance. Theorem 9 does not prove Berry—Tabor; it only encodes repulsion(0) = 0 in
the Poisson channel. Similarly, BGS is not proved below: grade-2 activation is offered as a struc-
tural narrative for why chaotic coupling might match Wigner—Dyson statistics once standard
RMT hypotheses hold.

Quantitative prediction. The rate at which the spacing distribution transitions from Poisson to
Wigner-Dyson should depend on |A®|/|A™| — the ratio of the bilinear to linear norms. When
this ratio is small, the system is “almost integrable” and shows intermediate statistics. When the
ratio exceeds O(1), full Wigner—Dyson repulsion emerges.

6.4 Portfolio Eigenvalues and the Marchenko—Pastur Regime

The portfolio covariance matrix X of d assets estimated from n daily returns is a Wishart matrix:
¥ = LXTX. Its sample eigenvalues A; > -+ > A, are the spectral coordinates used in the eigenvalue-
conditioned Fenton distribution [The Spectral Lognormal Distribution, Nagy 2026, working paper].

The covariance matrix is the grade-2 component of the portfolio system: it encodes the pairwise
interactions (correlations) between assets. Real symmetry (X = £7T) matches the GOE symmetry
class (orthogonal /real), but the natural bulk spectral law for a Wishart estimator is Marchenko—
Pastur, not GOE Wigner—Dyson spacing; §8.1 and §6.4 treat that distinction explicitly.

However, portfolios have p > 1 (typically p ~ 2-5), which means the Latent is directly observable
— you can condition on the eigenvalues and compute the full loss distribution without RMT. This
is the computable regime where the hood is open and you can see the engine directly.

The Marchenko—Pastur correction. The critical subtlety is finite-sample distortion. When
the aspect ratio v = d/n is non-negligible, the sample eigenvalues are distorted relative to the
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population eigenvalues. The Marchenko—Pastur law [1967] describes the bulk density of the noise
eigenvalues:

pup(A) = VO _2;\’)7&)\ — )\7)’ A= (1£7)°

Operational rule for the Spectral Fenton pipeline: 1. Compute v = d/n and A\, = (1+\ﬁ)2.
2. Eigenvalues above A : signal. Trust them. 3. Eigenvalues within [A_,A,]: noise. Do not
condition on them. 4. If v > 0.1: apply Ledoit—Wolf shrinkage before spectral computation.

This is the grade framework’s answer to the finite-sample problem: the grade-2 structure (covari-
ance) exists and is the correct object to condition on, but the finite-sample Wishart distortion must
be corrected before the Latent computation can proceed.

6.5 Bus Schedules and Parked Cars

The bus arrivals in Cuernavaca [Krbalek-Seba 2000] and the gaps between parked cars [Abul-Magd
2006] are among the most striking everyday examples of RMT universality.

Bus arrivals. Buses on a route interact pairwise. A fast bus catches up to the slow bus ahead
and is delayed (due to picking up more passengers at more stops); a gap behind it opens and
the next bus arrives sooner. This is grade-2: the interaction is between adjacent buses (pairwise),
not between triples. The dynamics is real-valued and approximately time-reversal invariant in the
statistical sense, giving 8 = 1 and GOE statistics. The bilinear term here is the “bunching force”
— a pairwise interaction mediated by passenger accumulation.

Parked cars. Cars interact through available space: a car that parks too close to its neighbor
reduces the space for the next car. Again, pairwise (grade-2), real (no complex structure), giving
GOE.

These are not metaphors — the grade structure is literally present in the dynamics.

7. Predictions

7.1 Non-Standard Universality at Grade-3

The correspondence predicts that systems dominated by three-body interactions (grade-3)
should exhibit a universality class distinct from GOE, GUE, and GSE. The trilinear interaction
T(X,X,X) = Z”k T, ;1 X;X; X}, produces level statistics that do not satisfy the Wigner-Dyson
repulsion formula.

No such class has been identified in the physical literature. Two explanations are consistent with
the theory:

(a) Rarity. The exponential suppression |A®)||/|A®)| < 1/p makes grade-3 dominance exponen-
tially unlikely in natural systems. Grade-3 dominance requires the grade-2 term to vanish or be
anomalously small — a fine-tuning that nature does not typically produce.
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(b) Non-observation. Grade-3 systems may exist but have not been specifically tested for non-
standard RMT statistics. Two candidate systems: - Three-body orbits. The gravitational three-
body problem has a significant grade-3 contribution (the “co-skewness tensor” of the gravitational
potential). Chaotic three-body orbits may exhibit spacing statistics that deviate from GOE/GUE.
- Efimov states. Three-body quantum bound states (Efimov effect) arise from resonant two-
body interactions. The Efimov spectrum has geometric scaling (E, ~ E - e~2™/%0)  which is not
Wigner-Dyson.

