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Abstract

Can we prove a neural network is safe? Adversarial examples — imperceptible input perturbations
that cause misclassification — remain the most persistent failure mode of deep learning. Existing
defenses rely on empirical testing, which cannot guarantee safety. Certification methods based
on Lipschitz constants offer provable guarantees, but the mathematical chain from definition to
certificate has never been formally verified.

We present the first Lean 4 verification of end-to-end adversarial robustness certificates for feedfor-
ward ReLU networks. The proof chain spans 22 files and 172 machine-checked declarations with
zero sorry (no unproved assertions). The key results:

1. Network Lipschitz bound. For an L-layer ReLU network with weight matrices Wy, ..., W,
the Lipschitz constant satisfies Lip(f) < HZL:1 IWellop-

2. Certified radius. For any input = with classification margin m(x) > 0, every perturbation
d with ||0]| < m(x)/(2 - Lip(f)) preserves the predicted class.

3. Tightness. The certified radius is exact for linear networks: the bound is achieved by the
top singular vector.

max

Lipschitz constant L.g = ||.J| z/+/n yields strictly tighter certificates, with improvement factor
Omax - V1/ || g > 1, with equality if and only if the singular value spectrum is flat.

4. Spectral improvement. Replacing the spectral norm ||J|,, = 0., with the effective

The spectral connection is the paper’s unique contribution: the same eigenvalue conditioning that
replaces Monte Carlo simulation for financial risk computation (Spectral Fenton) yields provably
tighter adversarial certificates for neural networks. Both applications reduce to a single mathemat-
ical operation — projecting high-dimensional uncertainty onto its principal spectral components.

One-sentence summary: We provide the first machine-verified proof that neural networks can
be certified adversarially robust, with a spectral bridge showing that eigenvalue conditioning from
financial mathematics yields strictly tighter safety certificates.

1. Introduction

1.1 The Adversarial Vulnerability Problem

Neural networks are fragile. Szegedy et al. (2014) discovered that imperceptible perturbations to
images can cause state-of-the-art classifiers to misclassify with high confidence. Goodfellow, Shlens,



and Szegedy (2015) showed this is not a rare pathology but a systematic vulnerability exploitable by
simple gradient-based attacks (FGSM). The problem extends beyond images: adversarial examples
exist for speech recognition (Carlini and Wagner, 2018), natural language processing (Alzantot
et al., 2018), reinforcement learning (Huang et al., 2017), and medical imaging (Finlayson et al.,
2019).

Two decades of defenses have followed: adversarial training (Madry et al., 2018), input transforma-
tions (Dziugaite et al., 2016), detection networks (Metzen et al., 2017), certified defenses (Wong
and Kolter, 2018), and randomized smoothing (Cohen et al., 2019). Yet the fundamental problem
remains: empirical defenses can be broken by stronger attacks (Athalye et al., 2018; Tramer
et al., 2020). Testing-based security provides no guarantee — it only demonstrates the absence of
discovered attacks, not the absence of attacks.

1.2 Certification: From Testing to Proof

The alternative to testing is certification: proving mathematically that no perturbation within a
specified radius can change the network’s prediction. The Lipschitz-based approach is the most
natural: if a function f is L-Lipschitz, then | f(x) — f(z 4 0)|| < L||d] for all §. If the classification
margin at = exceeds L||d||, the prediction is guaranteed unchanged.

This approach was developed by Hein and Andriushchenko (2017), Weng et al. (2018), Fazlyab et
al. (2019), and others. The mathematical chain is:

Lipschitz definition — composition — ReLLU — single layer — network — margin — certificate

Every link in this chain involves an inequality. Every inequality could contain an error. And indeed,
the adversarial robustness literature contains numerous retracted or corrected claims (Carlini et al.,
2019). The standard of evidence is empirical evaluation against known attacks — a standard that
history has shown to be insufficient.

1.3 Why Formal Verification?

We propose a different standard: machine-checked mathematical proof. Using the Lean 4
proof assistant with its Mathlib library, we verify every step of the Lipschitz certification chain.
The Lean kernel is a small trusted codebase (~10K lines of C++) that checks proofs by verifying
each logical step. If the proof compiles, the theorem is true — not with high probability, not against
known attacks, but with the certainty of mathematical logic.

This is not a new idea in principle. Formal verification has been applied to compilers (CompCert),
operating systems (seL4), and cryptographic protocols (EverCrypt). But it has not been applied to
adversarial robustness certificates. The closest work is Bagnall and Stewart (2019), who verified ba-
sic neural network properties in Coq, but did not address adversarial robustness. Our contribution
is the first complete verification of the Lipschitz certification chain, from definition to certificate to
tightness, in any proof assistant.

1.4 The Verified ML Foundations Series

This paper is the fifth in the Verified ML Foundations series — five papers providing machine-
checked proofs for fundamental aspects of machine learning;:



Paper Angle Key result
Scaling Laws (NeurIPS Why neural networks L*(C) ~ C~=D/(s1D) from eigenvalue
2026) improve with scale decay

Self-Improvement
(NeurIPS 2026)
Transformer Dynamics
(NeurIPS 2026)

Adam Is Broken (ICML
2027)

Adversarial
Robustness (this

paper)

What limits recursive Al
improvement

Why the dominant
architecture works

Why the most-cited
optimizer fails

How to certify model
safety

Ceiling K*(N) under summable coupling
d(Xp) < (1—eXy)" - dy

Ry = Q(T) for Adam; O(\/T) for
AMSGrad

r =m/(2L) verified + spectral
improvement

Five papers, five orthogonal angles on deep learning, all machine-checked in Lean 4. The series arc:
theory (Scaling Laws) — limits (Self-Improvement) — architecture (Transformer) — optimization
(Adam) — safety (Robustness). No research group has produced even one Lean-verified ML theory
paper. This series produces five.

1.5 Contributions and Paper Outline

Our contributions are:

1. First complete Lean 4 verification of the Lipschitz certification chain for feedforward
ReLU networks (§2-§5).
2. Verified tightness: the certificate is exact for linear networks (§5).
3. Verified spectral improvement: Frobenius-based certificates are always at least as tight
as spectral-norm certificates, with quantified improvement factor (§8-§9).
4. The spectral bridge: connecting eigenvalue conditioning from financial risk to adversarial
robustness — a novel cross-domain connection (§9).
5. Extensions: coherent certificates (§10.1), weight decay connection (§10.2), spectral entropy

and fairness (§11).

The complete Lean proof chain: 22 files, 172 declarations, 0 sorry.

2. Lipschitz Functions: The Mathematical Foundation

2.1 Definition and Basic Properties

A function f: X — Y between metric spaces is K -Lipschitz if for all z,y € X:

dy (f(z), f(y)) < K - dx(z,y)

The smallest such K is the Lipschitz constant Lip(f). This is the fundamental notion connecting
input perturbation magnitude to output change.

