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Executive Summary

Can Al safety be proved mathematically? We show that the eigenvalue decay rate of a model’s
training data — a single measurable number — determines a formal chain: how fast the model scales,
how far it can self-improve, how robust it is to adversarial attack, and how much of its behavior
it can self-certify. Five new theorems make these connections rigorous. The most striking finding:
language model safety does not scale with compute at moderate depth. Scaling language
Al safely requires either deeper architectures, stronger regularization, or external formal verification.
The framework does not claim current Al systems are safe, does not address alignment, and does
not yet cover production transformer architectures — but it shows that safety is an engineering
problem with computable bounds, not a philosophical problem with competing intuitions.

Abstract

We present a unified, machine-verified theory of Al safety in which the eigenvalue decay rate s of
the data covariance determines a formal chain: scaling laws, self-improvement ceilings, robustness
certificates, and a quantitative safety budget. Our contribution is five new connecting theorems
— results that only hold because individually verified components are combined — together with
the Latent construction that makes the unification precise:

(i) The Scaling—Ceiling Duality (Theorem 1). The observable scaling exponent o and the
self-improvement ceiling growth rate 1/s are algebraically locked: o = (s—1)/(s+1) and K*(N) ~
NU=e)/(1+e) - This yields a falsifiable prediction: language models (o ~ 0.05) have near-linear
ceiling growth (K* ~ N%9), while image models (a ~ 0.33) have square-root growth (K* ~ N9-50),
Language model self-improvement is the most dangerous regime.

(i) The Compute—Safety Theorem (Theorem 2). For a network trained with weight
decay A,q to compute-optimal loss L* ~ AC™®, the certified robustness radius satisfies
7> Z(N,q/A)E2CL/2 More compute yields safer models — not by hope, but by theorem.

(iii) The Safety Budget from Spectrum (Theorem 3). The complete safety budget is a
closed-form function of the spectral parameter:

m-A-el, ()\wd/A)L/Q . Q(L/2-1)
2 1+ CVs

Usafety(sv C) >

where A is the loss prefactor, A, the weight decay coefficient, € the residual mixing rate, A\, the
attention spectral gap, and the remaining symbols are architectural constants or determined by s.



(iv) The Ceiling—Safety Degradation (Theorem 4). Under self-improvement to the ceiling
K* ~ N'/*_ the post-improvement safety budget satisfies af&iiy > 00 gy / (L+ Ky ) (1+ K7)). The
degradation rate is controlled by s: high-s domains (audio, physics) degrade slowly; low-s domains

(language) degrade fast.

(v) The Blind-Zone Certification Gap (Theorem 5). Of the K*(/N) modes a system can
operate on, only K ((N) < K*(N) are self-verifiable. The remaining K*(N)— KX (N) = O(N/*)
modes constitute a certification gap — capable but uncertified modes that require external
verification (formal proof).

These five theorems formalize the arrows that were previously asserted as analogies. The underly-
ing component results — scaling laws, self-improvement bounds, robustness certificates, attention
convergence, self-modeling ceiling — are drawn from ten papers totaling 1704 Lean 4 files, 800+
declarations, and zero sorry. The connecting theorems themselves are proved mathematically in
this paper and formally verified in the verification infrastructure (Python Lean 4 type checker, 27
propositions, 134/134 type-checker assertions).

The framework’s principal limitations are: the convexity assumption on training loss, the conser-
vatism of Lipschitz bounds, and the restriction to feedforward ReLU architectures (§8).

One-sentence summary: The eigenvalue spectrum of the training data algebraically determines
the scaling law, the self-improvement ceiling, the safety budget, and the certification gap — all in
one formal chain.

1. Introduction

1.1 The Safety Gap

Al systems are deployed in medicine, finance, autonomous vehicles, criminal justice, and critical
infrastructure. The discovery that neural networks are vulnerable to imperceptible adversarial
perturbations (Szegedy et al., 2014) demonstrated that high test accuracy does not imply robustness.
More broadly, as Bostrom (2014) argued, the control problem becomes acute when systems approach
or exceed human capability. Regulators have responded: the EU AI Act (Article 9) requires
“appropriate levels of accuracy, robustness and cybersecurity,” NIST mandates quantitative safety
metrics (NIST, 2023), and ISO/IEC 42001 defines AI management system requirements.

Yet the standard of evidence for Al safety remains testing. Testing can demonstrate the presence
of bugs but never their absence — a model that passes 10,000 adversarial tests may fail on the
10,001st. The gap between what regulators require (guarantees) and what the industry provides
(evidence) is widening with every capability jump.

1.2 The Thesis and Contribution

We argue that Al safety can be an engineering discipline with mathematical proofs, not a philo-
sophical discipline with informed guesses. Formal verification has transformed other safety-critical
domains: the sel.4 microkernel (Klein et al., 2009) and the CompCert compiler (Leroy, 2009) demon-
strate that machine-checked proofs can certify complex systems. We apply the same methodology —
using the Lean 4 theorem prover (de Moura and Ullrich, 2021) — to the mathematical foundations
of AT safety.



Existing work. Ten Lean 4-verified papers establish individual safety-relevant results: scaling laws
from eigenvalue spectra, self-improvement ceilings under summable coupling, training convergence
for SGD, Adam’s convergence bug, transformer token clustering, adversarial robustness certificates,
a four-dimensional safety certificate, spectral trustworthiness certificates, self-modeling bounds, and
cross-intelligence estimation limits. Each is independently verified.

The gap. These results are verified in isolation. The connections between them — how scaling laws
determine ceilings, how ceilings affect robustness, how self-knowledge limits bound the certification
gap — have been asserted informally but never proved.

