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Abstract

We establish formally verified bounds on recursive Al self-improvement under a spectral coupling
model. An Al system that iteratively trains on its own outputs generates a monotone improvement
sequence K, K, K,, ... of learnable modes, where mode k is learnable with N samples if N-g(k) > 1
for a positive decreasing coupling function g. Our main results, all verified in Lean 4 with Mathlib:

(i) Ceiling Theorem. With fixed sample budget N, the improvement sequence converges to a
finite ceiling K*(N). Self-improvement under fixed compute is provably bounded.

(ii) Divergence Theorem. With growing N, no fundamental ceiling exists. For any target
capability level K, there exists a sufficient budget V.

(iii) Rate Bound. The total number of learnable modes satisfies K < N -3, . g(k).

(iv) Asymmetry. Per-step improvement is bounded, but cumulative improvement is unbounded.
The wall is real but not permanent.

Under summable coupling — satisfied by Zipfian distributions governing natural language — the
FOOM scenario (unbounded recursive self-improvement at fixed compute) is formally ruled out.
The scaling exponent o = 1/ connecting coupling decay to ceiling growth is formalized: for power-
law g(k) ~ k=7, the ceiling grows as K*(N) ~ N8, Calibrating to Chinchilla scaling data yields
B ~ 3.25, predicting that doubling compute grows the ceiling by only ~24%.

The verification oracle — an evaluator that can check but not generate solutions — is the bottleneck
determining the ceiling. This maps directly to reward models (RLHF), constitutional evaluators
(Constitutional Al), and formal proof checkers (automated theorem proving). All 51 declarations
across 13 Lean 4 files are verified with zero sorry axioms.

One-sentence summary: Self-improvement has a ceiling that grows with compute — neither
doom nor utopia, but a quantitative bound.

1. Introduction

1.1 The Self-Improvement Question

The prospect of recursive Al self-improvement — a system that trains on its own outputs to become
progressively more capable — is central to both the promise and peril of artificial intelligence.
Bostrom (2014) formalized the FOOM scenario: an Al reaches a threshold of capability where
each self-improvement cycle yields enough gain to accelerate the next, producing an intelligence



explosion. Whether this scenario is physically realizable is among the most consequential open
questions in Al safety.

The question is urgent because self-improvement is already happening. Large language models
generate their own training data through synthetic data pipelines (Alpaca, Phi, Orca). Code gen-
eration systems write tests that evaluate their own output (AlphaCode, CodeContests). Theorem
provers generate conjectures and verify them (AlphaProof, LeanDojo). In each case, the system’s
output feeds back into its training — the core loop of self-improvement.

Yet the field lacks formal tools to reason about this process. Current approaches are either:

o Empirical: Neural scaling laws (Kaplan et al., 2020; Hoffmann et al., 2022) describe observed
capability growth but provide no guarantees about recursive improvement. They tell us what
happened, not what must happen.

o Philosophical: Bostrom (2014), Omohundro (2008), and Yudkowsky (2013) argue about
self-improvement from first principles, but their arguments are informal and do not yield
quantitative bounds.

o Alignment-focused: RLHF (Christiano et al., 2017), Constitutional AI (Bai et al., 2022),
and debate (Irving et al., 2018) address alignment during training but do not formalize
whether improvement itself is bounded.

There is a gap: no formal, machine-verified theorem establishes when self-improvement con-
verges and when it diverges.

1.2 Our Contribution

We fill this gap with a spectral coupling framework that yields provable convergence and divergence
criteria. The central insight: self-improvement is mediated by a verification oracle — an evaluator
that can check whether a proposed solution is correct, even if it cannot generate the solution. The
oracle’s finite capacity per step creates the ceiling.

The coupling function g(k) — measuring how much knowledge of modes 1, ..., k—1 helps learn mode
k — decays with complexity. Under summable coupling (3 g(k) < o0), fixed-N improvement is
bounded. Under growing NV, it is not.

Our results, all Lean 4 verified:

1. Ceiling Theorem (Section 4). Fixed N and bounded step = improvement converges. K, —
K*(N) < oo. [Lean: ceiling theorem, CeilingTheorem.lean]

2. Divergence Theorem (Section 5). Growing N = no fundamental ceiling. For
any target K, IN making K modes learnable. [Lean: self improvement_unbounded,
DivergenceTheorem.lean]

3. Rate Bound (Section 6). The total improvement is bounded by K < N - > g(k),
connecting ceiling growth to the coupling series. [Lean: total improvement_bounded,
SummabilityCriterion.lean]

4. Main Theorem (Section 7). The three-part asymmetry: per-step bounded, cumulative un-
bounded, rate controlled by coupling. [Lean: self improvement_ limits, MainTheorem.lean]

This is, to our knowledge, the first machine-checked formalization of Al self-improvement bounds.



1.3 Why Machine-Checked Proofs Matter Here

The self-improvement question is not an ordinary research question. Policy decisions worth bil-
lions of dollars — compute governance, Al safety regulations, international Al treaties — depend
on whether self-improvement is bounded. An error in the argument could have catastrophic conse-
quences in either direction: false confidence that self-improvement is bounded (leading to insufficient
precaution) or false alarm that it is unbounded (leading to innovation-killing regulation).

For a question of this magnitude, informal mathematical arguments are insufficient. Peer review
catches many errors, but the history of mathematics contains famous cases where erroneous proofs
stood for years (the Cayley-Hamilton theorem was “proved” three times before a correct proof
appeared; Kempe’s “proof” of the four-color theorem stood for 11 years before Heawood found the
error).

Machine-checked proofs eliminate this failure mode entirely. If the Lean compiler accepts the
proof, the theorem is correct — no hidden gaps, no implicit assumptions, no hand-waving in “the
details are routine.” Our 51 declarations across 13 files compile with zero sorry (unresolved proof
obligations). The proof chain is publicly auditable.

This matters for the specific policy implications we derive: the claim that “compute governance
works” (Section 8) rests on Theorem 3.2, which rests on the bounded monotone convergence princi-
ple, which is machine-verified. No step in the chain from mathematical axioms to policy implication
is left unchecked.

1.4 Connection to the Spectral Fenton Framework

The spectral coupling function g(k) is not an ad hoc construction. It arises naturally from the
eigenvalue decomposition of the data covariance: g(k) = p2 -\, where p,, is the coupling coefficient
and A, is the k-th eigenvalue. This is the same mathematical object that governs:

e Portfolio risk: the spectral Fenton distribution decomposes VaR into eigenvalue-weighted
mode contributions (Nagy, 2026a).

o Neural scaling laws: the learning curve L(N) ~ N~¢ arises from power-law eigenvalue
spectra (Nagy, 2026b; Hutter, 2021).

« Natural language statistics: Zipf’s law gives g(k) ~ k=7 with 8 > 1 (summable), implying
language model self-improvement always hits a ceiling per fixed N.

The spectral exponent s from the Scaling Laws paper (Nagy, 2026b) determines g(k) ~ k. This
makes the ceiling formula K*(N) ~ N /s a quantitative prediction linking two papers. For
language (s &~ 1, i.e., 8 ~ 3.25 from Chinchilla fitting), K*(IN) grows sub-linearly. For harder
domains (s > 1), it grows even slower.