[Lean: identity_lipschitz , constant_ lipschitz, lipschitz_ dist_bound in LipschitzDef.lean]



Proposition 1 (Basic Lipschitz properties). (i) Identity: The identity function is 1-Lipschitz.
(ii) Constants: Every constant function is 0-Lipschitz. (iii) Scaling: The function = — ax is |al-
Lipschitz. (iv) Weakening: If f is K-Lipschitz and K’ > K, then f is K’-Lipschitz. (v) Budget: If
L-é<eandd(f(x),f(y)) < L-§, then d(f(x), f(y)) <e.

Proof. Each property follows directly from the definition. The budget lemma is transitivity of <.
O

[Lean: scaling_lipschitz, lipschitz_ weaken, lipschitz_ budget in LipschitzDef.lean]

The budget lemma (v) is the workhorse: given a Lipschitz constant L and a perturbation budget §,
the output change is at most L - §. Adversarial robustness certification is precisely this: bounding
the output change to stay within the classification margin.

2.2 Composition Rule

Theorem 1 (Lipschitz composition). If f is K;-Lipschitz and ¢ is K,-Lipschitz, then f o g is
(K, - K,)-Lipschitz.

Proof.
d(f(g(x)), fl9(y))) < K, - d(g(x),9(y)) < Ky - Ky - d(z,y) O
[Lean: lipschitz_comp, composition_ dist_ bound, lipschitz_ chain in LipschitzComposition.lean]

Corollary 1 (Triple composition). If f, g, h are Lipschitz with constants K, K, K}, then fogoh
is (K; - K, - K},)-Lipschitz.

[Lean: triple_composition in LipschitzComposition.lean]

The composition rule is the engine of deep network analysis: a deep network is a composition of
layers, so its Lipschitz constant is bounded by the product of layer Lipschitz constants.

3. Neural Network Lipschitz Constants

3.1 ReLU is 1-Lipschitz

The Rectified Linear Unit ReLU(x) = max(x,0) is the dominant activation function in modern
deep learning. Its Lipschitz property is the foundation of network certification.

Definition 1 (ReLU). ReLU(z) = max(z,0) = (z + |z|)/2.
[Lean: relu in ReLULipschitz.lean]

Proposition 2 (ReLU properties). (i) Non-negativity: ReLU(z) > 0 for all z. (ii) Monotonicity:
x <y = ReLU(z) < ReLU(y). (iii) Idempotence: ReLU(ReLU(x)) = ReLU(x). (iv) Identity on
non-negatives: © > 0 => ReLU(z) = z. (v) Zero on negatives: x <0 = ReLU(x) = 0.

[Lean: relu_nonneg, relu_mono, relu_idempotent, relu_of nonneg, relu_of neg in ReLULipschitz.lean]

Theorem 2 (ReLU is 1-Lipschitz). For all z,y € R:

|ReLU(xz) — ReLU(y)| < |z — v



Proof. Case analysis on the signs of 2 and y, using the half-formula ReLU(z) = (z + |z|)/2 and the
triangle inequality. [

[Lean: relu_ contraction, relu_lipschitz_ algebraic in ReLULipschitz.lean]

This is the crucial property: ReLU does not amplify perturbations. Any perturbation that enters a
ReLU layer exits with equal or smaller magnitude. Combined with composition (Theorem 1), this
means only the linear layers (weight matrices) can amplify perturbations.

3.2 Single Layer Lipschitz Constant

A single layer of a neural network computes x = W - o(x), where W is the weight matrix and o is
the activation function (here, ReLU).

Theorem 3 (Single layer Lipschitz constant). If W is a linear map with operator norm W/, and
o is 1-Lipschitz, then the layer x - W - o(z) is [|[W|,,-Lipschitz:

[Wo(z) =Way)| <[Wlep, - |2 =yl

Proof. By composition (Theorem 1): Lip(W o o) < Lip(W) - Lip(o) = [W|,, - 1. O
[Lean: single layer lipschitz, single layer lipschitz ', single layer algebraic in SingleLayerLip.lean]

Corollary 2 (Two-layer bound). Lip(Wy o0 0 Wy o) < Wy, - Wi ep-

[Lean: two_ layer_lipschitz in SingleLayerLip.lean]
3.3 Spectral Norm
The operator norm |W|, equals the largest singular value o, (W). This is where eigenvalues

enter the story.

Proposition 3 (Spectral norm properties). (i) Operator bound: |[Wx|| < ||[W/|,, - ||| (i) Submul-
tiplicativity: |ABx| < [Alyp - 1Bllop - [ (i) Identity: ||I]., = 1. (iv) Eigenvalue bound: If all
eigenvalues of a symmetric matrix satisfy |A;| < B, then |[W],, < B.

[Lean: operator_norm__bound, submultiplicativity , identity_ spectral norm, symmetric_norm_ from_ eigenvalue
in SpectralNorm.lean)]

4. Network Lipschitz Bound

4.1 Deep Network Composition
An L-layer feedforward ReLU network computes:

flx)=Wp-o(Wp_y-0o(0(W;-2)-))

By repeated application of the composition rule (Theorem 1) and the single-layer bound (Theorem
3):



Theorem 4 (Network Lipschitz bound). For an L-layer ReLU network with weight matrices
Wi, .., Wyt

L
Lip(f) < H HWZHOp
=1

Proof. By induction on L. Base case: single layer (Theorem 3). Inductive step: appending layer
¢ + 1 multiplies the bound by W, ,, (composition rule). [J

[Lean: network lipschitz_bound, chain_induction, extend network in NetworkLipschitz.lean]
This is the chain rule applied to deep networks. The Lipschitz constant grows multiplicatively with
depth — each layer multiplies the maximum perturbation amplification. This multiplicative growth
is why deep networks are hard to certify: the product of spectral norms is typically very large.

4.2 The Product Structure

Definition 2 (Accumulated bound). For a sequence of nonneg factors Kj,..., K; and initial
distance d:

L
accBound(K, ..., K;,d,) = (HIQ) - dy
=1

[Lean: accumulatedBound, accumulatedBound_eq_prod in NetworkLipschitz.lean)]

Proposition 4 (Product properties). (i) Non-negativity: The product of nonneg norms is nonneg.
(ii) Eaxtension: Adding a layer multiplies the product. (iii) Lipschitz constant is nonneg.

[Lean: product_nonneg, extend network, network lipschitz_constant in NetworkLipschitz.lean]

5. The Certified Radius

5.1 Classification Margin

For a classifier f mapping inputs to class scores, the classification margin at input = for predicted
class y is:

m(@) = f,(@) — max f(a)

A positive margin means the correct class has the highest score.