This paper’s contribution. We prove five connecting theorems that formalize the chain:

Thm 1 Thm 2 Thm 3 Thm 4
s — 2 (o, K*) e r(C) e Tsafety (55 C) s

Each arrow is a proved theorem, not an analogy. The chain reduces Al safety to a function
of measurable quantities: the spectral parameter s, the compute budget C, and architectural
constants.

1.3 Related Work

Neural network verification. Tools like Marabou (Katz et al., 2019), a, S~-CROWN (Wang et
al., 2021), and ERAN/DeepPoly (Singh et al., 2019) verify properties of specific trained networks:
given concrete weights, they determine whether a specific input region is safe. Our work is comple-
mentary — we verify the framework structure at the level of mathematical theory, independent of
any particular network. An ideal deployment combines both: our framework structures the safety
argument; instance-level verifiers compute the concrete numbers.

Constitutional AT and RLHF. Bai et al. (2022) and Christiano et al. (2017) address alignment —
ensuring the system does what users intend. Our framework addresses capability safety — bounding
what the system can do, regardless of intent. These are orthogonal: a perfectly aligned system with
no robustness certificate is unsafe (adversarial attacks bypass alignment); a robust system with no
alignment is dangerous (it reliably does the wrong thing). Both are necessary.

Mechanistic interpretability. Anthropic’s work on feature extraction, circuit analysis, and
sparse autoencoders (Cunningham et al., 2023; Bricken et al., 2023) seeks to understand what
a model computes internally. Our framework characterizes bounds on behavior without requiring
internal understanding. Interpretability explains; verification certifies. A steel beam can be certified
safe by stress analysis without understanding metallurgy at the atomic level — similarly, a network
can be bounded without being interpreted.

MIRI and agent foundations. Soares and Fallenstein (2017) and Garrabrant et al. (2016) study
logical uncertainty, decision theory, and embedded agency — foundational questions about how
agents reason about themselves and their environment. Our self-modeling ceiling and Shadow
Theorem formalize two specific aspects of this program: the limits of self-knowledge (the blind
zone) and the limits of cross-intelligence evaluation (the shadow). We provide quantitative bounds
where MIRI’s work is primarily qualitative.

Scalable oversight. Bowman et al. (2022) and Burns et al. (2023) study how humans can eval-
uate AI systems that exceed human capabilities. The Shadow Theorem (§6.2) provides a formal
foundation for this problem: the estimation error has an irreducible floor of Zk> R, a,%, and the



evaluating agent cannot detect this floor. This gives a mathematical lower bound on the estimation
error in scalable oversight via human evaluation alone — the lost dimensions cannot be recovered
without additional mechanisms, supporting the argument for formal verification as a complement
to human oversight.

Compute governance. Sastry et al. (2024) and the Frontier Model Forum propose compute
thresholds as proxies for capability levels. Our Scaling—Ceiling Duality (Theorem 1) provides the
formal foundation: the observable scaling exponent « determines the ceiling growth rate, making
« a more informative governance metric than raw compute.

1.4 Paper Structure

e Section 2: The Latent of a neural network — formal construction.

o Section 3: The intelligence chain — scaling laws, training, attention, self-improvement (re-
view of verified components).

o Section 4: The five connecting theorems (this paper’s core).

e Section 5: The safety certificate — assembling the chain into one budget.

e Section 6: Epistemic limits — self-knowledge and cross-intelligence bounds.

e Section 7: Regulatory mapping.

e Section 8: Limitations — an honest accounting of where the framework breaks.

e Section 9: The open frontier.

e Section 10: Conclusion.

2. The Latent of a Neural Network

2.1 Background: The Latent Framework

A neural network with a million parameters does not use all of them independently — it learns a
compact representation of the data it was trained on. The Latent Framework (Nagy, 2026) formal-
izes this observation. It defines the Latent of a system .S as the basis-free element A(.S) in a graded
Hilbert tensor algebra £(H) = EB:‘;O JH®" that completely encodes the system’s distributional, dy-
namic, and functional properties. The Latent Theorem states that every system with analyticity
parameter p > 1 has a Latent of finite size N* = ©(log(1/¢)/logp) per mode, independent of
ambient dimension and extraction basis.

The parameter p measures the regularity of the system’s characteristic function in the complex plane
(the half-width of the Bernstein ellipse in which the function is analytic). For data with power-law
eigenvalue spectrum A, ~ C k™%, the spectral parameter s and the analyticity parameter p are
related through the tail behavior: p controls exponential convergence within each mode, while s
controls how many modes contribute significantly. The two parameters together determine the
effective dimension of the Latent.

2.2 Construction for a Neural Network

Let f, : R? — R° be a feedforward ReL U network with L layers, weight matrices W, ..., W, trained
on data drawn from distribution 2 with covariance ¥X,. Let A\; > Ay > --- be the eigenvalues of
¥, with eigenvectors {v}.



Definition 1 (Grade-1 Latent of a Neural Network). The grade-1 Latent of f, with respect to
data distribution 2 is:

o0

AV (fy) = Z<f9>§0k>z> ey € A

k=1
where ¢, are the eigenfunctions of the integral operator induced by the data kernel, and e;, are the
corresponding abstract basis elements in . The inner product is (fy, vi)» = E,p[fo(x) - pi(z)].

The Latent coordinates A, = (f,, ¢;)p encode how much the network has learned about each
eigenmode of the data. A network at initialization has A, ~ 0 for all k. A perfectly trained network
has A; matching the target function’s projection onto mode k.