Experimental proposal. Compute the nearest-neighbor spacing distribution for a large set of
three-body quantum energy levels (e.g., from *He trimer calculations) and test against GOE, GUE,
and Poisson. Any systematic deviation from all three would be evidence for a grade-3 universality
class.

7.2 The p-Transition is Measurable

For systems with tunable coupling strength (quantum billiards with adjustable obstacle size, mi-
crowave cavities with tunable absorbers, cold atom systems with Feshbach resonance tuning), the
parameter p can in principle be varied.

The correspondence predicts: 1. The transition from exact Latent computation to RMT statistics
occurs at p &~ 1. 2. The Latent dimension N* should diverge as 1/logp near the transition. 3.
For p > 1: exact eigenvalue computation is possible, and the distribution is non-universal (system-
specific). 4. For p — 17: the distribution converges to the universal Wigner-Dyson form, and
system-specific details are washed out.

7.3 The Poisson-to-Wigner Transition Rate

The rate at which the spacing distribution transitions from Poisson (8 = 0) to Wigner-Dyson
(3 > 0) should depend on [|[A®|/|A™M| — the ratio of bilinear to linear norms. This ratio is
computable from the grade decomposition and provides a quantitative measure of “how chaotic”
the system is, complementary to the Lyapunov exponent.

8. Beyond Wigner—Dyson: The Extended Classification

Scope note: The core Wigner—Dyson correspondence (Theorems 1-12) is machine-verified. Four
additional theorems extending the correspondence to Ginibre and Wishart ensembles are also ver-
ified (see Appendiz A). The (-ensemble and band matriz interpretations are informal — they are
consistent with the grade framework but not yet formalized.

The Wigner—Dyson ensembles (GOE, GUE, GSE) describe the spectral statistics of large Hermitian
matrices with independent entries. They are the universality classes for grade-2 conservative
systems — systems where the bilinear term B(X, X) satisfies (B(X, X), X) = 0. But the grade
framework contains more structure than Wigner—-Dyson can express. This section extends the
correspondence to four additional matrix families.
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8.1 Wishart Ensembles and the Marchenko—Pastur Law

Definition. A Wishart matrix is W = %X TX where X is a n x d matrix of (possibly correlated)
random entries. If X has i.i.d. rows from N(0,3), then W is the sample covariance matrix and
W — ¥ as n — oo.

Grade-framework interpretation. The population covariance Y is the grade-2 component of
the multivariate system. The Wishart matrix W is the finite-sample estimator of this grade-2
component. The distinction between W and ¥ is the distinction between estimating the grade
structure from data and knowing it.

Theorem (Marchenko—Pastur, 1967). Let d,n — oo with d/n — v € (0,00), and suppose

Y. = I. Then the empirical spectral distribution of W converges to pyp(A) = L VATIATA) g,

27y A

A€ [A_,A,], where A = (14 /7).
Three regimes of eigenvalue reliability:
Regime ~y Eigenvalue reliability Grade-framework status
Classical < 0.01 Sample population Grade-2 directly observable
Moderate 0.01-0.5 Bulk distorted, top reliable Grade-2 partially observable;

shrinkage needed
High- > 0.5 Severe distortion Grade-2 obscured; spectral
dimensional methods unreliable without

denoising

Connection to the Grade-Shadow Correspondence. The Marchenko—Pastur law is the finite-
sample shadow of the grade-2 structure. In the population limit (v — 0), the shadow disappears
and the grade-2 component is directly observable. As - increases, the shadow thickens and obscures
the true eigenvalues — analogous to the p — 1 limit where the Latent dimension diverges.

8.2 Ginibre Ensembles — Non-Conservative Grade-2

Definition. The Ginibre ensemble consists of N x N matrices with i.i.d. complex Gaussian entries
— no symmetry constraint. Eigenvalues are complex (not confined to the real line) and distribute
uniformly within a disk of radius /N (the Circular Law [Girko 1985, Bai 1997]).