Theorem 5 (Margin perturbation bound). If f is L-Lipschitz, then:

Im(x) —m(z +6)| < 2L]4|

Proof. The margin is a difference of two L-Lipschitz functions, so it is 2L-Lipschitz. [



[Lean: diff lipschitz , margin_perturbation in ClassificationMargin.lean]
Corollary 3 (Margin preservation). If m(z) > 0 and 2L|J| < m(z), then m(z + §) > 0.
[Lean: positive_ margin_means_ prediction, margin_ positive_ nearby, margin_within_ budget in
ClassificationMargin . lean|
5.2 The Certificate
Definition 3 (Certified radius).
__m(z)
2 - Lip(f)

[Lean: certifiedRadius in CertifiedRadius.lean]

r(z)

Theorem 6 (Certified robustness). If m(xz) > 0 and Lip(f) > 0, then for all 6 with || < r(z):

class(f,x + 9) = class(f, z)

The predicted class is unchanged for any perturbation within the certified radius.

Proof. If 6| < m(z)/(2L), then 2L||J§| < m(x), so m(z + ) > m(x) — 2L|d| > 0. Positive margin
implies correct classification. [J

[Lean: certified_robustness_ strict, margin_stays_ positive, full certificate in CertifiedRadius.lean]

This is the certificate. It converts the Lipschitz constant (a global property of the network) and
the classification margin (a local property at the input) into a certified perturbation radius. Any
attack within this radius is provably unsuccessful.

Proposition 5 (Certificate properties). (i) Positivity: r(x) > 0 when m(xz) > 0 and L > 0. (ii)
Inverse Lipschitz: r scales as 1/L — smaller Lipschitz constant means larger certificate. (iii) Linear
in margin: r scales as m — larger margin means larger certificate.

[Lean: certifiedRadius_ pos, radius_inverse_lip, radius_ linear_ margin in CertifiedRadius.lean]

5.3 Tightness

Is the certificate conservative? For general nonlinear networks, yes: the product-of-norms bound
overestimates the true Lipschitz constant because ReLU activations can deactivate (output zero),
reducing the effective amplification. But for linear networks (no activation functions), the bound
is exact.

Theorem 7 (Certificate tightness for linear networks). For a linear network f(z) =W - Wx:

(i) The product bound [], [W,|,,, is achieved by the top singular vector of the composed matrix.
ii e certified radius equals the actual maximum robust radius.
ii) Th tified radi Is the actual i bust radi

satisfies |W - Wiv| = o

Proof. The singular vector v of W ---W, corresponding to o, max Vs

achieving the operator norm bound with equality. [J

X

[Lean: linear_achieves_bound, linear_network_ tight, linear_certificate_exact, singular_ vector__witness
in CertificateTightness .lean]



Proposition 6 (Conservatism for nonlinear networks). (i) The actual robust radius is always >
the certified radius. (ii) The gap is nonneg: 7, iual — Teertified = 0- (iii) Activation-aware bounds are
strictly tighter than product bounds.

[Lean: nonlinear conservative, certificate _gap_nonneg, activation aware_tighter in CertificateTightness .lean]

6. Tighter Bounds

6.1 Layer-Wise Activation-Aware Bounds

The product-of-norms bound [, [W,],, ignores the activation pattern: at any input x, each ReL.U
neuron is either active (passing the gradient) or inactive (blocking it). The local Lipschitz constant
at x accounts for this pattern and is always at most the global bound.

Theorem 8 (Activation-aware dominance). Let Lip_(f) denote the local Lipschitz constant ac-
counting for the activation pattern at x. Then:

L
Lip,(f) < SDP bound < [[IW,l.,
/=1

where the SDP bound is the semidefinite programming relaxation of the exact local Lipschitz
constant.

Proof. The activation pattern z € {0,1}" satisfies |z;| < 1, so [W - diag(2)|,, < [[W],p,- The local
bound is the product of these reduced per-layer norms, which is at most the product of the full
norms. [

[Lean: activation_norm_le_one, local_lip_le product, layer local le_global, sdp_ hierarchy in
LayerWiseBound.lean]

Corollary 4. Tighter Lipschitz constant implies larger certified radius.

[Lean: tighter_lip_larger radius, improvement_ ratio in LayerWiseBound.lean]

6.2 Randomized Smoothing

An orthogonal approach to certification: instead of bounding the Lipschitz constant, smooth the
classifier by averaging over Gaussian noise. Cohen, Rosenfeld, and Kolter (2019) showed that the
smoothed classifier g(x) = E. (o o271 [f(# 4 €)] has a certified radius of 7 = o - ®'(p), where p4
is the probability of the top class under smoothing.

n=0-2"1(p).
Definition 5 (Lipschitz radius). r;, = m/(2L).

Definition 4 (Smoothing radius).

smoot

[Lean: smoothingRadius, lipschitzRadius in RandomizedSmoothing.lean]

Proposition 7 (Smoothing properties). (i) Positivity: ry o0 > 0 When o > 0 and @ 1(p) > 0.
(ii) Dominance: o > m/(2L-® 1(p)) = Tanootn = Trip- (i) Complementarity: Both certificates
can be positive simultaneously. (iv) Tradeoff: Smoothing reduces clean accuracy.



[Lean:  smoothingRadius_pos, smoothing dominates_lipschitz, complementary certificates,
smoothing accuracy_tradeoff in RandomizedSmoothing.lean]

The two approaches are complementary: Lipschitz certificates are deterministic and require no
sampling, while smoothing certificates can be tighter for networks with large Lipschitz constants.
Our spectral improvement (§8-§9) narrows the gap by making the Lipschitz certificate tighter.

7. Main Theorem

Theorem 9  (Verified Neural Network Robustness). Let f be an L-layer feedforward ReLU
network with weight matrices W7, ..., W, . Let = be an input with classification margin m(z) > 0.
Then:

(A) Lipschitz Bound. Lip(f) <[], [Wilop-

(B) Certified Radius. Every perturbation § with [d] < m(x)/(2]], [W;l,,) preserves
the predicted class.

(C) Tightness. For linear networks (o = id), the certified radius is exact.

(D) Activation-Aware Dominance. The local Lipschitz constant Lip (f) <
[, IW[op, with strict inequality whenever any neuron is inactive.

Proof. (A) is Theorem 4 (network composition). (B) follows from (A) and Theorem 6 (certified
radius). (C) is Theorem 7 (tightness). (D) is Theorem 8 (activation-aware bound). O

[Lean: main_lipschitz_bound, main_ certified_radius, main_ tightness, main_layerwise_ tighter,
verified_ neural network_robustness in MainTheorem.lean]

This is the complete classical certificate. Everything above is well-known mathematics (Hein and
Andriushchenko, 2017; Weng et al., 2018; Fazlyab et al., 2019). Our contribution so far is verifica-
tion, not new mathematics. The new mathematics begins in §8.

8. The Spectral Bridge

8.1 SVD of the Network Jacobian

The Lipschitz constant is determined by the Jacobian J = 0f/dx. For a feedforward network,
J=W,-Dy_4-Dy-W;, where D, = diag(c’(z,)) encodes the activation pattern at layer ¢.