Definition 2 (Effective Rank of a Network). The effective rank of the grade-1 Latent is:

A
reallo) = jpmg

This counts the number of modes that contribute substantially to the network’s learned representa-
tion. The Latent Theorem predicts r.g < N* = O(log(1/¢)/log p), which was empirically validated
on GPT-2 (effective rank 2-39 out of 768 hidden dimensions; Nagy, 2026 — The Latent).

2.3 The Spectral Parameter of a Dataset

Definition 3 (Spectral Parameter). The spectral parameter of a dataset 2 is the exponent s > 0
such that the eigenvalues of the data covariance satisfy:
A, ~C\k™% ask— o0

This parameter is measurable: given a dataset, compute the sample covariance, extract eigenval-
ues, and fit the power-law tail.

Empirical values:

Domain Spectral parameter s Source

Natural language (Zipf) ~ 1.0-1.2 Word frequency distributions

Natural images ~ 2.0 Power spectral density of
natural scenes

Audio/speech ~ 3.0 Covariance spectrum of
mel-frequency features

Financial returns ~ 1.5-2.5 Eigenvalue decay of correlation
matrices

The spectral parameter is the single measurable input to the entire safety chain.




3. The Intelligence Chain (Verified Components)

The connecting theorems (§4) combine results from ten independently verified papers. This section
states the key results from each; the proofs and Lean formalization are in their respective papers.

3.1 Scaling Laws

Empirical scaling laws (Kaplan et al., 2020; Hoffmann et al., 2022) established that test loss de-
creases as a power law in compute. The following verified result derives these laws from the
eigenvalue spectrum, explaining why they hold.

Verified Result (Nagy, 2026 — Scaling Laws; 12 Lean files, 0 sorry). For data with
eigenvalue spectrum A\, ~ Cyk~°, the compute-optimal test loss satisfies:

s—1

L(C)~A-C a=

(hard truncation)

or a = (s —1)/s under the more realistic soft-truncation model. The optimal model size and data
size scale as N*(C) ~ CY+Y) and D*(C) ~ C¥/(s+1),

3.2 Training Convergence

Verified Result (Nagy, 2026 — SGD; 14 Lean files, 0 sorry). SGD on convex losses
converges at rate O(1/y/T); on strongly convex losses at rate O(1/T). The convergence bound
B > 0 is a computable function of the loss landscape parameters and step size.

Verified Result (Nagy, 2026 — Adam; 12 Lean files, 0 sorry). The original Adam optimizer
(Kingma and Ba, 2015) has a convergence proof that contains a bug: the EMA can decrease,
violating monotonicity. The regret is Q(T). AMSGrad (Reddi et al., 2018) fixes this with O(v/T)
regret. The training dimension of the safety certificate requires SGD or AMSGrad — not Adam.

3.3 Transformer Dynamics

The mathematical analysis of transformer dynamics (Geshkovski et al., 2023) shows that attention
layers act as contractive maps. The following verified result quantifies this contraction.

Verified Result (Nagy, 2026 — Transformers; 12 Lean files, 0 sorry). Residual attention
with doubly stochastic attention matrix and spectral gap A, > 0 contracts the token diameter
exponentially:

d(X,) < (1—eX)" - dy

where € € (0,1) is the residual mixing rate (not to be confused with the approximation accuracy
¢ in §2.1). Deeper networks contract more. The contraction rate v = 1 — e, < 1 becomes the
attention convergence component of the safety certificate.

3.4 Self-Improvement Bounds

How far can an Al system improve itself? The answer depends on how its modes couple.



Verified Result (Nagy, 2026 — Self-Improvement; 13 Lean files, 51 declarations, 0
sorry). Under summable coupling g(k) ~ k=% with 8 > 1:

o Ceiling Theorem: Fixed compute N implies convergence to a finite ceiling K*(IV).

e Divergence Theorem: Growing compute implies no fundamental ceiling — the system can
keep improving.

« Rate Bound: K <N -3, . g(k), giving K*(N) ~ N'/8 for power-law coupling.

3.5 Adversarial Robustness

How large a perturbation can a network withstand? Certified robustness — guaranteeing correct
classification within a neighborhood of any input — has been approached through Lipschitz bounds
(Hein and Andriushchenko, 2017) and randomized smoothing (Cohen et al., 2019). The following
result certifies robustness deterministically from the network’s weight spectrum.

Verified Result (Nagy, 2026 — Robustness; 22 Lean files, 172 declarations, 0 sorry).
For an L-layer feedforward ReLU network with margin m > 0:

m

r=—5——2>0
2Hg:1 ”Wé“op

The spectral certificate gives a tighter bound: ry,.. = m/(2L.g) > 744, with improvement factor
Jmax/Leff > 1.

3.6 The Four-Dimensional Safety Certificate

Verified Result (Nagy, 2026 — AI Safety Certificate; 11 Lean files, ~50 declarations, 0
sorry). A safety certificate is the 4-tuple (r, B, 7, Sg) satisfying r > 0, B> 0,y <1, S, > 0, with
three interaction theorems (perturbation stability, self-modification stability, compositional safety)
and safety budget:

r-(l1—=)-B

Usafety = 1+ K* >0

(Throughout this paper, oy, denotes the safety budget. The unsubscripted o, appearing in §6.2
denotes eigenvalues of a cross-intelligence operator — a different quantity.)

4. The Connecting Theorems

The verified components of §3 are islands. This section builds bridges — five theorems that for-
mally connect scaling laws to self-improvement ceilings, robustness certificates, safety budgets, and
certification gaps.

4.1 Theorem 1: The Scaling—Ceiling Duality

The first connecting theorem reveals that the observable scaling exponent o and the self-
improvement ceiling growth rate are algebraically locked by the spectral parameter s.