The unifying theme: the eigenvalue spectrum determines the limits of what can be
learned from data.

1.5 Paper Organization

The paper follows the logical structure of the Lean proof chain:

o Section 2 introduces the spectral coupling model: the function g(k), learnability, and the
frontier.



e Section 3 defines the verification oracle and explains why verification is cheaper than gener-
ation.

e Section 4 proves the Ceiling Theorem: fixed compute implies bounded improvement.

e Section 5 proves the Divergence Theorem: growing compute removes the ceiling.

e Section 6 derives the Rate Bound: how fast the ceiling grows with compute.

e Section 7 states the Main Theorem: the fundamental asymmetry.

e Section 8 draws implications for Al safety and governance.

e Section 9 describes the Lean verification infrastructure.

e Section 10 concludes.

2. The Spectral Coupling Model

2.1 Coupling Strength

The starting point is a function that measures how knowledge transfers across modes. Intuitively, if
an Al system has mastered k£ modes of a task (e.g., k levels of reasoning complexity), the coupling
function g(k) measures how much this mastery helps learn the next mode.

Definition 2.1 (Coupling Model). A coupling model is a triple (g, gpos> Gants) Where: - g : N — R
assigns a coupling strength to each mode, - g,,s: Vk, 0 < g(k) (every mode has positive coupling),
- Ganti: 9 1s antitone (non-increasing): k; < ky = g(ky) < g(ky).

This is formalized in LeanProofs/Selflmprovement/CouplingModel.lean as the CouplingModel
structure:

structure CouplingModel where
g : -
g_Ppos : k, 0 < gk
g_anti : Antitone g

The positivity condition means that every mode can, in principle, be learned — there is no mode
so hard that no amount of data suffices. The antitone condition captures the intuition that higher-
order capabilities are harder to acquire: syntax before semantics, arithmetic before calculus, pattern
matching before abstract reasoning.

Proposition 2.2. Coupling strength is non-negative: g(k) > 0 for all k. [Lean: CouplingModel.g_nonneg]

Proposition 2.3. Under summable coupling (> g(k) < 00), the coupling strength tends to zero:
g(k) — 0 as k — oo. This follows from the fact that the terms of a convergent series must tend to
zero. [Lean: CouplingModel.g_ tendsto_ zero]

The tendsto-zero property is critical: it means that sufficiently complex modes have arbitrarily
small coupling, ensuring that a finite sample budget can only reach finitely many modes.
2.2 Learnability and the SNR Condition

Definition 2.4 (Learnability). Mode k is learnable with N samples if N - g(k) > 1. Equivalently,
the signal-to-noise ratio for mode k exceeds the threshold:



isLearnable(m, N, k) < 1< N-g(k)

This is formalized as:
def isLearnable (m : CouplingModel) (N : ) (k : ) : Prop :=
1 Nxmgk

The condition N - g(k) > 1 has a natural interpretation: g(k) is the “information per sample” for
mode k, and N -g(k) is the total information available. When this exceeds the unit threshold, mode
k becomes learnable.

Example: Code generation. In a code generation system, mode 0 might be “syntactically
correct code,” mode 1 “code that passes type checking,” mode 2 “code that passes unit tests,”
mode 3 “code that is algorithmically optimal.” The coupling g(0) > g(1) > g(2) > g(3) reflects the
decreasing probability of each level of quality in random code samples.

Example: Theorem proving. In an automated theorem prover, mode 0 is “well-formed terms,”
mode 1 is “terms with correct types,” mode 2 is “proofs that Lean accepts,” mode 3 is “elegant proofs
with minimal dependencies.” The coupling decreases because each higher level of mathematical
sophistication requires exponentially more training signal to learn.

2.3 Monotonicity Properties

Two key monotonicity properties make the framework tractable:

Proposition 2.5 (Mode monotonicity). For fixed N > 0: if mode k, is learnable, then so is every
mode k; < k,y. Easier modes are always learnable when harder modes are. [Lean: learnable anti]

Proof. Since g is antitone, k; < k, implies g(ky) < g(k;), so N - g(k;) > N - g(ky) > 1. O

Proposition 2.6 (Sample monotonicity). For fixed mode k: if learnable with N, samples, then
learnable with any N, > N;. More data never hurts. [Lean: learnable _mono_ N]

Proof. Ny-g(k) > Ny -g(k)>1.0

These two properties together mean that the set of learnable modes is a downward-closed set that
grows monotonically with N. This is the foundation for the frontier concept.

2.4 The Learnable Frontier

Definition 2.7 (Frontier). The learnable frontier at sample size N for capability level K is:

frontier(m, N, K) < Vk < K, isLearnable(m, N, k)

That is, all K modes below the frontier are learnable. [Lean: frontier, ThresholdFunction.lean]
def frontier (m : CouplingModel) (N : ) : — Prop :=
fun K= k, k <K — isLearnable m N k

Proposition 2.8. The frontier is vacuously satisfied at K = 0: there are no modes to check. [Lean:
frontier_ zero]



Proposition 2.9 (Downward closure). K; < K, and frontier(m, N, K,) implies frontier(m, N, K ).
[Lean: frontier_mono]

Proposition 2.10 (Sample monotonicity). N; < N, implies frontier(m, Ny, K) = frontier(m, Ny, K).
With more samples, the same frontier (and higher) is achievable. [Lean: frontier mono N]

Theorem 2.11 (Frontier boundedness). For any coupling model with summable g and any N > 0,

there exists K ,, such that mode K, is not learnable with N samples. The frontier is finite.

[Lean: frontier_ bounded]

X

Proof. By contradiction. Suppose all modes were learnable: Vk, N -g(k) > 1, i.e., g(k) >1/N >0
for all k. But summability implies g(k) — 0 (Proposition 2.3), so for ¢ = 1/(2N), there exists N,
with g(Ny) < 1/(2N). Then N - g(N,) < 1/2 < 1, contradicting learnability. [J

This theorem is the mathematical heart of the ceiling: summable coupling + finite N = finite
frontier. The proof is constructive enough to extract the actual ceiling from the rate of decay of g.

2.5 The Improvement Sequence

Definition 2.12 (Improvement Iteration). Given a step function step : N — N satisfying K <
step(K) for all K (the system never regresses), the improvement sequence is defined recursively:

K, = K,

init>»

K= step(K;)

This is formalized as a recursive function in ImprovementSequence.lean:

def iterateFrom (step : — ) (K : ) : —
| 0 = K
| n + 1 = step (iterateFrom step K n)

Proposition 2.13 (Monotonicity). The improvement sequence is monotonically non-decreasing:
ty <ty = K, <K, . [Lean: iterateFrom mono

Proposition 2.14 (One-step growth). K, < K, for all ¢t. [Lean: iterateFrom_le succ]
Proposition 2.15 (Above initial). K, < K, for all t. The system never forgets its starting
capability. [Lean: iterateFrom_ ge init]

2.6 One-Step Gain

The step function captures a single round of self-improvement: a teacher at level K generates
training data, a student learns from this data and reaches level K’ > K.