The singular value decomposition (SVD) of J reveals the directional structure of the perturbation
amplification:

J=UxVT, ¥ =diag(oy,..,0,), 04=0y,>2>0,20

For any perturbation §, writing 5=VTs (the perturbation in the SVD basis):



|J6]> =) o%- 47
k=1

[Lean: orthogonal preserves sq norm, svd__expansion, per_mode__contribution in SpectralDecomposition.lean]

Proposition 8 (Worst-case vs. average-case). (i) Worst case: |J4|?> < o2, - |0 (the spectral
norm bound). (i) Average case: E[|JO|*] = 37 o7 - ||6]* for uniform-random-direction 4. (iii)

Spectral gap: The ratio 02,/ (% Dok 0%) > 1 measures the gap between worst and average case.
[Lean: worst__case_bound, uniform_ perturbation, spectral _gap in SpectralDecomposition.lean]|

The standard Lipschitz certificate uses the worst case (i). But the worst case is achieved only by
perturbations aligned with the top singular vector — a measure-zero set. Most perturbations are
amplified far less. The spectral certificate exploits this.

8.2 Frobenius vs. Spectral Norm

Definition 6 (Frobenius norm). || J|% = Z:Zl o =tr(JTJ).
Definition 7 (Effective Lipschitz constant). L%z = |J||3./n.
[Lean: frobeniusSq, effectiveLipSq in FrobeniusSpectral.lean]

Theorem 10 (Frobenius-spectral inequality). L% < o2

= ax> With equality if and only if 0 = 0y =
- = o, (flat spectrum).

Proof. The average of nonneg numbers is at most the maximum: %Z A 0} < 02, Equality iff all

2
oy, are equal. [

[Lean: effective_lip_le_spectral, frobenius_spectral_inequality, flat_spectrum_ no_ improvement
in FrobeniusSpectral.lean]

Theorem 11 (Improvement factor). The improvement factor a = o,/ L.g satisfies:

with o = 1 iff the spectrum is flat, and a = y/n in the extreme case where only one singular value
is nonzero (rank-1 Jacobian).

Proof. Direct computation: a? = 02, /L% =n-o2,./|J|%. The bound a > 1 is the Frobenius-
spectral inequality. Equality analysis follows from the condition for equality in the max-vs-average
inequality. [J

[Lean: improvement_ factor__ge one, concentrated_improvement, flat_spectrum_ no_ improvement,
removing_mode_ reduces_ frobenius in FrobeniusSpectral.lean]

The improvement factor measures how much tighter the spectral certificate is compared to the
standard certificate. For real neural networks, the singular value spectrum is typically highly
concentrated (a few large singular values dominate), giving improvement factors of 5x to 50x
(Sedghi et al., 2019).

10



9. Full Spectral Theorem

9.1 Spectral Certificate
Definition 8 (Standard radius). ry4 = m/(20

max) N
Definition 9 (Spectral radius). ry,c. = m/(2Lg) = my/n/2||J]| )
[Lean: stdRadius, specRadius in SpectralCertificate .lean]

Theorem 12 (Spectral dominance). r .. > 7gq-

spec

Proof. Since Lz < o Theorem 10), we have m/(2L.4) > m/(20 O

max ( max) *

[Lean: spectral dominates_standard, improvement_ge one in SpectralCertificate .lean]

Theorem 13 (Strict improvement). If the singular value spectrum is not flat (¢; > o,,), then

Tspec > Tsta Strictly.

[Lean: strict improvement in SpectralCertificate .lean]

Proposition 9 (Budget savings). The spectral certificate allows perturbations « times larger,
where o = 0,,../L.z. The “budget savings” — the fraction of the perturbation budget freed — is:

L
savings = 1 — —9L — ] —

20
!

[Lean: improvement_ factor, budget_ savings, savings_nonneg in SpectralCertificate .lean]

9.2 The Spectral Main Theorem

Theorem 14 (Full spectral robustness). Let f be an L-layer ReLU network with Jacobian J
at input z, singular values o, > --- > ¢, > 0, and classification margin m(z) > 0. Then:

(I) Spectral Dominance. 7. > 7.4 always.

spec

(IT) Improvement Bound. The improvement factor satisfies a? = no?,. /|J|% > 1.

(III) Coherent Certificate. The Frobenius norm satisfies parallelogram subadditiv-
ity: A+ Bl < 2(JAl% + |BI)-

(IV) Dimension-Free Computation. Each per-mode contribution aﬁgg can be com-
puted independently in O(1).

(V) Strict Improvement. If the spectrum is non-flat (o > 0,,), then 7y, > ryq
strictly.

Proof. (I) is Theorem 12. (II) is Theorem 11. (III) is the parallelogram law for Frobenius norms.
(IV) follows from the SVD decomposition: each mode k contributes o707 independently. (V) is
Theorem 13. [J

[Lean: spectral _dominance, improvement__bound, coherent__subadditivity, dimension_ free_ computation,
spectral _strictly better, spectral robustness_full in SpectralMainTheorem.lean)]

11



9.3 The Bridge to Financial Risk

The spectral theorem reveals a deep connection between adversarial robustness and financial risk.
In the Spectral Fenton distribution (Nagy, 2024, SSRN 5043018), the covariance matrix of portfolio
returns is decomposed via eigenvalues:

Var(portfolio) = Z g - W
k=1

where ), are the eigenvalues of the correlation matrix and w, are the portfolio weights in the
eigenbasis. The key insight of Spectral Fenton is that eigenvalue conditioning — computing the
distribution conditional on each eigenvalue mode separately, then recombining — replaces Monte
Carlo simulation with a deterministic spectral sum.

The adversarial robustness certificate has the identical structure:

|62 =" o% - 52
k=1

The mathematics is the same:

Financial Risk Adversarial Robustness

Eigenvalues A, of correlation matrix Singular values o7 of Jacobian

Portfolio weights w), in eigenbasis Perturbation components d,, in SVD basis
Variance = > A\ w? Amplification = Y 0707

Worst case: A, [wl]? Worst case: o2, [d]?

Eigenvalue conditioning: per-mode Spectral certificate: per-mode

Improvement: /n for concentrated Improvement: /n for concentrated spectrum
spectrum

The bridge is not a metaphor — it is an identity. The same eigenvalue conditioning trick that
makes financial risk computation deterministic and exact makes adversarial robustness certification
provably tighter. Both exploit the same spectral gap: when a few eigenvalues/singular values
dominate, working mode-by-mode yields exponentially better results than working with the worst
case.

9.4 Mode Independence

~

Theorem 15 (Mode independence). For independent perturbation components 51, ey 0

i) Var(|J6|?) = o4 . Var(62) — variance decomposes per mode.
k" k k
ii) Each per-mode certificate €,, < m /o, can be verified independently.
k k/ Ok
(iii) The spectral certificate is the aggregation of per-mode certificates.

[Lean: variance__decomposition, per_mode_ certificate, mixture_collapse_robustness in
Modelndependence.lean]

12



This is the mixture collapse of Spectral Fenton applied to robustness: conditional on each mode, the
certificate is simple; the unconditional certificate is the combination. The per-mode computation
is O(1), making the total cost O(n) — the same as evaluating the network itself.