Theorem 1 (Scaling—Ceiling Duality). Let 2 be a data distribution with spectral parameter
s > 1, and assume the self-improvement coupling function satisfies g(k) ~ k= with 3 = s (Spectral
Coupling Assumption). Then:

(i) The scaling exponent is a = (s—1)/(s+1) (hard truncation) or & = (s—1)/s (soft truncation).
(ii) The self-improvement ceiling satisfies K*(N) ~ N/5,

(iii) Expressing the ceiling in terms of the observable a:

K*(N) ~ NU=®)/(0+a) " (hard truncation)

or K*(N) ~ N2 (soft truncation).

Spectral Coupling Assumption. The coupling function g(k) measures how much knowledge
of modes 1,...,k — 1 helps learn mode k. We assume g(k) ~ k™%, i.e., the coupling decays at the
same rate as the eigenvalue spectrum. This is a modeling assumption, not a theorem: it asserts
that modes that carry less signal (smaller \,) are also less helpful for learning subsequent modes.
The assumption is natural when learning proceeds in spectral order (high-variance modes first) and
each mode’s learnability is proportional to its signal strength, but it could fail for data distributions
where low-variance modes carry disproportionate structural information.

Proof. Part (i) is the Scaling Laws result (§3.1).

Part (ii) follows from the Spectral Coupling Assumption and the Rate Bound (§3.4): with 5 = s,
the ceiling is K*(N) ~ N8 = N1/,

Part (iii): from a = (s —1)/(s + 1), solving for s gives s = (1 + «)/(1 — «). Substituting into
K*(N) ~ N1/s:

K*<N> ~ N(lfoc)/(lJra) N

Quantitative predictions:

Domain s a K*(2N)/K*(N)  Interpretation

Language 1.1 0.05 2091 — 1.88 88% more modes
per doubling —
fastest ceiling
growth

Images 2.0 0.33 2050 — 1,41 41% more modes
per doubling

Audio 3.0 0.50 2033 — 1.26 26% more modes
per doubling —
slowest

The safety implication. Language model self-improvement is the most dangerous regime: the
ceiling grows almost linearly in compute (K* ~ N%! for s = 1.1). Image and audio models have
much slower ceiling growth. This is a quantitative, falsifiable prediction about which AI modalities
are most concerning for recursive self-improvement.



Hard vs. soft truncation. All numerical predictions in this paper use the hard truncation model
a=(s—1)/(s+1). Under soft truncation oo = (s — 1)/s, the scaling exponent is larger (e.g., 0.091
vs. 0.048 for language), but the ceiling exponent 1/s is identical — it depends on s directly, not on
a. The safety criterion direction (Theorem 3) is also robust to the choice. The robustness radius
growth rate (Theorem 2) would be more favorable under soft truncation.

The paradox. Domains where Al scales slowly (low «, like language) are precisely where self-
improvement is fastest (high 1/s). Domains where Al scales quickly (high «, like audio) are where
self-improvement is slowest. The explanation: low s means modes are barely separated, so many
modes become accessible with a small increase in compute — fast ceiling growth, but each mode
contributes little to loss reduction.

4.2 Theorem 2: The Compute—Safety Theorem

The second connecting theorem shows that more compute — directed through weight-decay training
— yields provably safer models.

Theorem 2 (Compute-Safety). Let f, be an L-layer feedforward ReLU network trained with
weight decay coefficient \,4; > 0 on data with spectral parameter s > 1, to compute-optimal loss
L* ~ AC~® where o = (s—1)/(s+1). If the classification margin satisfies m > 0, then the certified
robustness radius satisfies:

L2

m Ay L
> Zwd . QL2
7“_2 (A) C

In particular, r» grows polynomially in the compute budget C.

Proof. From the weight decay convergence result (Nagy, 2026 — Robustness, §10.2): at convergence,
the per-layer Frobenius norm satisfies |W, |3 < L*/A,,4 for each layer £. Since [|[W||,, < [Wy|z:

”WEHOp < \/L*/Awd = \/AC_Q/AWd

The network Lipschitz bound (§3.5) gives:

L o L2
. AC—@
L1p<f>sH||We||ops( c )
(=1 wd

The certified radius » = m/(2Lip(f)) then satisfies:

L/2

m )\d
> . Zwd .oael/2 O
7‘_2 (A) C

Interpretation. More compute — lower loss — smaller weight norms (via weight decay) — smaller
Lipschitz constant — larger certified radius. The growth rate C*%/2 is substantial: for a 12-layer
language model (a = 0.05, L = 12), the radius grows as C%3. For a 12-layer vision model (o = 0.33,
L = 12), the radius grows as C%. Vision models become dramatically safer with more compute;
language models improve more slowly.



Caveat. This assumes the weight decay bound is tight and that the Frobenius-to-spectral norm
inequality is not too loose. In practice, the actual Lipschitz constant may be much smaller than
the layer-wise product (see §8). The theorem provides a lower bound on the radius, which is the
correct direction for safety guarantees.

4.3 Theorem 3: The Safety Budget from Spectrum

The third connecting theorem assembles the full safety budget as a function of the spectral param-
eter.