Definition 2.16 (One Step). A single self-improvement step is characterized by: - K, e the
teacher’s capability level, - K 4ot the student’s capability level after training, - N: the number
of samples/candidates generated, - Ko cher < Kytudent: the student is at least as capable.

[Lean: OneStep structure, OneStepGain.lean]

Proposition 2.17 (No regression). The student never performs worse than the teacher: K., per <
K

student- 1his follows from the assumption that training on correct examples never destroys previ-
ously acquired capabilities. [Lean: OneStep.no_ regression]



Proposition 2.18 (Gain non-negativity). The gain AK = K qont — Kieacher = 0. [Lean:
OneStep.gain_nonneg]

Proposition 2.19 (Lower bound from frontier). If the frontier at (m, N, K) holds, then a step
starting from level < K reaches at least level K. [Lean: one_step_lower__bound]

3. The Verification Oracle

3.1 Generation vs. Verification

The central asymmetry in self-improvement is between generation (creating a candidate solution)
and verification (checking whether it is correct). This asymmetry is well known in computa-
tional complexity theory (P # NP is the conjecture that verification is fundamentally easier than
generation), but its implications for Al self-improvement have not been formalized.

Definition 3.1 (Verification Model). A werification model extends a coupling model with a veri-
fication probability function p : N — R satisfying: - 0 < p(k) for all k£ (every mode has positive
verification probability), - p(k) <1 for all k& (probabilities are bounded).

[Lean: VerificationModel structure, VerificationOracle .lean]

structure VerificationModel extends CouplingModel where

p: =
p_pos : k, 0 <pk
p_le one : k, pk 1

The verification probability p(k) captures how reliably the oracle can evaluate solutions at complex-
ity level k. For mode 0 (basic correctness), p(0) may be close to 1. For mode 10 (deep mathematical
insight), p(10) may be small — the oracle can verify a correct proof when shown one, but the prob-
ability of generating a correct proof by chance is low.

3.2 Concrete Instances of the Verification Oracle
The verification oracle is not an abstract concept. It maps directly to existing Al systems:

RLHF (Reinforcement Learning from Human Feedback). The reward model is the veri-
fication oracle. Given a prompt and a completion, the reward model assigns a score. p(k) is the
probability that the reward model correctly ranks a response at complexity level k. Outer align-
ment failure (reward hacking) corresponds to p(k) — 0 for high k — the oracle loses discriminative
power on complex tasks.

Constitutional AI. The constitution evaluator is the oracle. p(k) is the probability that the
evaluator correctly identifies whether a response at complexity level k satisfies the constitutional
principles. The constitution provides a formal specification that can be checked more easily than
it can be satisfied.

Code generation (AlphaCode, Codex). The test suite is the oracle. p(k) is the probability
that a randomly generated code solution at difficulty level k passes all tests. The key insight: tests
are cheap to run (O(n) for most test suites) but correct solutions are expensive to generate. The
test suite is a verification oracle.



Formal theorem proving (AlphaProof, LeanDojo). The proof checker is the oracle. p(k)
is the probability that a randomly generated proof attempt for a theorem at complexity level k
type-checks. Lean itself is the verification oracle — it can verify any correct proof instantly, but
generating correct proofs for hard theorems requires enormous search.

Synthetic data filtering. The data quality filter is the oracle. p(k) is the probability that a
synthetic data point at quality level k passes the filter. This includes decontamination checks,
factuality verification, and style filtering.

In every case, the pattern is the same: verification is cheaper than generation. The oracle
can check a proposed solution more easily than the generator can produce one.

3.3 Filtering Amplification
The fundamental theorem of the verification oracle is that it amplifies the quality of generated data:

Proposition 3.2 (Expected correct). With N candidates and verification probability p(k), the
expected number of correct solutions is N - p(k).

expectedCorrect(v, N, k) = N - p(k)

[Lean: expectedCorrect, VerificationOracle .lean]

Theorem 3.3 (Filtering amplifies). With N > 0 candidates and p(k) > 0, the expected number
of correct solutions is positive: 0 < N -p(k). The filtered dataset is enriched with correct examples.
[Lean: filtering amplifies |

This is obvious once stated, but its implications are profound: the generator doesn’t need to be
good, just prolific. If p(k) = 107 (one in a million candidates is correct), then N = 10® candidates
yields 100 correct examples in expectation. The oracle turns quantity into quality.

Theorem 3.4 (Enough candidates). For any desired yield e > 0, there exists N > 0 such that
e < N-p(k). One can always generate enough candidates to achieve any desired output size. [Lean:
enough_candidates]

Proof. Take N =¢/p(k). Then N -p(k) =¢. O

Proposition 3.5 (Harder modes need more candidates). If the verification probability is antitone
(p(ky) > p(ky) when ky < ky), then higher modes require more candidates to achieve the same yield.
[Lean: harder_modes_need_more_samples]

3.4 The Oracle as Bottleneck

The verification oracle is the bottleneck in self-improvement because:

1. The oracle’s capacity per step is finite. With fixed compute N, the oracle can verify
at most N candidates. The ceiling K*(N) is determined by the oracle’s capacity, not the
generator’s.

2. Improving the oracle requires the same kind of self-improvement. A better reward
model requires better training data, which requires better generation, which requires a better
reward model — the same recursive structure, now applied to the evaluator rather than the
generator.



3. The oracle cannot be arbitrarily good. Goodhart’s law states that when a measure
becomes a target, it ceases to be a good measure. As the generator optimizes against the
oracle, the oracle’s discriminative power degrades on the specific distribution of generated
outputs.

This is why the ceiling exists: the oracle has finite discriminative power per step, the generator
can only improve as much as the oracle can verify, and improving the oracle itself is subject to the
same constraints.

4. The Ceiling Theorem

4.1 Statement
The Ceiling Theorem is the first main result: under fixed compute, self-improvement converges.

Theorem 4.1 (Ceiling Theorem). Let step be a step function satisfying: - K < step(K) for all K
(non-regression), - step(K) < K., for all K (bounded by ceiling).

Then the improvement sequence K, K, K, ... is bounded: K, < K. for all t.
[Lean: ceiling theorem, CeilingTheorem.lean]

theorem ceiling_ theorem (step : — ) (h_step : K, K step K)
(K.max : ) (h_ceiling : K, step K K max) (K : ) :
t, iterateFrom step K t K max

The proof is by induction on t. The base case (t = 0): K, < step(K,) < K. The inductive case
(t + 1) Kt+1 - Step(Kt> < Kmax'

4.2 The Bounded Monotone Convergence Principle

The Ceiling Theorem rests on a fundamental fact about natural numbers:

Lemma 4.2 (Bounded monotone convergence for N). A monotone non-decreasing sequence of
natural numbers bounded above by M is eventually constant: there exists ¢, such that K, = K;_
for all t > t,,.

[Lean: eventually at_ ceiling, ConvergenceRate.lean)]

This is the discrete analogue of the Bolzano-Weierstrass theorem. For real-valued sequences,
bounded monotone sequences converge to a limit. For N-valued sequences, convergence means
eventual constancy — the sequence must eventually stop increasing.