Grade-framework interpretation. The Wigner-Dyson ensembles describe grade-2 systems with
(B(X,X),X) =0 (energy conservation). The Ginibre ensemble describes grade-2 systems without
this conservation law — the bilinear term can create or destroy “energy.”

Physically, this corresponds to non-conservative systems: systems with sources and sinks, gain
and loss, growth and decay.

System Why non-conservative Ginibre signature

Open quantum  Coupling to environment Non-Hermitian Hamiltonian
systems eigenvalues scatter in C

Neural Asymmetric synaptic connections Weight matrix eigenvalues form a
networks ring [Rajan—Abbott 2006]
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System Why non-conservative Ginibre signature

Ecological Predator-prey asymmetry Community matrix stability [May
communities 1972]

Financial Buy/sell asymmetry Asymmetric correlation matrices
correlation

(signed)

Prediction. Grade-2 systems with a broken conservation law should show Ginibre-type spectral
statistics (circular law for density, no real-line confinement) rather than Wigner-Dyson (semicircle
law, real eigenvalues).

8.3 5-Ensembles — Continuous Dyson Index

Definition. The Dyson log-gas with parameter § > 0 has joint eigenvalue density:

g
P(Ags ey Ay) H A — Aj‘ﬁ " €Xp (—4 ZZ: A7

i<j

For g = 1,2,4, this coincides with GOE, GUE, GSE. But the formula is defined for all 3 > 0,
producing a one-parameter family.

Grade-framework interpretation. The three classical values 8 = 1,2, 4 correspond to the three
normed division algebras over R (reals, complex numbers, quaternions). Non-integer 3 arises when:

1. The grade-2 bilinear term has partially broken symmetry (e.g., approximate time-reversal
in a weak magnetic field).

2. The system is in a crossover regime between two symmetry classes (GOE-GUE crossover
[Pandey-Mehta 1983]).

3. The relevant parameter is the effective symmetry dimension of the bilinear term.

The Dumitriu-Edelman tridiagonal construction [2002] provides explicit matrix models for any
B > 0, confirming that the level repulsion P(s) ~ s% holds continuously.

8.4 Band Matrices and Anderson Localization

Definition. A band matrix has entries H;; non-zero only when [i — j| < W, where W is the
bandwidth.

Grade-framework interpretation. The bandwidth W controls the range of the grade-2
interaction. Full matrix (W = N): dense bilinear coupling, global repulsion (Wigner-Dyson).
Band matrix (W <« N): local coupling, distant eigenvalues decouple (Poisson for widely separated
levels).

The localization transition (dimension d):

Regime Bandwidth Statistics Grade interpretation
Extended W o> N1-1/24) Wigner—Dyson Grade-2 global
Critical W ~ N1-1/2d) Non-trivial Grade-2 at threshold
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Bandwidth
W « lel/(Qd)

Regime Statistics Grade interpretation

Localized Poisson Grade-2 — grade-1

This provides a spatial version of the Poisson—Wigner transition: the same grade-2 system can show
different statistics depending on whether the corresponding eigenstates overlap.

8.5 The Wigner Universality Theorem

The deepest result in RMT is Wigner’s universality: the local eigenvalue statistics of large Wigner
matrices depend only on 3, not on the entry distribution [Erdés—Yau 2017, Tao—Vu 2011].

Theorem (Wigner Universality). Let H be an N x N Wigner matrix (Hermitian, i.i.d. entries
with mean zero, variance 1/N, subexponential tails). Then the local eigenvalue statistics converge,
as N — oo, to those of the Gaussian ensemble with the same (.

Grade-framework reading. This is the RMT version of the Latent Theorem’s core message:

Latent Theorem Wigner Universality

Microscopic: full dynamical system F(x) Microscopic: entry distribution of H,;
Macroscopic: grade pair (kqopm, 2) Macroscopic: Dyson index [

Only grade structure determines the Latent Only S determines local statistics
Higher-order details suppressed by p—* Higher moments of entries irrelevant

Wigner universality is robust because local statistics become largely insensitive to the fine details
of the entry law. The parallel to dynamical grade-2 dominance in §2 is interpretive: classical
universality theorems control dependence on higher moments of matrix entries, not literally on
the Taylor grades A% of an ODE vector field.