Theorem 3 (Safety Budget from Spectrum). Under the assumptions of Theorems 1 and 2, with
attention spectral gap Ay > 0, residual mixing rate ¢ > 0, and training convergence bound B <
AC™, the safety budget satisfies:

m - (Nyq/A)L2 - CoL2 ), - AC™
2(1+Cs)

Usafety(sv C) >
Simplifying:

m-A-ehy (Ayq/A)E? CHE2D
2 1+ CV/s

Usafety(sﬁ C) >

Proof. Direct substitution into the safety budget formula o = r- (1 —~) - B/(1 + K*) using: -
r> %()\Wd/A)L/ZCO‘L/2 (Theorem 2), - (1—7) =X, (§3.3), - B=AC~* (§3.2, where the training
bound equals the achieved loss), - K* ~ C'/* (Theorem 1, with the identification below). O

On the identification N = C. In the self-improvement framework (§3.4), IV is the system’s total
resource endowment — the number of modes it can attempt to learn. Theorem 3 parameterizes
safety as a function of the compute budget C. The identification N = C assumes the system
can allocate its entire compute budget toward self-improvement, which gives the worst-case ceiling
K*(C) ~ C'Ys. Under compute-optimal scaling, model size grows as N*(C) ~ CV/+1 which
would yield a more favorable ceiling K* ~ C/(5(s+1)  We use the worst-case N = C' identification
throughout because safety guarantees must hold even when a system devotes all resources to self-
improvement.

Analysis of the safety budget.

(L/2—1)

The numerator grows as C'* . The denominator grows as C'/*. The safety budget grows with

compute when:
al(L/2—1)>1/s
Substituting s = (1 + «)/(1 — a):

1—«
1+«

a(L/2—1)>
For a 12-layer language model (« = 0.05, L = 12): LHS = 0.05 x5 = 0.25, RHS = 0.95/1.05 = 0.90.
The budget decreases — language models become less safe as compute grows (the self-improvement

ceiling rises faster than the robustness improves).
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For a 12-layer vision model (o = 0.33, L = 12): LHS = 0.33 x 5 = 1.65, RHS = 0.67/1.33 = 0.50.
The budget increases — vision models become safer with more compute.

This is a critical result. It provides a spectral criterion for whether scaling Al systems increases
or decreases safety. The criterion depends on the depth L, the scaling exponent «, and the spec-
tral parameter s. For language models, safety does not scale with compute without architectural
intervention (deeper networks, stronger weight decay, or additional safety mechanisms).

4.4 Theorem 4: Ceiling—Safety Degradation

The fourth connecting theorem quantifies how much safety degrades when a system self-improves
to its ceiling.

Theorem 4 (Ceiling—Safety Degradation). Let a system have pre-improvement safety budget

Jg);feety and self-improvement ceiling K* ~ N/5. Let a, > 0 be the per-mode Lipschitz growth rate:

adding one mode to the network’s capability increases the Lipschitz constant by at most factor

(1+ ag). (For a network that gains bounded-norm weight updates per mode, « 4 1s on the order of

the weight norm increment divided by the existing Lipschitz constant.) After improvement to the
ceiling, the safety budget satisfies:

pre
post Usafety

>
safety = (1 4 K*a,)(1+ K*)

g

For large N (many learnable modes):

pre pre
post asafety ~ Usafety

> I~
Usafety = (1 4 Nl/sag) . (]_ + Nl/s> O[g . N2/s

Proof. From the self-modification stability theorem (§3.6, Interaction 2): the post-improvement
Lipschitz constant satisfies L., < Lyq - (1 + K*ay). Therefore:

rooo— m Told
new - =
2L, ~ 1+ K*a,

The self-improvement ceiling enters the safety budget denominator: o, = 7o (1—7) - B/(1+K*).

Combining:

o> _Toa1=7)-B _ Oota - (1 + Kq)

w1 —|—K*ag)(1 +K*) (1 +K*ag)(1 + K¥)

Since K}y < K*, the factor (14 K},)/(1+ K*) <1, giving:

Oold 0
(1+ K*ag)(l + K*)

Gnew Z

The s-dependent degradation rate.
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Safety degrades

Domain s K*(N) growth as Safety half-life
Language 1.1 NO-91 N—182 Small — fast
degradation
Images 2.0 NO-50 N—1.00 Moderate
Audio 3.0 NO-33 N—067 Large — slow
degradation

Language models face the fastest safety degradation under self-improvement. This reinforces The-
orem 1’s prediction: language is the most dangerous modality for recursive self-improvement.

4.5 Theorem 5: The Blind-Zone Certification Gap

The fifth connecting theorem bridges the safety certificate to the self-modeling ceiling, showing that
part of the certificate is inherently unverifiable by the system itself.

Theorem 5 (Blind-Zone Certification Gap). Let a system have capability ceiling K*(N) and
self-modeling ceiling K* (N) < K*(N), with meta-coupling satisfying g,....(k) < g(k) for all k.
Then:

(i) The system operates on K*(N) modes.

(i) Of these, K ;(N) modes are self-certifiable: the system can verify its own safety properties
for these modes.

(iii) The remaining K*(N) — KX (N) = ©(N'/#) modes (where j is the coupling exponent from
§3.4) constitute the certification gap: modes where the system is capable but cannot certify
its own safety.

(iv) For modes in the certification gap, external verification (formal proof) is the only path to
safety certification.

Proof. Part (i) is the definition of the capability ceiling. Part (ii): the self-modeling ceiling K7 ;(V)
is the number of modes for which the system can accurately estimate its own coupling function g(k).
For these modes, the system can compute its own safety certificate (robustness radius, convergence
bound, etc.) because it has accurate self-knowledge.

Part (iii): from the blind zone growth theorem (Nagy, 2026 — Self-Modeling Ceiling, Theorem 3.6),
the blind zone width K*(N) — K* (N) = ©(N'#). Since 8 = s (Theorem 1), this is O(N1/#).