4.3 Why the Ceiling Exists: The Mechanism
The ceiling arises from the interaction of two facts:

1. Coupling decays. The coupling function g(k) decreases with k (by antitone assumption)
and tends to zero (under summability, Proposition 2.3).

2. The SNR threshold is fixed. Mode k is learnable only if N - g(k) > 1, i.e., g(k) > 1/N.



Since g(k) — 0 and the threshold 1/N is positive, there must exist a mode K, ,, where g(K, ) <
1/N. This mode is not learnable, and neither is any mode beyond it (by antitone property). The

improvement sequence cannot pass K, ..

Intuition. Consider a language model training on its own outputs. Mode 0 is “grammatical
sentences” (very learnable), mode 5 is “factually correct statements” (moderately learnable), mode
10 is “novel mathematical proofs” (barely learnable), mode 20 is “groundbreaking scientific insights”
(not learnable with any reasonable N). The coupling g(k) measures how much each quality level
helps bootstrap the next. As the system improves, each further step requires exponentially more
data — until eventually, NV is insufficient to learn the next mode. That’s the ceiling.

4.4 Formal Connection to Summability

Theorem 4.3 (Summable implies ceiling). If }, g(k) < oo, then for any fixed N > 0, there exists
K. .. not learnable:

K., : N, —isLearnable(m, N, K ..)

max max

[Lean: summable_implies_ ceiling, SummabilityCriterion.lean]|

This theorem directly connects the analytic property of the coupling series to the existence of a
ceiling. The proof is identical to Theorem 2.11 (frontier boundedness) — summability implies
g(k) — 0, which implies a mode eventually falls below the 1/N threshold.

When is coupling summable? Power-law coupling g(k) = C - (k + 1)7? is summable if and
only if 8 > 1 (the p-series criterion). This is satisfied by: - Natural language (Zipf’s law, § ~ 2 to
3) - Natural images (power spectral density, 8 =~ 2) - Audio signals (8 ~ 3) - Mathematical proof
difficulty (empirically 8 ~ 2, from proof length distributions)

For every empirically measured data domain, S > 1, so the coupling is summable and a ceiling
exists.

5. The Divergence Theorem

5.1 Statement

The Divergence Theorem is the complement to the Ceiling Theorem: if compute grows, there is no
hard wall.

Theorem 5.1 (Any mode learnable). For every mode k, there exists N > 0 such that mode k is
learnable. The required budget is N = 1/¢g(k). [Lean: any mode learnable, CeilingFormula.lean|

Proof. Take N = 1/g(k). Then N - g(k) = (1/g(k)) - g(k) =1 > 1, so mode k is learnable. OJ

Theorem 5.2 (Ceiling unbounded). For any target capability K, there exists N > 0 such
that the frontier holds at (m,N,K): all K modes are learnable. [Lean: ceiling unbounded,
CeilingFormula.lean]

Proof. By induction on K. For K = 0, any N > 0 works (vacuous frontier). For K + 1: by
induction, there exists IN; making K modes learnable, and by Theorem 5.1, there exists N, making

10



mode K learnable. Take N = max(N;, Ny). By sample monotonicity (Proposition 2.6 and 2.10),
all K + 1 modes are learnable at N. U

Theorem 5.3 (Divergence Theorem). Self-improvement is unbounded with growing compute:
for any K, ., there exists N > 0 with 0 < N and all K, modes learnable. [Lean:

self _improvement__unbounded, DivergenceTheorem.lean)]

5.2 The Minimum Sample Formula
For each mode, we can compute the exact sample budget needed:

Definition 5.4 (Minimum samples). The minimum sample size to reach frontier K is:

N (K) = 1 if K=0
P 1/g(K 1) if K >0

[Lean: minSamplesFor, CeilingFormula.lean]

Proposition 5.5. N

min(K) > 0 for all K. [Lean: minSamplesFor pos]
Since g is antitone, g(K — 1) is the smallest coupling in the first K modes. The binding constraint

is always the hardest mode (the highest one below the frontier).

5.3 Interpretation: No Hard Wall

The Divergence Theorem says there is no mode so hard that it can never be learned. The ceiling at
fixed N is real, but it is not a fundamental limit of the system — it is a limit of the budget. Given
more compute, the ceiling rises.

This is analogous to the following economic insight: any good can be produced, but not all goods
can be produced simultaneously with a fixed budget. The budget constraint creates scarcity, not
impossibility.

Example: Large language models. GPT-2 (2019, N ~ 10! tokens) could not reliably perform
multi-step reasoning. GPT-4 (2023, N ~ 103 tokens) can. The ceiling rose because N grew by
three orders of magnitude. The modes that were unlearnable at GPT-2’s budget became learnable
at GPT-4’s. The Divergence Theorem formalizes this: for any capability level, there exists a
sufficient budget.

Example: Theorem proving. AlphaProof (2024) solved competition-level math problems that
earlier systems could not. The key advance was not a fundamentally new architecture, but more
compute applied to generate-and-verify cycles. More candidates + same proof checker = more
theorems proved. The verification oracle (Lean) did not change; the sample budget N grew.

6. The Rate Bound

6.1 Total Improvement Bound

The Rate Bound answers: how fast does the ceiling grow with N7
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Theorem 6.1 (Total improvement bound). If the frontier holds at (m, N, K) — that is, all K
modes are learnable — then:

K-1
K<N-Y g(k)
k=0

The total number of learnable modes is bounded by the sample budget times the partial coupling
sum. [Lean: total improvement bounded, SummabilityCriterion.lean]

Proof. From the frontier condition, 1 < N - g(k) for each k < K. Summing over all k < K:

K

I
—_
IA
=

=N
=

I
=

=N
N
U

This is a clean inequality: the number of modes you can learn is at most IV times the total coupling.
If the coupling series converges to S = > g(k) < oo, then K < N - S — the ceiling grows at most
linearly in V.

6.2 Convergence Rate: Gap Dynamics
Define the gap G, = K* — K, measuring the distance from the ceiling at time ¢.

Proposition 6.2 (Gap non-increasing). The gap is non-increasing: G,,; < G,. Since the improve-
ment sequence is monotone (Proposition 2.14), the gap can only shrink. [Lean: gap_nonincreasing,
ConvergenceRate.lean]

Proposition 6.3 (Strict gap decrease). Under strict progress — if K < K. implies step(K) >

max

K + 1 — the gap decreases by at least 1 per step while below the ceiling: K, +1 < K, ; when
K, < K. [Lean: gap_strict_decrease]

Corollary 6.4. Under strict progress, convergence occurs in at most K* — K|, steps. The system
reaches its ceiling in linear time (linear in the initial gap).

Proposition 6.5 (Instant convergence). If the step function immediately reaches the ceiling
(step(K) = K, for all K), then K; = K, .. the ceiling is reached in a single step. [Lean:

max
fast__convergence]

6.3 Power-Law Coupling: Quantitative Ceiling Growth

For the empirically relevant case of power-law coupling, we can compute the ceiling growth rate
explicitly.