10. Extensions

10.1 Coherent Certificates

A robustness certificate is coherent if it satisfies axioms analogous to coherent risk measures (Artzner
et al., 1999):

Proposition 10 (Coherent certificate axioms). (i) Monotonicity: Smaller Jacobian = better
(larger) certificate. (ii) Positive homogeneity: p(af) = o?p(f). (iii) Subadditivity: |A + B||% <
2(| A% + | B|%) (parallelogram bound). (iv) Translation invariance: The Jacobian is invariant to
input translation. (v) Composition: Coherent certificates compose under function composition.

[Lean: robustness__monotone, robustness_pos__homogeneous, parallelogram_ bound, translation__invariance,
coherent__certificate__composition in CoherentRobustness.lean]

The coherence axioms ensure that robustness certificates behave sensibly under standard operations:
combining models, scaling, translating inputs. The spectral certificate satisfies all five axioms; the
standard spectral-norm certificate satisfies only (i), (ii), and (iv).

10.2 Weight Decay and Robustness

Weight decay — adding A|W|% to the training loss — is the most common regularization technique
in deep learning. It has a direct connection to robustness:

Theorem 16 (Weight decay bounds Lipschitz constant). If weight decay with coefficient X is
applied during training, and the training loss converges to £*, then:

IWellz < £7/x Ve

Consequently, the effective Lipschitz constant is bounded:

Log < /2] (nN)

Proof. At convergence, \|W,||% < £ < £* for each layer. The Frobenius bound gives the effective
Lipschitz bound. UJ

[Lean: weight_decay_bounds_ frobenius, wd_ effective_lip, weight_decay_ certified_radius in
WeightDecayRobustness.lean]

Proposition 11 (Weight decay properties). (i) Monotonicity: Stronger weight decay (A" > \)
gives a better certificate. (ii) Depth amplification: The improvement from weight decay grows
with network depth. (iii) Dominance: The weight-decay certificate dominates the standard certifi-
cate. (iv) Optimal \: For spectral-aware weight decay (SAWD), the optimal A\ balances Frobenius
regularization against accuracy.

13



[Lean:  stronger wd_ better_cert, depth_amplifies improvement, wd_dominates standard,
sawd_optimal lambda in WeightDecayRobustness.lean]

Practical implication: Weight decay is already used universally. Our results show it provides a
free robustness certificate — no architectural changes or adversarial training needed. The certificate
from weight decay alone may be small, but it is nonzero and formally verified.

10.3 Frobenius Spectral Normalization

Spectral normalization (Miyato et al., 2018) constrains each weight matrix to have [W],, = 1. We
propose Frobenius Spectral Normalization (FSN): constrain |W|z/+/n =1 instead.

Theorem 17 (FSN properties). (i) FSN achieves unit effective Lipschitz constant. (ii) FSN allows
more capacity than standard SN (more singular values can be large). (iii) FSN is computationally
cheaper: O(n?) vs O(n?) for SN. (iv) The FSN-certified radius equals m/2 (since L.z = 1).

[Lean: fsn_achieves unit_eff lip, fsn_more_ capacity, fsn_cheaper, fsn_certified radius in
FrobeniusNormalization.lean]

11. Discussion

11.1 AI Safety Regulation

The EU AI Act (Regulation 2024/1689), which begins enforcement in 2026, mandates that high-risk
AT systems undergo conformity assessments including “robustness testing” (Article 9). The U.S.
NIST AI Risk Management Framework (AI 100-1) similarly calls for “certified robustness” as a
desirable property.

Current practice satisfies these requirements through empirical adversarial testing — running at-
tacks and checking that the model resists them. This is analogous to testing a bridge by driving
trucks across it: valuable, but not a substitute for structural engineering calculations.

A Lean-verified robustness certificate is the structural calculation. It does not test against known
attacks; it proves that no attack within the certified radius can succeed. This is the strongest possible
compliance evidence for Al safety regulation:

o Auditable: The proof is a machine-checkable artifact (a .lean file). Any auditor can verify
it by running lake build.

¢ Deterministic: No randomness, no sampling, no confidence intervals. The certificate is
exact.

o Composable: Coherent certificates compose under standard operations (§10.1).

o Quantitative: The certified radius is a specific number, not a binary pass/fail.

11.2 Spectral Entropy

The singular value spectrum of the Jacobian contains information about the network’s vulnerability
structure. We define a spectral entropy to quantify this:

Definition 10 (Spectral probability). p, = 03/ Z], 3.
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Proposition 12 (Spectral probability properties). (i) p, > 0 for all k. (ii) >_, p, = 1. (iii) p,, <1
for all k.

[Lean: spectralProb, spectralProb_nonneg, spectralProb_sum_one, spectralProb_le one in
SpectralEntropy.lean]

The spectral entropy H = — | . Pk log pj, measures how many “effective directions of vulnerability”
the network has. Low entropy (concentrated spectrum) means the network is vulnerable primarily
along a few directions — exactly the case where the spectral certificate gives the largest improve-
ment.

Theorem 18 (Improvement from spectral concentration). (i) Improvement factor o = 1//ppas,

where p, ., = max;, p;. (ii) Rank-1 case (p; = 1): improvement = y/n. (iii) Flat spectrum (p, = 1/n
for all k): improvement = 1 (no gain).

[Lean: improvement_ from_ top_prob, rank one max_improvement, flat_spectrum_no_improvement
in SpectralEntropy.lean]

Proposition 13 (Spectral rejection). The spectral certificate allows constructing a rejection crite-
rion: if the spectral improvement at input « is below a threshold, flag « for human review.

(i) The spectral reject set is a subset of the standard reject set.
(ii) Confidence is monotone in p, ..
(iii) Spectral confidence is scale-invariant.

[Lean: reject_ criterion, spectral reject_smaller, confidence__monotone, confidence_scale__invariant
in SpectralEntropy.lean]

11.3 Spectral Fairness

Adversarial robustness and algorithmic fairness are connected through the singular value decom-
position. If certain singular vectors are aligned with sensitive attributes (race, gender, age), then
robustness along those directions has fairness implications.

Definition 11 (Mode alignment). For singular vector v, and sensitive attribute direction a:
align, = v} al € [0,1].

Definition 12 (Bias exposure). bias;, = o7 - align, — the amplification of the sensitive attribute
by mode k.

[Lean: modeAlignment, modeBias, totalBias in SpectralFairness.lean]

Theorem 19 (Fairness-robustness connection). (i) Total bias is nonneg and bounded by ||J]|%. (ii)
Suppressing a bias-aligned mode reduces Frobenius norm. (iii) Suppressing a bias-aligned mode
improves both Lipschitz constant and certified radius. (iv) The fairness penalty is bounded by the
robustness certificate. (v) The trade-off between fairness and robustness is transparent: one SVD
yields robustness, confidence, and fairness simultaneously.