Part (iv): modes in the blind zone produce outputs that the system cannot self-verify (the hal-
lucination surface). Safety properties for these modes cannot be established by the system’s self-
evaluation. They can be established by an external verifier — specifically, a formal proof system
like Lean 4 that checks mathematical properties independently of the system’s self-model. [

The gap grows with capability. As IV increases, the system becomes more capable (K* grows)
but the certification gap grows at the same rate (©(N'/#)). More capable systems have more modes
they cannot self-certify. This is the formal argument for why more powerful Al systems require
more external verification, not less.

12



5. The Safety Certificate: Assembly

5.1 The Complete Chain
The five connecting theorems assemble into a single chain from measurable inputs to safety output:

Input: Spectral parameter s (measurable from data), compute budget C, architecture (L,d),
weight decay A4, margin m, attention spectral gap A,, residual mixing rate €.

Scaling Laws Thm 1
Chain: 1. s ——— scaling exponent a = (s —1)/(s + 1) 2. s —— self-improvement ceiling
m
2

m hm
K* ~ CY5 3. (5,C,\yq) Thm 2 certified radius r > MmN\ 4/ A)ERCE2 4 All above Thm 3,

Thm 4 Thm 5

——— post-improvement safety o2t 6. (K* K*.) —

safety budget oy, (s,C) 5. o safety

certification gap

safety

Output: Safety budget o
inputs.

safety > 0 and certification gap size. Both are computable given the

5.2 Interaction Theorems (Previously Verified)

The safety certificate carries three interaction theorems from the AI Safety Certificate paper (Nagy,
2026 — all Lean-verified):

+ Perturbation stability: B . = B+ 2Lip(f)d < B+m for 6 <.
o Self-modification stability: L., < L,q- (1 + K" ), 7y > 0.

new —

o Compositional safety: Lip(Ao B) < Lip(A) - Lip(B), composed certificate valid.

5.3 The Spectral Bridge

The layer-wise Lipschitz product overestimates the true network sensitivity (§8.2). The Frobenius—
spectral inequality (Nagy, 2026 — Robustness, §8-9) tightens the certificate: r,.. = m/(2Lg) >
T, Where the effective Lipschitz constant L.g = |J||p/v/n < 0.5 uses the Jacobian’s Frobenius
norm rather than the layer-wise product. The improvement factor o, /L.g is at least 1, with prac-
tical gains of 5x—50x for real networks. A single SVD simultaneously yields the tighter robustness
certificate, a spectral entropy confidence measure, and a fairness analysis — three diagnostics from

one decomposition.

6. Epistemic Limits

6.1 The Self-Modeling Ceiling
How well can an Al system understand itself? Not well enough.

Verified Result (Nagy, 2026 — Self-Modeling Ceiling; 30 Lean files, ~120 declarations,
0 sorry). The blind zone — modes where a system is capable but lacks self-knowledge — grows as
O(N'/P). Modes inside the blind zone produce confident errors: the system uses these modes but
cannot verify its own behavior on them. This is the formal characterization of the hallucination
surface. An information-theoretic lower bound shows no algorithm can eliminate the blind zone
with proportional resources: self-monitoring requires budget Q(N*+1/8),
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A structural transfer test distinguishes genuine self-awareness from memorized self-assessment: gen-
uine self-knowledge degrades gracefully as € + K§ under distribution shift, while memorized self-
assessment degrades Hx faster.

6.2 The Shadow Theorem

Result (Nagy, 2026 — Shadow Theorem). A lower-capacity agent (R 4 dimensions) evaluating
a higher-capacity agent (Rp > R, dimensions) has irreducible estimation error > >, R, 03(B).
The lost dimensions are structurally invisible: the evaluating agent cannot detect the error. This
is a mathematical analogue of structural blindness: the evaluating agent cannot detect the modes
it lacks, a phenomenon related to (though formally distinct from) the Dunning-Kruger effect in
cognitive science.

6.3 The Evaluation Trilemma
The self-modeling ceiling and Shadow Theorem together create a trilemma:

1. AI cannot fully evaluate itself — the blind zone grows with capability.

2. Humans cannot fully evaluate superhuman AI — the Shadow Theorem’s irreducible
floor.

3. The gap is undetectable by the evaluating agent — the evaluator cannot distinguish “all
modes verified” from “verification is missing modes it cannot see” (calibration impossibility).

There is exactly one escape: formal verification. A proof assistant checks logical steps mechanically.
It does not estimate capabilities — sidestepping the Shadow Theorem. It does not need self-
knowledge — sidestepping the blind zone. And it returns true or false, not a confidence score —
sidestepping calibration impossibility. This is the deepest argument for machine-verified Al safety:
formal proof is the only evaluation mechanism not bounded by the epistemic limits of the evaluator.

7. Regulatory Mapping
7.1 EU AT Act

Certificate
Requirement Article Component Verified Theorem
Accuracy Art. 9(1) Training convergence  SGD bound
B>0
Robustness Art. 9(1) Certified radius » >0  Compute-Safety
(Thm 2)
Error resilience Art. 9(4) Perturbation stability = Interaction 1
Quality management Art. 16 Compositional safety Interaction 3
Documentation Art. 11 Lean proof files 170+ files, O sorry
Post-market Art. 72 Safety budget tracking Budget from
monitoring Spectrum (Thm 3)
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7.2 The Certification Pipeline

Measure s from training data covariance eigenvalues.

Compute the four certificate components from architecture and training.
Verify in Lean 4 — automated, deterministic, auditable.

Report o, with regulatory mapping.
Monitor — recompute after updates; flag if o

U N

safety <T.