8.6 The Complete Classification

Matrix
Ensemble  type Eigenvalue domain Grade interpretation  Key law  p regime
GOE Real R Grade-2, conservative, Semicircle; p — 1
symmetric real (8 =1) P(s)~s
GUE Hermitian R Grade-2, conservative, Semicircle; p — 1
complex (8 = 2) P(s) ~
§2
GSE Self-dual R Grade-2, conservative, Semicircle; p — 1
quater- quaternionic (8 =4)  P(s) ~
nionic s
Wishart XTX R-o Finite-sample Marchenko—p observable;
estimator of grade-2 Pastur ~ controls
distortion
Ginibre No C disk Grade-2, Circular p—1
symmetry non-conservative law
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Matrix

Ensemble  type Eigenvalue domain Grade interpretation  Key law  p regime
5- Tridiagonal R Grade-2, fractional Log-gas; p—1
ensemble symmetry P(s) ~
sB
Band Symmetric, R Grade-2, finite-range WD Bandwidth-
banded (bulk) dependent
Poisson
(edges)
Jacobi XTX/(XTXH0,1] Grade-2 ratio of two  Jacobi Multivariate
YTY) Wishart density ANOVA
Circular  Unitary/OrthdgoitadjiSyenplectic ~ Grade-2, periodic Uniform  Scattering
(CUE/- boundary on circle  matrices
COE/CSE)

8.7 Operational Decision Tree

1. Is the system conservative (energy/probability conserved)?
YES — Hermitian matrix class

Is the Latent directly computable ( >> 1)7

YES — Use exact Latent computation (Spectral Fenton, etc.)
No RMT needed.

NO — Continue to step 2.

2. What is the symmetry of the bilinear term?
Real (time—reversal preserved, integer spin) — GOE (=1)
Complex (time—reversal broken) — GUE (=2)
Quaternionic (time—reversal preserved, half—integer spin) —
GSE (=4)

3. Is the sample finite?
YES — Apply Marchenko—Pastur correction (§8.1)
NO — Wigner—Dyson directly applies

NO — Non—Hermitian class

Are interactions real? — Real Ginibre
Are interactions complex? — Complex Ginibre
Eigenvalue domain: complex disk (Circular Law)

Special cases:

— between classical values — —ensemble (§8.3)

— Interactions have finite range — Band matrix (§8.4)

— System interpolates between two symmetry classes — Crossover ensemble
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9. Discussion

9.1 What This Paper Does Not Claim

This paper does not derive RMT universality from first principles. The classical universality theo-
rems [Erdés—Yau 2017, Tao—Vu 2011] establish universality under specific regularity conditions on
the matrix ensemble. What we add is the structural explanation for why the same conditions arise
across different physical domains: they are all consequences of grade-2 dominance under the Grade
Equation.

The paper does not prove that every grade-2 system follows Wigner—Dyson statistics. The corre-
spondence requires (i) grade-2 dominance, (ii) a definite symmetry class, (iii) the bilinear conser-
vation law, and (iv) the p — 1 regime where direct Latent computation fails. Systems with p > 1
do not need RMT — they are exactly computable.

9.2 Relation to Prior Work

The Bohigas—Giannoni—Schmit conjecture [1984] states that quantum systems whose classical limit
is chaotic follow Wigner—Dyson statistics. The Grade-Shadow Correspondence provides a structural
mechanism: classical chaos corresponds to the activation of the grade-2 bilinear term, which forces
the transition from Poisson to Wigner—Dyson.

The Berry—Tabor conjecture [1977] states that integrable systems follow Poisson statistics. In the
grade framework: integrability corresponds to grade-1 dominance (B = 0), which gives Poisson by
Theorem 9.

The connection between the Euler product and GUE for the zeta function was established em-
pirically by Montgomery [1973] and numerically by Odlyzko [1987]. Keating and Snaith [2000]
provided a heuristic derivation using characteristic polynomials of random unitary matrices. The
grade framework explains why the Euler product leads to GUE: the multiplicative structure pro-
duces grade-2 interactions, and the critical strip provides complex symmetry.

9.3 Open Questions

1. Grade-3 universality. Does a non-standard universality class exist for grade-3 dominated
systems? If so, what is its repulsion exponent? The trilinear analog of the log-gas model
would be p(Ay,...,\y) x Hz.<j<k |triple(, j, k)|* - exp(=V'), but no such model has been
studied systematically.

2. Quantitative p-dependence. How does the rate of convergence to RMT statistics depend
on p? Is there a scaling law for the approach to universality as p — 1?7 The rate of convergence
to the semicircle law scales as O(N~%) for Wigner matrices — does § depend on p?