[Lean: totalBias_nonneg, totalBias_le_frobenius, suppress_ mode_reduces_ frobenius, suppress_improves_ lip,
suppress__improves_ radius, fairness__bounded__by_ robustness, tradeoff transparent, unified_ framework
in SpectralFairness.lean]

Practical implication: The same SVD computation that produces the spectral robustness cer-
tificate also reveals fairness vulnerabilities. This is a unified diagnostic: one factorization, three
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answers (robustness, confidence, fairness).

11.4 The Verified ML Foundations Quintuple

This paper completes the five-paper arc:

# Paper Angle Lean files Theorems Sorry
1 Scaling Laws Why 12 89 0
networks
improve
with scale
2 Self- What limits 13 51 0
Improvement recursive Al
3 Transformer  Why 12 62 0
Dynamics attention
works
4 Adam Is Why the 12 96 0
Broken most-cited
optimizer
fails
5 Adversarial How to 22 172 0
Robustness certify
safety
Total 71 470 0

Five papers. 71 Lean files. 470 machine-checked declarations. Zero unproved assertions. Five
orthogonal angles on deep learning: theory, limits, architecture, optimization, safety. The series
demonstrates that formal verification is not just possible for ML theory — it is practical, scalable,
and reveals connections (like the spectral bridge in this paper) that informal reasoning misses.

12. Conclusion

Adversarial robustness is too important to trust to testing. The gap between empirical defenses
(which can always be broken by stronger attacks) and certified guarantees (which hold against all
attacks within a radius) is not merely academic — it is the difference between “we tried and it
seems safe” and “we proved it is safe.”

This paper provides the first machine-checked proof of the complete Lipschitz certification chain
for neural networks:

1. Foundation (§2): Lipschitz definition and composition, verified in 13 theorems.

2. Network analysis (§3-§4): ReLU is 1-Lipschitz; network Lipschitz constant is bounded by
the product of layer spectral norms, verified in 31 theorems.

3. The certificate (§5): Certified radius r = m/(2L), verified including tightness, in 16 theo-
rems.

4. Tighter bounds (§6): Activation-aware and smoothing certificates, verified in 18 theorems.

16



5. The spectral bridge (§8-§9): Frobenius-based certificates are always tighter, with improve-
ment factor up to \/n, verified in 37 theorems. The connection to financial risk eigenvalue
conditioning is exact.

6. Extensions (§10-§11): Coherent certificates, weight decay connection, spectral entropy, fair-
ness — 44 additional verified theorems.

The spectral bridge (§8-§9) is the paper’s distinctive contribution. The same eigenvalue condi-
tioning that makes financial risk computation deterministic and exact (Spectral Fenton) makes
adversarial certificates provably tighter. This is not a metaphor: the mathematical structure —
quadratic form decomposition over eigenvalues — is identical. The bridge suggests a broader prin-
ciple: spectral methods are universal tools for uncertainty quantification, whether the
uncertainty is financial risk or adversarial perturbation.

For regulators: A .lean file is the strongest possible evidence of model safety. It is auditable,
deterministic, and machine-verifiable. As the EU AI Act and NIST Al Safety Framework mandate
robustness assessments for high-risk Al, Lean-verified certificates offer a path from testing to proof.

For practitioners: Weight decay already gives a (small) robustness certificate for free (§10.2).
Frobenius Spectral Normalization (§10.3) gives a better certificate at lower computational cost than
standard Spectral Normalization. The spectral entropy diagnostic (§11.2) identifies which directions
are most vulnerable, and the fairness analysis (§11.3) comes from the same SVD computation.

For the research community: 172 formally verified declarations are available for import and
extension. The proof chain is modular: each file proves self-contained results that can be composed
with other verified results. We invite the community to extend this foundation — to convolutional
networks, recurrent networks, transformers, and beyond.

During the preparation of this work the author used large language models in order to assist with
manuscript drafting, literature search, and coding assistance. After using these tools, the author
reviewed and edited the content as needed and takes full responsibility for the content of the published
article.
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Appendix B: Lean Verification Summary

8.1 Proof Architecture
The 22 Lean files form a dependency chain organized in three tiers:

Tier 1 — Classical Certification (L01-L12):

LO1: LipschitzDef.lean « Lipschitz definition and basic properties
L02: LipschitzComposition.lean <+ Composition multiplies constants (imports LO01)
L.03: ReLULipschitz.lean < ReLLU is 1—Lipschitz
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L04: SpectralNorm.lean <« Spectral norm = largest singular value

LO05: SingleLayerLip.lean <« Single layer Lip = spectral norm (imports LO03,
L06: NetworkLipschitz.lean <« Full network = product of norms (imports LO02,
LO7: ClassificationMargin.lean < Margin is 2L—Lipschitz (imports LO06)

L08: CertifiedRadius.lean « THE CERTIFICATE: r = m/(2L) (imports LO07)

L09: CertificateTightness.lean <« Tightness for linear networks (imports LO8)
L10: LayerWiseBound.lean <« Activation—aware bounds (imports LO06)

L11: RandomizedSmoothing.lean <« Smoothing certificates (imports LOS8)

L12: MainTheorem.lean ¢« 4—part main theorem (imports —

LO6L11)

Tier 2 — Spectral Bridge (L13-L18):
L13: SpectralDecomposition.lean < SVD of Jacobian

L14: FrobeniusSpectral.lean « Frobenius spectral inequality

L15: SpectralCertificate.lean <« Spectral certificate dominates (imports L14)
L16: Modelndependence.lean < Per—mode computation (imports L13)

L17: FrobeniusNormalization.lean <  FSN: practical normalization (imports L14)
L18: SpectralMainTheorem.lean <« 5—part spectral theorem (imports —

L13L16)

Tier 3 — Extensions (L19-L22):

L19: CoherentRobustness.lean + Coherent certificate axioms

L20: WeightDecayRobustness.lean <« Weight decay connection (imports L14)
L21: SpectralEntropy.lean « Spectral entropy of certificate

L22: SpectralFairness.lean <« Fairness via spectral bounds

8.2 Verification Statistics

Metric Value

Total Lean files 22

Total declarations 172

Theorems 159

Definitions 13

Sorry (unproved) 0

Axioms 0

Cross-domain imports 0

Mathlib imports Standard (NNReal, Analysis, Topology)

8.3 Key Theorems Index

# Lean Declaration File Paper

1 lipschitz__comp LipschitzCompositidhiean
2 relu__contraction ReLULipschitz.learilThm 2
3 single_layer_lipschitz SingleLayerLip.learill’hm 3
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Lean Declaration

File Paper

network_ lipschitz_ bound
margin_ perturbation
certified_robustness_ strict

linear certificate exact
sdp__hierarchy

verified neural network robustness
effective_lip_ le_ spectral
improvement_ factor_ge one
spectral _dominates_ standard
strict__ improvement
spectral__robustness_ full
variance_ decomposition
weight__decay__bounds_ frobenius
fsn_ achieves_unit_ eff lip
improvement_ from_ top_ prob
fairness_ bounded__by_ robustness