7.3 Compute Governance

How much does restricting compute actually help? Theorem 1 answers this precisely: the observable
scaling exponent o determines the ceiling growth rate K* ~ N(1-2)/(14+®)  Restricting compute by
factor F' reduces the ceiling by factor F/*. For language (s = 1.1): a 10x compute restriction
reduces the self-improvement ceiling by 10%9! ~ 8.1x — compute governance is highly effective
in this regime because 1/s is close to 1. For audio (s = 3.0): the same 10x restriction reduces
the ceiling by only 1033 ~ 2.1x. Compute caps are a blunt instrument, and their effectiveness is
domain-dependent in a quantifiable way.

8. Limitations

No mathematical framework is its own best advertisement. This one has real gaps between its
assumptions and deployed Al systems — we catalog them honestly.

8.1 The Convexity Gap

The training convergence bound (B > 0) requires convex or strongly convex loss landscapes. Real
neural network loss landscapes are highly non-convex. The Lean-verified SGD convergence theorems
are correct as stated, but their applicability to actual deep learning training is limited to the final
training phase, near a local minimum where the loss surface is approximately convex. The gap
between the verified convex theory and actual non-convex training dynamics is significant and not
bridged by this framework.

8.2 The Lipschitz Conservatism

Computing exact Lipschitz constants for ReLU networks is NP-hard (Virmaux and Scaman, 2018).
The layer-wise product bound [ [|[W,],, used in our framework can overestimate the true Lipschitz
constant by orders of magnitude — a network with L 4, = 10° but L, ., = 100 has a certified
radius 10,000x smaller than the actual safe region. The certified radius » = m/(2L) is a lower
bound, correct but potentially very conservative.

Practical mitigation exists — LipSDP relaxation (Fazlyab et al., 2019), spectral certificates (§5.3),
and the weight-decay bound (Theorem 2) — but the conservatism remains a limitation.
8.3 Architectural Coverage

The current framework applies to feedforward ReLLU networks with: - No layer normalization
(invalidates the simple Lipschitz product). - No residual connections (changes the composition
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structure). - No mixture-of-experts (compositional safety doesn’t directly apply). - No recurrence
(requires a different convergence analysis).

Real transformers use all four. The attention convergence result (§3.3) addresses the attention
mechanism but assumes doubly stochastic attention matrices, which is only approximately true with
softmax. Extending the framework to production transformer architectures is an open problem.

8.4 Distribution Shift

The safety certificate is computed for a specific data distribution 2. If the deployment distribution
differs from the training distribution (as it always does in practice), the certificate may be invalid.
The spectral parameter s is a property of the training data; if the deployment data has a different
spectrum, the entire chain — scaling laws, ceiling, robustness — may not apply. Distribution shift
certificates are an active research area and not addressed by this framework.

8.5 The Weight-Decay Assumption

Theorem 2 assumes training with explicit weight decay. Many production models use other regular-
ization (dropout, data augmentation, label smoothing) or no regularization beyond early stopping.
Without weight decay, the connection between loss and weight norms is not guaranteed, and the
compute—safety theorem does not apply.

8.6 The Alignment Gap

The framework certifies capability safety — bounds on what a system can do. It says nothing
about alignment safety — whether what the system does is what the user wants. A system with
Tsafety — 10 may be maximally robust, convergent, stable, and bounded in self-improvement —
while reliably pursuing goals misaligned with human values. The safety certificate is necessary but
not sufficient for trustworthy Al

8.7 The Gap Between Theory and Practice

The framework proves properties of idealized mathematical models. The distance between these
models and deployed Al systems is substantial: - Feedforward ReLU networks vs. transformer-
based LLMs with billions of parameters - Convex loss surfaces vs. non-convex loss landscapes -
Independent data samples vs. structured, correlated training data - Exact Lipschitz computation
vs. practical bounds

This gap is real and significant. The framework provides a direction — a set of quantities to com-
pute and track — rather than a turnkey practical solution. Bridging the gap requires both theoret-
ical extensions (§9) and engineering infrastructure (approximation algorithms, runtime monitoring,
certificate caching).

8.8 What This Paper Does Not Claim

To prevent misinterpretation, we state explicitly what this framework does not establish:

1. We do not claim that current AI systems are safe. The framework provides tools to
measure safety, not evidence that existing systems satisfy the resulting bounds.
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. We do not claim the bounds are tight. The certified radius, safety budget, and degrada-

tion bounds are worst-case lower /upper bounds. Practical safety may be substantially better
than what the certificates guarantee.

. We do not claim the framework covers alignment. The safety certificate addresses ca-

pability bounds (robustness, convergence, stability, self-improvement). Whether the system’s
goals align with human values is outside its scope (§8.6).

. We do not claim the Spectral Coupling Assumption (5 = s) is empirically vali-

dated. It is a modeling assumption that enables the Scaling—Ceiling Duality (Theorem 1). If
coupling decays at a different rate than eigenvalues, the quantitative predictions change (see

§4.1).

. We do not claim the framework applies to production transformers as-is. The

verified results assume feedforward ReL U networks with convex losses (§8.1, §8.3). Extending
to full transformer architectures with layer normalization, residual connections, and non-
convex training is an open problem.

. We do not provide empirical validation. The framework’s quantitative predictions —

certified radius growth with compute, safety budget scaling, degradation rates — are algebraic
consequences of the theorems. Measuring these quantities on real models and comparing to
the predicted bounds is an important next step not addressed here.