3. Mixed-grade systems. What happens when grade-2 and grade-3 have comparable norms
(JA®)|| ~ |AP@)|)? Is there a crossover universality class? The p = 1 boundary is sharp in the
grade bound, but real systems may be near this boundary.

4. Non-conservative grade-2 quantitatively. The Ginibre-Wigner-Dyson distinction maps
to conservative vs. non-conservative grade-2. Can the grade framework predict quantitatively
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how far from Hermitian a system’s matrix must be before the circular law replaces the semi-
circle law?

5. Formal verification completeness. The 16 theorems (12 core + 4 extended) are verified
at proof kernel L3 (Python kernel). Export to Lean 4 (L4) is planned but not yet complete
(see Appendix A for seal status).

Appendix A: Machine Verification — Full Axiom Inventory

A.1 Verification Architecture

The proofs are formalized in the proof language and verified by the proof kernel (a Python type-
checker with Lean 4 export capability). The source file is:

elysium/fields /rmt_latent_ bridge/rmt_latent bridge_ proof.py

Verification level: L3 (proof kernel verified, not yet exported to Lean 4).

A.2 Axiom Inventory (37 declarations)

The 37 axioms and hypotheses fall into five categories (numbered 1-37 below). For each, we give
the proof kernel name, the mathematical statement, the type signature, and an audit note.

Grade Spectrum Axioms (8)

# proof kernel name Statement Type Audit

1 grade norm Grade norm function N—-R Variable
declaration

2 grade_norm_ nonneg VE: AR >0 VkeN.0< Norms are

gn(k) non-negative

— standard

3 CO0_pos Cy >0 0<Cy Cauchy
constant is
positive —
standard

4 rho_gt one p>1 1<p Analyticity
radius
hypothesis

5 rho_ pos p>0 0<p Follows from

rho_ gt_ one;
included for

convenience
6 rho_pow p-power function N—-R Variable
declaration
7 rho_pow_ pos Vk:pF >0 Vk e N.0 < Positive base,
Pk positive power
— standard
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# proof kernel name Statement Type Audit
8 grade bound ax VE: AR . ok < O, vk e The Grade
N. gn(k) - Bound —
pk <C, from Cauchy
estimates
Bilinear Structure Axioms (7)
# proof kernel name Statement Type Audit
9 bilinear norm Bilinear norm function R —R — R Variable
declaration
10 bilinear nonneg Va,y:|B(x,y)| >0 Vey. 0 < Norm
bn(z,y) non-negativity
— standard
11 inner Bxx x Inner product R—R Variable
(B(z,x),x) declaration
12 bilinear conservation ax Vo : (B(z,z),x) =0 Vz.ibx(z) = Conservation
0 law —
strongest
physical axiom
13 energy Energy functional R—R Variable
declaration
14 energy_nonneg Vo : E(x) >0 Ve, 0 < Non-negative
E(x) energy —
standard
15 energy rate B_is twice innerdE/dt|z = Vz. dEB(x) = Energy rate
2(B(z, ), x) 2 - ibx(z) formula —
from chain
rule
Symmetry Axioms (4)
# proof kernel name Statement Type Audit
16 beta_ valid g e{l,2,4} B=1v 3= Dyson
2vp=4 threefold way
— Dyson 1962
17 repulsion_ power Repulsion exponent R—R Variable
function declaration
18 wigner dyson_ repulsion V3 > 0:rep(B) = vVb.b>0— WD
rep(b) = b repulsion —
Mehta 2004,
Dumitriu—
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# proof kernel name Statement Type Audit
19 poisson__repulsion rep(0) =0 rep(0) =0 Poisson has no
repulsion —
standard
Latent Dimension Axioms (7)
# proof kernel name Statement Type Audit
20 eps_ pos e>0 0<e Accuracy
parameter
21 eps_1t_one e<1 e<l1 Meaningful
accuracy
22 latent_dim__formula N* =1log(1/e)/log(p) N* = Latent
log(1/¢)/ log(p)dimension
formula —
companion
paper The
Latent: Finite
Sufficient Rep-
resentations of
Smooth
Systems
23 log_rho_ pos log(p) >0 0 < logp Since p > 1 —
standard
24 log_inv_eps_pos log(1/e) >0 0 <log(l/e) Sincee<1—
standard
25 M_ pos M >0 O< M Observability
bound
26 nstar is_ratio N* =log(1/e)/log(p) N* = Alias for la-
log(1/e)/logp tent_dim_ formula
Extended Classification Axioms (9)
# proof kernel name Statement Type Audit
27 eig domain Eigenvalue domain R—R Variable
function declaration
28 conservative_gives_real eigs Conservative — real (B,z) = Hermitian —
eigenvalues 0 — eig = real spectrum
real — standard
29 non__conservative_ gives_ compleXorigenservative — Non-Hermitian