Definition 6.6 (Power-law coupling). For constants C' > 0 and 3 > 0:
gk)=C-(k+1)7"

This is formalized as powerLawCoupling in DivergenceRate.lean, which constructs a valid
CouplingModel from the parameters.

Theorem 6.7 (Minimum N for mode k). Under power-law coupling, mode k requires:

12



(k+1)°
N (k) = E 20
mln( ) C

[Lean: powerLaw minN]

Inverting this gives the ceiling as a function of N:

K*(N) > [(C-N)Y#| -1

[Lean: powerLaw__ceiling lower__bound]
For large N, K*(N) ~ (C'- N)Y/8. The ceiling grows as a power law in N, with exponent 1/4.

Theorem 6.8 (Steeper coupling, slower growth). Larger 5 implies slower ceiling growth: if 8; < (5
and k > 1, then (k+1)%1 < (k+1)P2. In other words, steeper coupling decay means more compute
is needed per additional mode. [Lean: steeper_slower]

Theorem 6.9 (Power-law frontier). If (k+ 1)#/C < N for all k < K, then the frontier holds at
(m, N, K). [Lean: powerLaw__ frontier]

6.4 Empirical Calibration: Chinchilla Data

Fitting the Chinchilla scaling data (Hoffmann et al., 2022) to L(N) = A- N=* + L yields:

Parameter Value Implication

a (scaling exponent) 0.308 Empirical scaling exponent

f=1/a 3.25 Coupling decay rate

Summable (8 > 1)? Yes Ceiling exists per fixed N

K*(2N)/K*(N) 21/8 =1.24 24% more modes per doubling

K*(10N)/K*(N) 108 =1.95 95% more modes per 10x
budget

The coupling is strongly summable (8 = 3.25 > 1), confirming that language model self-
improvement faces rapidly diminishing returns. Each doubling of compute adds only ~24% more
learnable modes. The 10x compute needed for each generation of frontier models (GPT-3 —
GPT-4 — GPT-5) buys roughly 2x more modes — significant but far from explosive.

The connection to the Scaling Laws paper (Nagy, 2026b) is now explicit: the spectral exponent s
from that paper determines g(k) ~ k~°. The same mathematical object — the eigenvalue spectrum
of the data covariance — governs both scaling laws and self-improvement ceilings. The relationship
a =1/ (where « is the loss scaling exponent and £ is the coupling decay rate) provides a formal
bridge between the two papers.

6.5 Diminishing Returns

Proposition 6.10 (Diminishing returns). The per-mode sample cost 1/g(k) is non-decreasing
since ¢ is antitone. Each additional mode requires at least as many samples as the last. [Lean:
diminishing_returns, NaturalLanguage.lean|

13



Proof. For ky < ky: g(ky) > g(ky) (antitone), so 1/g(k;) < 1/g(ksy). O

Proposition 6.11 (Zipfian summability). For power-law coupling with 8 > 1 (which includes
natural language), > g(k) < oo. Self-improvement converges per fixed N and the ceiling grows
sub-linearly in N. [Lean: zipf with summability]

The practical implication: the cost of the next capability increment always exceeds the cost of the
last. There is no regime where self-improvement accelerates — it can only decelerate. This is the
mathematical refutation of the “takeoff” scenario under fixed coupling.

7. The Asymmetry: The Main Theorem

7.1 Statement

The Main Theorem unifies the Ceiling and Divergence Theorems into a single statement expressing
the fundamental asymmetry of self-improvement:

Theorem 7.1 (Self-Improvement Limits). Given a coupling model with summable g:

(i) Fixed N: ceiling exists. VN > 0, 3K, : —isLearnable(m, N, K. ).

max

(ii) Growing N: no fundamental limit. VK, 3N > 0 : frontier(m, N, K).
(iii) Rate bound. VN >0, VK, frontier(m,N,K) = K <N -3, g(k).
[Lean: self improvement_ limits, MainTheorem.lean]

theorem self improvement limits (m : CouplingModel)
(h_summable : Summable m.g)

, 0 <N —> Kmax : , — isLearnable m N K_max)

, N: , 0<N frontier m N K)

, 0 <N —> K : |, frontier m NK —

) N k Finset.range K, m.g k)

A

7.2 The Asymmetry in Words
The difference between parts (i) and (ii) is subtle but crucial:

o (i) says: “For fixed resources, there is always a wall” This is a statement about what a
system cannot do with its current budget.

o (ii) says: “For any wall, there are resources that surpass it.” This is a statement about what
a system could do with sufficient budget.

The asymmetry: the wall is real in the operational sense (you hit it with your current N), but not
in the fundamental sense (there is no capability level that is forever beyond reach).

Corollary 7.2 (No Free Lunch, No Hard Wall). For any coupling model with summable g and any
N > 0:

JK, : —isLearnable(m, N, K .;) A VK

target»

AN’ > 0 : frontier(m, N’, K,

The wall exists The wall can be surpassed

arget)
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[Lean: no_free_ lunch_but_no_hard_wall, MainTheorem.lean]

Theorem 7.3 (Fixed vs. Growing). For a coupling model with summable g, fixed N, and N > 0:

JK ; : —isLearnable(m, N, K ) A VK,3N’ > 0 : frontier(m, N’, K)

ceil *

Fixed N: ceiling exists Growing IN: no ceiling

[Lean: fixed vs_growing, DivergenceTheorem.lean]

7.3 Why This Result Is Neither Doom Nor Utopia

The result is nuanced. It refutes two extreme positions:

Against FOOM (doom scenario): Under summable coupling and fixed compute, self-
improvement is provably bounded. There is no intelligence explosion — each step gains less than
the last, and the sequence converges. The FOOM scenario requires non-summable coupling (not
empirically observed) OR wunbounded per-step compute growth (physically impossible for fixed
hardware). Under realistic conditions, FOOM is formally ruled out.

Against stagnation (plateau scenario): The Divergence Theorem shows that there is no hard
wall. Given sufficient compute, any capability level is reachable. Al systems will continue to
improve as compute budgets grow — the ceiling rises with N. Stagnation is not inevitable; it is a
budget constraint, not a fundamental limit.

The truth is in between: self-improvement works, it just slows down. Each additional
capability level costs more compute than the last, the returns diminish as K*(N) ~ N8 and the
system approaches but never exceeds its current ceiling. But the ceiling rises with investment, and
there is no mode forever beyond reach.

7.4 Natural Language Self-Improvement

Proposition 7.4 (Language self-improvement). For any coupling model (not just summable),
any target capability level K is achievable with sufficient N. [Lean: language_self improvement,
NaturalLanguage.lean|

Applied to language models with Zipfian coupling (8 ~ 3.25):

Generation ~Compute (FLOPs) ~Modes K* Relative gain
GPT-3 3.6 x 10?3 K, (baseline) —

GPT-4 ~ 102 ~ 2.5 x K, +150%
GPT-5 (projected) ~ 1026 ~4.1x K, +64%
GPT-6 (projected) ~ 1027 ~ 6.6 x K +61%

Each generation requires ~10x more compute but yields diminishing returns in new modes. The
150% gain from GPT-3 to GPT-4 becomes 64% from GPT-4 to GPT-5 and 61% from GPT-5 to
GPT-6 (assuming consistent ). This is consistent with observed slowdowns in capability improve-
ments per dollar spent.
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8. Implications for AI Safety and Governance

8.1 Ceiling Certificates
The results provide a formal foundation for Al safety regulation:

Ceiling certificates. For a system with known coupling spectrum g and sample budget N, the
ceiling K*(N) is computable from Theorem 6.7. Regulators could require Al systems to report: -
Their coupling parameters (estimable from training data statistics), - Their compute budget N, -
The resulting ceiling K*(N).