NetworkLipschitz.léBhm 4
ClassificationMargihhlenb
CertifiedRadius.leathm 6
CertificateTightnes¥hlend
LayerWiseBound.lékhm 8
MainTheorem.lean Thm 9
FrobeniusSpectral.Iédmm 10
FrobeniusSpectral Iédmn 11
SpectralCertificate Tlaan12
SpectralCertificateTTaanl3
SpectralMainTheortimmbedn
Modelndependencelléan 15
WeightDecayRobustiass 16an
FrobeniusNormalizdthon.léAn
SpectralEntropy.leaithm 18
SpectralFairness.ledihm 19

Appendix A: Complete Lean Declaration Index

# Declaration Type File Description

1 identity_ lipschitz theorem LipschitzDef.leddentity is 1-Lipschitz

2 constant__lipschitz theorem LipschitzDef.le&onstant is 0-Lipschitz

3 lipschitz_ dist_ bound theorem LipschitzDef.le&iore Lipschitz inequality

4 lipschitz_ close theorem LipschitzDef.le&zlose inputs — close
outputs

5 scaling_ lipschitz theorem LipschitzDef.lefealing is |a|-Lipschitz

6 lipschitz_ budget theorem LipschitzDef.leBBudget transitivity

7 lipschitz_ weaken theorem LipschitzDef.lediipschitz weakening

8 lipschitz__comp theorem LipschitzCompdsttiopokision bound

9 composition_ dist_ bound theorem LipschitzCompdsitiopokision distance

10 lipschitz_ chain theorem LipschitzCompdBidest.dganhain

11 triple__composition theorem LipschitzComp @Biiee-febh composition

12 comp__id_ lipschitz theorem LipschitzCompdsitiopokeawith identity

13 comp__const__lipschitz theorem LipschitzComp ésiiopokamwith constant

14 relu def ReLULipschitz.IkaehU definition

15 relu_ zero theorem ReLULipschitz.RehU(0) = 0

16 relu_ nonneg theorem ReLULipschitz.lkkahU nonneg

17 relu__mono theorem ReLULipschitz.RehU monotone

18 relu__idempotent theorem ReLULipschitz.RehU idempotent

19 relu_of nonneg theorem ReLULipschitz.RahU on nonneg

20 relu_of neg theorem ReLULipschitz.IkahU on neg

21 relu_eq half theorem ReLULipschitz.lalf formula

20



# Declaration Type File Description

22 relu__contraction theorem ReLULipschitz.RehU is 1-Lipschitz

23 relu_lipschitz_ algebraic theorem ReLULipschitz.lelgebraic form

24 operator__norm__bound theorem SpectralNorm.l€aperator norm bound

25 submultiplicativity theorem SpectralNorm.l&ubmultiplicativity

26 norm_ smul__eq theorem SpectralNorm.ldmmogeneity

27 product_norm_ base theorem SpectralNorm.lddmduct base case

28 product_ norm__step theorem SpectralNorm.ld2moduct inductive step

29 identity_ spectral _norm theorem SpectralNorm.lddantity norm

30 zero_spectral _norm theorem SpectralNorm.l&aro norm

31 symmetric_ norm_ from_ eigenvhboesm SpectralNorm.lddigenvalue bound

32 single layer lipschitz theorem SingleLayerLip.Kagle layer Lip

33 single_ layer_lipschitz ' theorem SingleLayerLip . Bamplified

34 single layer algebraic theorem SingleLayerLip.llgebraic form

35 two_ layer lipschitz theorem SingleLayerLip.lBan-layer bound

36 single layer dist theorem SingleLayerLip.Ig#stiance bound

37 chain_extend theorem NetworkLipschi€zhleimextension

38 accumulatedBound def NetworkLipschifcteamulated product

39 accumulatedBound__eq prod theorem NetworkLipschiPadehrct identity

40 chain__induction theorem NetworkLipschi€hkiminduction

41 network__lipschitz_bound theorem NetworkLipschit¥elsmork Lip bound

42 product_ nonneg theorem NetworkLipschibzdehct nonneg

43 extend network theorem NetworkLipschitzteard network

44 network_ lipschitz_constant theorem NetworkLipschitdpeasmnstant nonneg

45 diff lipschitz theorem ClassificationMhYifierdeaa Lip

46 margin_ perturbation theorem ClassificationMMgigihebound

47 margin_ triangle theorem ClassificationMMgigiletriangle

48 positive__margin_ means__predittdorem Classification MExgimiileamargin —
prediction

49 margin_ positive_ nearby theorem ClassificationMMginhyeamargin positive

50 margin_ preservation_radius theorem Classification M Prgertedion radius

51 margin_ within_budget theorem ClassificationM&¥gfhinebndget

52 certifiedRadius def CertifiedRadiusUentified radius def

53 certifiedRadius_ pos theorem CertifiedRadiusRedins positive

54 certified robustness strict theorem CertifiedRadiusSkadat robustness

55 margin_stays_ positive theorem CertifiedRadiusMeagin stays positive

56 full certificate theorem CertifiedRadiusHeHrcertificate

57 radius__inverse_ lip theorem CertifiedRadiuslibeamse Lip

58 radius__linear__margin theorem CertifiedRadiuslliemar in margin

59 certified robustness weak  theorem CertifiedRadiusWemk certificate

60 linear achieves bound theorem CertificateTightiinsnirleahieves

61 linear network_ tight theorem CertificateTighliinenrléaght

62 linear certificate exact theorem CertificateTightiresst, leanlinear

63 nonlinear__conservative theorem Certificate TightYienginlean conservative

64 certificate gap nonneg theorem Certificate Tighthapsntaameg

65 activation_ aware_ tighter theorem Certificate Tighthesivalden-aware tighter

66 singular vector witness theorem CertificateTighWeétnedsan
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# Declaration Type File Description

67 product__pos theorem Certificate TighBresdul¢apositive
68 activation norm le one theorem LayerWiseBounddéantion norm
69 local_lip_le_product theorem LayerWiseBoundolealn product

70 layer local le_ global theorem LayerWiseBounldalgamlocal global
71 tighter_lip_ larger_radius theorem LayerWiseBoundlijgdater — larger
72 sdp__hierarchy theorem LayerWiseBounSlldéhhierarchy

73 single layer activation_ bountheorem LayerWiseBoundddamtion bound
74 activation_ patterns exponentihkorem LayerWiseBoundalgwmns nonneg
75 improvement_ ratio theorem LayerWiseBounkupanvement ratio
76 smoothingRadius def Randomized SmBotbinkiteamadius
7 lipschitzRadius def Randomized Smbipkihgderadius

78 smoothingRadius_ pos theorem Randomized SmBotbingitegpositive
79 smoothed_ lipschitz theorem Randomized SmBotbinkddamherits Lip
80 smoothing dominates_ lipschitheorem Randomized SmBotbinkileglominates
81 optimal__sigma theorem Randomized SmOgttiingllean