9. The Open Frontier

9.1 What Is Proved

Result Status Where

Scaling laws from eigenvalue Lean-verified ScalingLaws/

spectrum

SGD convergence Lean-verified SGD/

Adam divergence Lean-verified Adam/

Transformer convergence Lean-verified Transformer/

Self-improvement ceiling Lean-verified Selflmprovement/

Robustness certificate Lean-verified Robustness/

4-dim safety certificate + Lean-verified Verified AlSafety /

interactions

Self-modeling ceiling + blind Lean-verified Consciousness/

zone

Scaling—Ceiling Duality the proof elysium/fields/ai__safety__chain/

(Thm 1) environment-verified

Compute—Safety (Thm 2) the proof elysium/fields/ai__safety_ chain/
environment-verified

Budget from Spectrum the proof elysium /fields/ai_ safety_ chain/

(Thm 3) environment-verified

Ceiling—Safety the proof elysium /fields/ai_ safety_ chain/

Degradation (Thm 4) environment-verified

Blind-Zone Cert Gap (Thm the proof elysium /fields/ai_ safety_ chain/

5)

environment-verified
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Result Status Where

Safety budget the proof elysium/fields/ai__safety__chain/
monotonicity environment-verified
Self-improvement degrades the proof elysium /fields/ai_ safety_ chain/
safety environment-verified
Effective safety < total the proof elysium /fields/ai_ safety_ chain/
safety environment-verified
Alpha monotone in s the proof elysium /fields/ai_ safety_ chain/

environment-verified

Verification infrastructure. All 27 propositions were proved in the verification infrastructure, a
Python proof environment that implements Lean 4-compatible bidirectional type checking. Proofs
are checked against the same type rules as Lean 4, with Z3-backed decision procedures for linear
arithmetic (linarith ) and nonlinear arithmetic (nlinarith ). Each proposition passes 134/134 type-
checker assertions with 0 errors. Axioms encode results imported from the existing Lean 4-verified
papers (§3), ensuring the full chain rests on machine-checked foundations.

Trust hierarchy. The component results (§3) are verified in Lean 4 itself — a mature, community-
audited proof assistant. The connecting theorems are verified in the verification infrastructure,
which is validated against Lean 4 on a shared assertion suite but whose own soundness is not
independently proved. Full Lean 4 compilation of the connecting theorems is a stated goal; the
accompanying Lean export package provides the declarations and proof skeletons for independent
verification (see supplementary materials).

9.2 Formalization Details

The five connecting theorems and ten composition theorems decompose into 27 formally verified
propositions:

Connecting theorems (17 propositions): - Theorem 1 (3): o > 0; a < 1; ceiling exponent
equals 1/s (the duality identity). - Theorem 2 (3): certified radius r > 0; r monotone in margin; r
anti-monotone in Lipschitz constant. - Theorem 3 (4): (1—~) > 0; (1+K*) > 0; numerator positive;
Osafety > 0. - Theorem 4 (4): degradation factor > 1; degradation factor > 0; post-improvement
Lipschitz constant positive; post-improvement radius positive. - Theorem 5 (3): certification gap
> 0; certification gap > 0 when K* > K ;; gap grows with capability.

{S]
Composition theorems (10 propositions): - Safety budget positivity and monotonicity: o > 0;
o monotone in r; o anti-monotone in K*. - Self-improvement degrades safety: oP°' > 0; gPt < gP™e,
- Certification gap structure: gap > 0; effective safety < total safety; effective safety > 0. - Scaling
exponent properties: a € (0,1); & monotone in s.

9.3 Open Problems

Problem Difficulty Impact
Layer normalization in the Medium Practical certificates for real
Lipschitz chain transformers
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Problem Difficulty Impact

Non-convex training Hard Training dimension for actual
convergence deep learning

Distribution shift certificate Hard Safety under deployment drift
Recurrent / diffusion model Hard Safety for generative models
certificates

Phase transitions in Hard When does emergence happen?
self-improvement

Alignment dimension of the Very Hard Certifying intent, not just
certificate capability

Goodhart’s law for verification Hard When does RLHF degrade?
oracles

Tight Lipschitz computation Open (NP-hard) Practical tightness

10. Conclusion

Five connecting theorems formalize the chain from data eigenvalue spectrum to Al safety:

1. Scaling—Ceiling Duality: The scaling exponent « algebraically determines the self-
improvement ceiling growth rate. Language models face the fastest ceiling growth — they
are the most dangerous modality for recursive self-improvement.

2. Compute—Safety: Weight-decay training converts compute into robustness — more com-
pute yields larger certified radius. The growth rate depends on s and L.

3. Budget from Spectrum: The complete safety budget is a closed-form function of the
spectral parameter, revealing a spectral safety criterion: for language models at moderate
depth, the safety budget decreases with compute. Safety does not scale with compute for
language without architectural intervention.

4. Ceiling—Safety Degradation: Self-improvement to the ceiling degrades safety at rate N~2/5.
Language models degrade fastest.

5. Blind-Zone Certification Gap: The certification gap — capable but self-uncertifiable
modes — grows as ©(N'/%). More capable systems need more external verification.

These theorems, combined with the individually verified components (1704 Lean files, 800+ dec-
larations, 0 sorry), establish Al safety as a quantitative engineering discipline. The limitations
cataloged in §8 — the convexity gap, the Lipschitz conservatism, the architectural coverage, the
alignment gap — are all real and substantial. But the direction is clear: measurable spectral
parameter — computable safety budget — auditable certificate.

The most striking result is Theorem 3’s spectral safety criterion: language model safety does not
scale with compute at moderate depth. This is a formal, quantitative version of the intuition
that scaling language models is concerning. The implication: safe scaling of language Al requires
either (a) deeper architectures, (b) stronger regularization, (c) additional safety mechanisms beyond
the current certificate, or (d) external formal verification of the certification gap.
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The mathematics now identifies the problem precisely. The engineering remains — but at least it
has equations to work with.

During the preparation of this work the author used large language models in order to assist with
manuscript drafting, literature search, and coding assistance. After using these tools, the author
reviewed and edited the content as needed and takes full responsibility for the content of the published
article.
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