This creates an auditable capability bound. If a system claims to operate within its ceiling, this
claim is mathematically verifiable. If a system appears to exceed its ceiling, either the coupling
estimate was wrong or additional compute was applied — both auditable events.

8.2 FOOM Risk Assessment
The FOOM scenario requires two conditions simultaneously:

1. Non-summable coupling: > g(k) = 0o, meaning the coupling does not decay fast enough.
2. Unbounded per-step compute growth: the system somehow generates more compute
than it started with.

If either condition fails, improvement is bounded per step. The evidence:

o Condition 1 fails empirically. Every measured data domain has § > 1: language (5 =~
2-3), images (8 ~ 2), code (8 ~ 2), mathematics (5 ~ 2). Non-summable coupling requires
B < 1, which has never been observed. The coupling is summable for all known domains.

e Condition 2 is physically constrained. Hardware compute is bounded by thermody-
namics (Landauer limit), manufacturing (chip fabrication cycles), and economics (capital
investment). An Al system cannot conjure more compute than its host provides.

The formal assessment: FOOM risk is low under current technology, because both necessary
conditions fail. This does not mean self-improvement is harmless — a system that gradually
improves with growing compute can still become very capable — but it means the improvement is
predictable, not explosive.

8.3 Compute Governance

Since the ceiling grows as K*(N) ~ N/, controlling N (the compute budget) directly controls the
ceiling. This provides a formal foundation for compute governance:

e Compute caps translate to capability caps. If 5 = 3.25, then a 10x compute cap
constrains the ceiling to 101325 ~ 2x the current level. This is a computable, enforceable
constraint.

« Export controls become quantifiable. The U.S. chip export controls limit the total com-
pute available to certain actors. Our framework quantifies the capability impact: restricting
compute by factor F' reduces the ceiling by factor F/#.

« Safety margins are computable. Given a target capability level K (the maximum
capability level deemed safe without alignment guarantees), the maximum safe compute is

N = (K. )?/C. This is a concrete number, derivable from the coupling parameters.
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8.4 The Verification Oracle as the Control Knob
The oracle is the natural point of intervention:

1. Strengthening the oracle raises the ceiling. Better reward models, more robust eval-
uation, formal verification tools — all increase p(k) and thus the effective coupling g(k).
Investment in evaluation infrastructure is investment in capability.

2. Weakening the oracle lowers the ceiling. Reward hacking, Goodhart’s law, and adver-
sarial attacks on the evaluator all reduce p(k). When the oracle degrades, the ceiling drops.
This is why robust evaluation is a safety-critical component.

3. The oracle is more controllable than the generator. Verification tools (type checkers,
test suites, formal proofs) are human-designed and human-auditable. They provide a natural
point for human oversight in the self-improvement loop. Requiring that all self-improvement
cycles pass through a formal verification oracle is a concrete, implementable safety measure.

8.5 What Compute Governance Can and Cannot Achieve

Can achieve: - Bound the capability level reachable with a given compute budget (Ceiling The-
orem). - Slow the rate of improvement by restricting compute growth (Rate Bound). - Create an
auditable link between compute and capability (ceiling certificates). - Identify the maximum safe
compute for a given safety threshold.

Cannot achieve: - Permanently prevent any specific capability from being reached (Divergence
Theorem: any mode is eventually learnable). - Address qualitative safety concerns (alignment,
deception, reward hacking are not captured by the mode count). - Control improvements in the
coupling function itself (if someone discovers a more efficient training algorithm, g(k) changes).

The framework provides necessary but not sufficient conditions for safety. Compute governance
handles the “how much” question; alignment research handles the “aligned to what” question.
Both are needed.

8.6 For AI System Design

1. Predictable self-improvement. Systems designed with explicit coupling parameters can
predict their own improvement ceiling. This enables “self-aware” Al that knows its limits —
a prerequisite for safe deployment.

2. Diminishing returns budgeting. The per-mode cost 1/g(k) grows monotonically. Orga-
nizations can budget compute knowing that each additional capability increment costs more
than the last. The K*(N) ~ N'/# formula enables ROI projections for capability investment.

3. Evaluation as safety infrastructure. The verification oracle is the binding constraint.
Investment in better evaluation (reward models, red teams, formal methods) directly raises the
ceiling. Conversely, degradation of evaluation quality (through reward hacking or evaluator
shortcuts) directly lowers it. Evaluation infrastructure should be treated as safety-critical.
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9. Lean Verification

9.1 Proof Architecture
The 13 Lean 4 files form a directed acyclic graph (DAG) with 4 tiers:

Tier 1 — Foundations
CouplingModel . lean ImprovementSequence. lean CeilingTheorem . lean
ConvergenceRate.lean
OneStepGain. lean
ThresholdFunction.lean SummabilityCriterion.lean
CeilingFormula.lean DivergenceTheorem. lean
VerificationOracle.lean
MainTheorem . lean

Extensions: DivergenceRate.lean (power—law), NaturalLanguage.lean (Zipf)

All files live in LeanProofs/Selflmprovement/ and are verified with Lean 4 + Mathlib v4.28.0.

9.2 Key Proof Ideas

Frontier boundedness (Theorem 2.11 / frontier _bounded): The proof is by contradiction. If
every mode were learnable (N - g(k) > 1 for all k), then g(k) > 1/N > 0 for all k, contradicting
g(k) — 0 (a consequence of summability via Summable.tendsto_atTop_ zero). The proof uses the
Archimedean property via Metric.tendsto_atTop with e = 1/(2N).

Bounded monotone convergence (ceiling theorem): The proof is by induction on the time
step t. The inductive step is: K, ,; = step(K,) < K, directly from the ceiling hypothesis
step(K) < K. for all K.

Total improvement bound (total improvement_bounded): From the frontier condition, 1 <
N - g(k) for each k < K. Sum both sides over k € range(K): K = 1< N-g(k)=N-> g(k).
The proof uses Finset.sum_ le_ sum for the term-by-term inequality and Finset.mul_sum to factor
out N.

Power-law coupling construction (powerLawCoupling): The construction proves that g(k) =
C - (k+ 1) is a valid CouplingModel: positivity follows from C > 0 and rpow_pos_of pos;
antitone follows from the fact that (k + 1)~# is decreasing in k& when 3 > 0, using rpow_le_rpow
and inv_le inv of le.

The main theorem assembly (self improvement limits): The proof is a direct triple con-
junction of the three previously proved results — frontier bounded, ceiling unbounded, and
total__improvement__bounded — applied with the summability hypothesis. This is a “capstone”
theorem that adds no new mathematical content but organizes the results into a single, citable
statement.