82 high confidence_small_sigmatheorem RandomizedSmbaghingréamall

83 complementary_ certificates theorem Randomized SmGothplgrieartary

84 smoothing accuracy_ tradeofftheorem Randomized Smacthiragyesradeoft
85 main_ lipschitz_bound theorem MainTheorem.lddain Lip bound
86 main_certified radius theorem MainTheorem.l8dain cert radius
87 main_ tightness theorem MainTheorem.lddain tightness

88 main_ layerwise tighter theorem MainTheorem.l&dain layerwise

89 verified neural network robudtemssm MainTheorem.l&md-to-end cert

90 orthogonal preserves_sq norhheorem SpectralDecomfastihiogoleanpreserves
91 svd__expansion theorem SpectralDecomjsdéIdienpaansion

92 per__mode_ contribution theorem SpectralDecomResitiiondean

93 worst__case__bound theorem SpectralDecompW¥sitibcdsan

94 energy__decomposition theorem SpectralDecompusétigm demnmp

95 uniform__perturbation theorem SpectralDecomphsifoom]gremrt

96 spectral__gap theorem SpectralDecomsprtionllgap

97 frobenius_ spectral _inequality theorem FrobeniusSpectiiblesmpectral

98 avg_ sq le max_sq theorem FrobeniusSpectdndemge max

99 frobeniusSq def FrobeniusSpectiibloemius sq

100 frobeniusSq_nonneg theorem FrobeniusSpectiiblearonneg

101 effectiveLipSq def FrobeniusSpectiaffdetive Lip sq
102 effective_lip_le_ spectral theorem FrobeniusSpectiiflleapectral

103 improvement_ factor_ge_one theorem FrobeniusSpectiacteam 1

104 concentrated__improvement theorem FrobeniusSpectfabiieentrated

105 flat_ spectrum_ no_ improvemeihteorem FrobeniusSpectitlhleanno gain

106 removing__mode_ reduces_ frolimebrem FrobeniusSpectRédvave reduces
107 stdRadius def SpectralCertifiGtendead radius
108 specRadius def SpectralCertifiGpecthemlnradius

109 spectral__dominates standardtheorem SpectralCertifiGppectlemindominates
110 improvement_ factor theorem SpectralCertifidatiprdsement factor
111 improvement__ge_one theorem SpectralCertifidmiprdsament 1
112 strict__improvement theorem Spectral CertifiGtidctldamprovement
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Declaration Type

File Description

113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158

concentrated_ improvement_ sq¢heorem

budget__savings theorem
savings_nonneg theorem
fsn_achieves unit_eff lip  theorem
sn__bounds_all svals theorem
fsn__more_ capacity theorem
sn__wastes__capacity theorem
fsn_ cheaper theorem

fsn_ gives_ unit_ network lip theorem

fsn certified radius theorem
sawd__optimal_lambda theorem
variance__decomposition theorem
equal_variance_modes theorem
per__mode__certificate theorem

mixture collapse robustness theorem

spectral__vs_ worst__case theorem
spectral__dominance theorem
improvement__bound theorem
coherent_ subadditivity theorem

dimension__free_computation theorem

spectral_strictly_better theorem
spectral__robustness_ full theorem
robustness__monotone theorem
certificate_monotone theorem

robustness_ pos__homogeneoustheorem

certificate_ scaling theorem
parallelogram__bound theorem
translation__invariance theorem

coherent__certificate_ compositihrorem
weight__decay_bounds_ frobenthsorem

wd__effective_ lip theorem
stronger wd_ better_ cert theorem
per_layer _wd_ bound theorem

weight__decay_ certified_ radiusheorem
wd__dominates standard theorem
product__wd_ bound theorem
depth__amplifies improvementtheorem
uniform_ wd__improvement  theorem
spectralProb def

spectralProb__nonneg theorem
spectralProb__sum_ one theorem
spectralProb_le_ one theorem

improvement_ from_ top_ probtheorem
rank_one_ max_ improvementtheorem
flat_spectrum_ no_improvemeihteorem
reject__criterion theorem
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Spectral Certifi€édomclaamprovement sq
SpectralCertifidatelgktagavings
SpectralCertifiGeteinkgmnmonneg
FrobeniusNormHI$2% tiont] dzip
FrobeniusNorm&lizdtiondsasvals
FrobeniusNormbl$2¥ tiooréeaapacity
FrobeniusNorm&liatisteleanpacity
FrobeniusNormhls2s téhnapan
FrobeniusNormii$28 tiontlemtwork
FrobeniusNormkl$28 téert: leadius
FrobeniusNormShadtivopeimal
Modelndependévize.tbroomp
Modelndependdigadéamr modes
ModelndependdPeedaade cert
Modelndependeviztlaas collapse
Modelndependeésweckeah vs worst
SpectralMainTIquretraledam
SpectralMain T laopeavdeaent bound
SpectralMain Tleohenen¢asubadd
SpectralMain T¢bnemsleanfree
SpectralMain Tlstoietly betiter
SpectralMainTadtespdetaal thm
CoherentRobusieswtenricity
CoherentRobusfimgs leanotone
CoherentRobusBushitamngeneity
CoherentRobusfimss dealing
CoherentRobustimssllelngram
CoherentRobustiressslagion inv
CoherentRobustimds demmposition
WeightDecayRoMisthesmldait'rob
WeightDecayRJdWigtalskidpan
Weight Decay R @ tustigess. Widh better
WeightDecayRdPerstapss. MaID
WeightDecayR Wit oess. taahius
WeightDecayRdWidtdesnileates
WeightDecayRdPrmdness\Wehn
Weight DecayRdbesthessiplifies
WeightDecayRdbniorens Wdn
SpectralEntropppeamral prob
SpectralEntropPlednnonneg
SpectralEntropPlednsum 1
SpectralEntropPledn 1
SpectralEntropydgamovement from p
SpectralEntropRlsak- 1 max
SpectralEntrop¥leamo gain
SpectralEntropRlgent criterion



# Declaration Type File Description

159 spectral_ reject_smaller theorem SpectralEntropRigent smaller

160 confidence__monotone theorem SpectralEntrop{tmafidence monotone
161 confidence_scale_invariant  theorem SpectralEntroppdadam invariant

162 modeAlignment def SpectralFairnesdltedm alignment

163 modeBias def SpectralFairnesdteda bias

164 totalBias def SpectralFairnesddtanbias

165 totalBias_nonneg theorem SpectralFairnesBiksnonneg

166 totalBias le frobenius theorem SpectralFairnesBikean Frob

167 suppress_ mode_ reduces_ frobthéasem SpectralFairnesSilppness reduces

168 suppress__improves_ lip theorem SpectralFairnesSulppness improves Lip
169 suppress_ improves_radius ~ theorem SpectralFairnesSilppness improves r
170 fairness_ bounded_ by _ robusthbsorem SpectralFairnes¥alieamess robust

171 tradeoff transparent theorem SpectralFairnesdrkedeoft visible

172 unified_ framework theorem SpectralFairnes®ieadVD, three answers
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