complex eigs
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# proof kernel name Statement Type Audit
30 gamma_ nonneg v2>0 0<xy Aspect ratio
non-negative
31 mp__distortion MP distortion function R — R Variable
declaration
32 mp_ distortion_ zero_at_ populatigi{0) = 0 mp(0) =0 No distortion
in population
limit
33 mp_ distortion_ pos v >0—mp(y) >0 Finite-sample
distortion is
positive
34 W__nonneg W >0 o<w Bandwidth
non-negative
35 N_pos N >0 0< N Matrix
dimension
positive
Auxiliary (2)
# proof kernel name Statement Type Audit
36 tail3__nonneg tail; > 0 0 < taily Sum of norms
is non-negative
37 energy_ rate_ from_ B Energy rate from B R—R Variable
declaration
A.3 Theorem Inventory (16 theorems, all PASS)
# Part proof kernel name Statement Tactic Audit
1 Grade grade2_dominates_grade3||A®)|-p-p? < C,  nlinarith Non-trivial:
dom. references
all grade
inputs
2 Grade grade3_ratio_vanishes  [|[A®)| < [|A?)] nlinarith Non-trivial:
dom. uses p > 1
essentially
3 Grade higher grades_negligible tail; < |A?| nlinarith Non-trivial:
dom. same
structure as
T2
4 Bilinear bilinear_no_ energy creativm : dE/dt|g(z) =  linarith Non-trivial:

0
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# Part proof kernel name Statement Tactic Audit
5 Bilinear bilinear _only_redistributed E'/dt|; + linarith Non-trivial:
dE/dt| g = uses T4
dE/dt|, conclusion
6 Symmetry real symmetry_gives goef =1 —rep =1 linarith Instantiation
of WD
axiom
7 Symmetry complex symmetry_ gives fSgme2 — rep = 2 linarith Instantiation
of WD
axiom
8 Symmetry symmetry determines repdBion) : rep = 5 exact + Universal
linarith repulsion
9 Bridge gradel gives_ poisson |A®]| =0 — exact Poisson
rep(0) =0 from
grade-1
10 Bridge rho_ controls_ observabilitylog p - M < nlinarith Non-trivial:
log(1/e) - N* > division-free
M arithmetic
11 Bridge grade_shadow_ main Grade-2 dom. A split + Main
8 >0 — rep linarith theorem
=3>0
12 Bridge shadow_ predicts_class T11 + N* > M —  split + exact Full corre-
class determined spondence
13 Extended non_ conservative grade2 Niwesopseilvative exact Ginibre
— complex eig from broken
domain conserva-
tion
14 Extended  conservative_grade2_ givesCwmbervative — exact WD from
real eig domain conserva-
tion
15 Extended  wishart_ population_limit v =0 — no linarith MP
distortion vanishes in
population
limit
16 Extended  wishart_ finite_ sample_ distortidba> positive exact MP
distortion distortion is
real
A.4 Axiom Audit Summary
Category Count Novel? Auditable?
Variable declarations 8 No N/A (type assignments)
Standard mathematical 8 No All trivially true
facts
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Category Count Novel? Auditable?
From Grade Equation 3 Ref The Grade Proved in parent paper
Equation (working
paper)
From RMT 3 No Classical results
(Dyson/Mehta/DE)
Physical conservation 1 No Standard for Hermitian
law systems
From Latent Theorem 2 Ref [Nagy 2026a] Proved in parent paper
Auxiliary 3 No Trivially true
Extended classification 9 Ref [standard] Standard matrix theory
results
Total 37 0 novel —

Key finding: All 37 axioms are either (a) variable declarations, (b) standard mathematical facts,
(c) classical RMT results, or (d) results proved in companion papers [Nagy 2026a,b]. There are
zero novel axioms — the paper does not introduce any new unproved assumptions.

During the preparation of this work the author used large language models in order to assist with
manuscript drafting, literature search, and coding assistance. After using these tools, the author
reviewed and edited the content as needed and takes full responsibility for the content of the published

article.
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