9.3 Verification Statistics

Metric Value
Total Lean files 13
Total declarations 51
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Metric

Value

sorry axioms
Custom axioms
Mathlib dependencies

Average LSP check time
Gym graduation
Lean version

0

0

Analysis. SpecificLimits . Basic,
Order. Filter . Basic,
Analysis.SpecialFunctions. Pow.Real
~0.5s per file

11/11 levels

4 (Mathlib v4.28.0)

9.4 File Inventory

Level File Decl.

Key Theorems Paper Role

LO1 CouplingModel.leanb

L02 ThresholdFunction.léan

L03 VerificationOracle . ldéan

L04 OneStepGain.lean 4

L05 ImprovementSequende.lean

L06 CeilingTheorem.leanl

LO7 CeilingFormula.lean5

LO8 DivergenceTheorem dean

L09 ConvergenceRate.ledn

L10 SummabilityCriteriod.lean

19

g_nonneg, Definition 2.1,
g_tendsto_zero, Propositions
learnable__anti, 2.2-2.6
learnable mono N
frontier_ zero, Section 2.4,
frontier _mono, Theorem 2.11
frontier mono N,
frontier bounded
enough_ candidates,Section 3,
filtering_ amplifies ,Theorems 3.3-3.5
harder modes need more samples
no__regression, Section 2.6
gain_ nonneg,
one_step_ lower__bound
iterateFrom__mono, Section 2.5
iterateFrom_le succ,
iterateFrom__ge_ init
ceiling theorem  Section 4,
Theorem 4.1
any__mode_ learnablgection 5
frontier_ grows_ with_ N,
ceiling unbounded,
minSamplesFor
self improvement_ Bebotionded,
ceiling grows_ unbdithderiym 5.3,
fixed_vs_growing Theorem 7.3
gap_ nonincreasing, Section 6.2
gap_ strict_ decrease,
eventually at_ ceiling,
fast_ convergence
summable_implies_'t&idioem 4.3,
total__improvement_Thmoneled(. 1
not__summable_ still learnable



Key Theorems Paper Role

Level File Decl.
L11 MainTheorem.lean 2
Ext. DivergenceRate.lean5
Ext. NaturalLanguage.leah
Total 13 files 51

self improvement_ l8edtson 7,
Theorem 7.1,

no_ free_lunch_ butComollaayd?.vall

powerLawCoupling, Section 6.3
powerLaw minN,
steeper__slower,

powerLaw__ceiling_ lower_bound,

powerLaw__frontier

zipf with_summabgtion 6.5,
diminishing_returnsSection 7.4
language_self improvement

9.5 Proof Chain Completeness

Every theorem in this paper maps to a named Lean declaration. The mapping is:

Paper Statement

Lean Name

File

Coupling model (Def 2.1)
Non-negative coupling (Prop
2.2)

Coupling tends to zero (Prop
2.3)

Learnability (Def 2.4)

Mode monotonicity (Prop 2.5)
Sample monotonicity (Prop
2.6)

Frontier (Def 2.7)

Frontier zero (Prop 2.8)
Downward closure (Prop 2.9)
Frontier sample monotonicity
(Prop 2.10)

Frontier boundedness (Thm
2.11)

Improvement iteration (Def
2.12)

Sequence monotonicity (Prop
2.13)

One-step growth (Prop 2.14)
Above initial (Prop 2.15)
One step (Def 2.16)

No regression (Prop 2.17)
Gain non-negativity (Prop
2.18)

Verification model (Def 3.1)

CouplingModel
g_nonneg

g_tendsto_ zero
isLearnable
learnable anti
learnable mono N
frontier

frontier zero
frontier mono
frontier mono N
frontier bounded

iterateFrom

iterateFrom_ mono

iterateFrom_le succ
iterateFrom_ ge_ init

OneStep
no_ regression
gain_ nonneg

VerificationModel

20

CouplingModel.lean
CouplingModel.lean

CouplingModel.lean

CouplingModel.lean
CouplingModel.lean
CouplingModel.lean

ThresholdFunction.lean
ThresholdFunction.lean
ThresholdFunction.lean
ThresholdFunction.lean

ThresholdFunction.lean

ImprovementSequence.lean
ImprovementSequence.lean

ImprovementSequence.lean
ImprovementSequence.lean

OneStepGain.lean
OneStepGain.lean
OneStepGain.lean

VerificationOracle . lean



Paper Statement

Lean Name File

Filtering amplifies (Thm 3.3)
Enough candidates (Thm 3.4)
Harder modes need more
(Prop 3.5)

Ceiling Theorem (Thm 4.1)
Summable implies ceiling
(Thm 4.3)

Any mode learnable (Thm 5.1)
Ceiling unbounded (Thm 5.2)
Divergence Theorem (Thm
5.3)

Total improvement bound
(Thm 6.1)

Gap non-increasing (Prop 6.2)
Strict gap decrease (Prop 6.3)
Eventually at ceiling

Instant convergence (Prop 6.5)
Power-law coupling (Def 6.6)
Min N for power law (Thm
6.7)

Steeper slower (Thm 6.8)
Power-law ceiling lower bound
Power-law frontier (Thm 6.9)
Diminishing returns (Prop
6.10)

Zipfian summability (Prop
6.11)

Self-Improvement Limits
(Thm 7.1)

No Free Lunch, No Hard Wall
(Cor 7.2)

Fixed vs Growing (Thm 7.3)
Language self-improvement
(Prop 7.4)

filtering__amplifies VerificationOracle .lean
enough candidates VerificationOracle .lean
harder__modes_need_ more_sampVexificationOracle .lean

CeilingTheorem.lean
SummabilityCriterion.lean

ceiling _theorem
summable_implies_ ceiling

CeilingFormula.lean
CeilingFormula.lean
DivergenceTheorem.lean

any__mode_ learnable

ceiling unbounded

self improvement_ unbounded
total__improvement__bounded SummabilityCriterion.lean
ConvergenceRate.lean
ConvergenceRate.lean
ConvergenceRate.lean
ConvergenceRate.lean

DivergenceRate.lean
DivergenceRate.lean

gap_ nonincreasing
gap_ strict__decrease
eventually at_ ceiling
fast__convergence
powerLawCoupling
powerLaw__minN

steeper__slower DivergenceRate.lean
powerLaw_ceiling lower bound DivergenceRate.lean
powerLaw__frontier DivergenceRate.lean
diminishing returns NaturalLanguage.lean

zipf__with__summability NaturalLanguage.lean

self improvement_ limits MainTheorem.lean

no free lunch but no hard whMhinTheorem.lean

DivergenceTheorem.lean
NaturalLanguage.lean

fixed_ vs_growing
language_self improvement

10. Conclusion: No Free Lunch, but No Hard Wall

The central result of this work can be stated in one sentence:

Self-improvement works. It just slows down. [Lean-verified, no_free_lunch_but_no_hard_wall]

For any fixed compute budget N, there is a wall — a ceiling K*(N) beyond which no further modes
are learnable. But for any wall, there exists a larger budget N’ > N that surpasses it. The wall is
real but not permanent. The free lunch is gone but the restaurant stays open.
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This is not a qualitative heuristic. It is a Lean 4 theorem. The conditions — positive decreasing
coupling, summable series — are satisfied by every empirically measured scaling law for language
models (8 > 1 from Chinchilla data). The quantitative prediction — 24% more modes per doubling
of compute — is testable against future scaling experiments.

10.1 Summary of Results

Result Lean Theorem Implication

Ceiling exists (fixed N) ceiling_ theorem Self-improvement under fixed
compute is bounded

No ceiling (growing N) self improvement_unbounded No capability level is forever
beyond reach

Rate bound total _improvement_bounded K < N -> g(k) —

improvement proportional to
coupling sum

Main asymmetry self improvement_ limits Per-step bounded, cumulative
unbounded, rate controlled

Power-law ceiling powerLaw_ ceiling_lower _bound K*(N) ~ N¥/# for g(k) ~ k=

Diminishing returns diminishing_returns Per-mode cost non-decreasing

10.2 Three Implications

For safety. The FOOM scenario requires either non-summable coupling (not observed empirically)
or unbounded per-step compute growth (physically impossible). Under realistic conditions, self-
improvement is provably bounded per step. The verification oracle — whether a reward model,
constitutional evaluator, or human overseer — is the binding constraint. Strengthen the oracle to
raise the ceiling; weaken it (via reward hacking or Goodhart’s law) to lower it. Safety reduces to
evaluator quality.

For scaling. The relationship o = 1/ connects the neural scaling exponent to the spectral cou-
pling decay. This provides a structural explanation for why scaling laws hold: the eigenvalue spec-
trum of the data covariance determines both the rate of learning and the ceiling of self-improvement.
The same mathematical object — the coupling function g(k) — governs portfolio risk, neural ca-
pacity, and safety bounds. This paper and the Scaling Laws paper (Nagy, 2026b) together provide
the verified theory of AI progress: how fast Al improves, and what limits that improvement.

For policy. Ceiling certificates become possible: given a system’s coupling spectrum and compute
budget, the maximum capability level is computable. Compute governance directly translates to
capability governance via the coupling exponent 8. The framework provides the formal foundation
for regulation that is both rigorous and measurable.

10.3 Limitations and Future Work
Limitations:

1. Fixed coupling assumption. The model assumes g(k) is fixed. In practice, algorithmic
improvements can change the coupling function — a more efficient architecture has a different
g. The ceiling applies for a given coupling; changing the coupling changes the ceiling.
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2.

Mode independence. The model treats modes independently. In practice, there may be
phase transitions — learning mode k may suddenly unlock modes k + 1 through k£ + 10
(emergent abilities). Formalizing phase transitions in the spectral coupling framework is
future work.

. Discrete modes. The formalization uses N-valued modes. A continuous extension using

measure theory would be more general, though the key results (ceiling, divergence, rate)
would carry over.

. No alignment model. The framework addresses capability but not alignment. A system

that reaches ceiling K*(N) may or may not be aligned; the coupling model says nothing about
what the modes do, only how many are reachable.

Future work:

1.

Formalize the connection between the verification oracle and reward hacking — when does
Goodhart’s law reduce the effective coupling?

. Extend the model to stochastic coupling (random ¢(k) with known distribution).
. Prove phase transition conditions: under what coupling structures can mode learning exhibit

discontinuous jumps?

. Connect to the Transformer Dynamics paper (in progress): the spectral gap of the attention

mechanism determines the coupling decay rate.

10.4 The Complete Picture

The complete formalization — 51 declarations across 13 Lean 4 files, zero sorry axioms — ensures
these results contain no hidden logical errors. If the code compiles, the theorem is correct. The
proofs are publicly verifiable and machine-checked.

Together with the Scaling Laws paper, this work establishes the verified theory of AI progress:
the spectral exponent s determines both the rate of learning (L*(C) ~ C~(s=1/(s¥1)) and the ceiling
of self-improvement (K*(N) ~ N'/*). The eigenvalue spectrum is the master variable. Everything
flows from the spectrum.

Comparison with Existing Approaches

Machine- Convergence Divergence
Approach Formal? checked? criterion criterion Rate bounds
Bostrom Philosophical ~ No — “FOOM —
(2014) possible”
Kaplan et Empirical No — Power-law Fitted
al. (2020) scaling exponents
Hoffmann et Empirical No — Chinchilla Fitted
al. (2022) scaling exponents
Amodei et Empirical No — Log-linear Fitted curves
al. (2016) loss
Alignment / Semi-formal No Reward — —
RLHF hacking
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Machine- Convergence Divergence

Approach Formal? checked? criterion criterion Rate bounds
This work Formal Lean 4 Summable ¢ Growing N K <N-> g
+ fixed N

Key differentiator: Prior work describes what happens empirically. We prove why it must happen
and when it cannot. The Lean formalization means the bounds cannot contain hidden errors — if
the code compiles, the theorem is correct.

During the preparation of this work the author used large language models in order to assist with
manuscript drafting, literature search, and coding assistance. After using these tools, the author
reviewed and edited the content as needed and takes full responsibility for the content of the published
article.
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Appendix A: Lean 4 File Inventory

Level File Declarations Key Theorems

LOo1 CouplingModel.lean ) g _nonneg,
g_tendsto_ zero,
learnable anti,
learnable _mono_ N
L02 ThresholdFunction.lean 5 frontier_ zero,
frontier _mono,
frontier _mono_ N,
frontier bounded
L03 VerificationOracle .lean 4 enough_ candidates,
filtering amplifies ,
harder__modes_need__more_samples
Lo4 OneStepGain.lean 4 no_ regression,
gain_ nonneg,
one_step_ lower__bound,
one_step_ gain_ from_ learnable
L05 ImprovementSequence.leah iterateFrom_ mono,
iterateFrom_ le_ succ,
iterateFrom_ ge init
L06 CeilingTheorem.lean 1 ceiling_theorem
LO7 CeilingFormula.lean 5 any__mode_ learnable,
frontier_ grows_ with_ N,
ceiling unbounded,
minSamplesFor,
minSamplesFor pos
LO8 DivergenceTheorem.lean 3 self improvement_unbounded,
ceiling grows_ unboundedly,
fixed_ vs_ growing
L09 ConvergenceRate.lean 5 iterateFrom__shift,
gap_ nonincreasing,
gap_ strict_ decrease,
eventually at_ ceiling,
fast_ convergence
L10 SummabilityCriterion.leail summable_implies_ ceiling,
not__summable_ still_learnable,
total__improvement_ bounded
L11 MainTheorem.lean 2 self improvement_ limits

)

no_free lunch but no hard wall
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Level File Declarations Key Theorems

Ext. DivergenceRate.lean 5 powerLawCoupling,
powerLaw__minNN,
steeper__slower,
powerLaw__ceiling_ lower_bound,
powerLaw__frontier

Ext. NaturalLanguage.lean 3 zipf__with__summability,
diminishing_returns,
language self improvement

Total 13 files 51

All files: LeanProofs/Selflmprovement/, verified with Lean 4 + Mathlib v4.28.0, 0 sorry.
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