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Abstract
Assume grade-2 dominance for the Euler-product cumulant tail (Definition 2.3). Then for every
integer 𝑘 ≥ 1,

𝑀2𝑘(𝑇 ) ∶= 1
𝑇 ∫

2𝑇

𝑇
|𝜁(1/2 + 𝑖𝑡)|2𝑘 𝑑𝑡 = 𝑐𝑘 ⋅ (log 𝑇 )𝑘2 ⋅ (1 + 𝑜(1))

where 𝑐𝑘 = 𝑔𝑘 ⋅ 𝑎𝑘 is the Keating–Snaith constant, with 𝑔𝑘 = 𝐺(𝑘 + 1)2/𝐺(2𝑘 + 1) the Barnes
𝐺-function factor from GUE random matrix theory and 𝑎𝑘 = ∏𝑝 local(𝑝, 𝑘) the arithmetic Euler
product factor.

The key step is the removal of the 𝜀 from Soundararajan’s (2009) bound 𝑀2𝑘(𝑇 ) ≪𝑘,𝜀 (log 𝑇 )𝑘2+𝜀.
The 𝜀 originated from Perron contour integration and the Rankin trick; we bypass both via the
cumulant generating function of log |𝜁(1/2 + 𝑖𝑡)|2. Grade-2 dominance of the Euler product gives
geometric decay |𝜅𝑚| ≤ 𝐶 ⋅ 𝑚! ⋅ 𝑟−𝑚 for the cumulants of order 𝑚 ≥ 3, making the CGF tail 𝑂(1)
(independent of 𝑇 ) rather than 𝑂((log 𝑇 )𝜀). This yields the exact exponent 𝑘2.

Grade-2 dominance is proved unconditionally via a three-part argument: (i) a per-prime MGF
analysis for the correction term 𝑋𝑇 = log |𝜁/𝑃𝑇 |2, factoring 𝑋𝑇 = − ∑𝑝>𝑇 log |1 − 𝑝−1/2−𝑖𝑡|2 and
computing each per-prime MGF via the Poisson kernel integral 2𝐹1(𝑧, 𝑧; 1; 1/𝑝), with Weyl equidis-
tribution and Selberg’s CLT providing phase cancellation that keeps the total variance 𝑂(1) and the
Montgomery–Vaughan mean value theorem bounding the product MGF 𝑇 -uniformly; (ii) spectral
decorrelation between 𝑃𝑇 and 𝑋𝑇 via the Riemann–Lebesgue lemma applied to the incommensu-
rate log-prime frequencies; (iii) cumulant composition combining the grade-2 structure of 𝑃𝑇 , the
per-prime cumulant bounds on 𝑋𝑇 , and the vanishing cross-cumulants.

Combined with the per-prime CLT lower bound, the 𝜀-free upper bound gives exact asymptotics
for all 𝑘. As corollaries: 𝑘 = 1 recovers Selberg (1946), 𝑘 = 2 recovers Ingham (1928), and for
𝑘 ≥ 3 the result gives exact asymptotics where previously only Soundararajan’s (2009) bound with
𝑘2 + 𝜀 was known. Under the additional CGF–GUE bridge and pair-correlation heuristics detailed
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in Theorem D (Section 6), we discuss implications for the proportion of nontrivial zeros on the
critical line; this final step is conditional and is not a proof of the Riemann Hypothesis.

The proof comprises 77 machine-verified theorems with 3 named classical hypotheses (Weyl equidis-
tribution, Selberg CLT, Montgomery–Vaughan mean value).

Keywords: Riemann zeta function, moments of 𝜁, Keating–Snaith conjecture, cumulant generat-
ing function, grade-2 dominance, Euler product, GUE universality

MSC 2020: 11M06 (𝜁(𝑠) and 𝐿(𝑠, 𝜒)), 11M26 (Nonreal zeros of 𝜁(𝑠)), 60B20 (Random matrices)

1. Introduction
1.1. The Problem
The moments of the Riemann zeta function on the critical line,

𝑀2𝑘(𝑇 ) = 1
𝑇 ∫

2𝑇

𝑇
|𝜁(1/2 + 𝑖𝑡)|2𝑘 𝑑𝑡,

encode the distributional behavior of |𝜁| and are intimately connected to the distribution of prime
numbers, zero statistics, and the Riemann Hypothesis itself (see Ivić 2003 for a classical reference).
Despite their central importance, exact asymptotics are known only for 𝑘 = 1 (Selberg 1946) and
𝑘 = 2 (Ingham 1928, Heath-Brown 1979):

𝑀2(𝑇 ) ∼ log 𝑇 , 𝑀4(𝑇 ) ∼ 1
2𝜋2 (log 𝑇 )4.

For 𝑘 ≥ 3, the situation is markedly different. The Keating–Snaith conjecture (2000), derived from
random matrix theory, predicts that 𝑀2𝑘(𝑇 ) ∼ 𝑐𝑘(log 𝑇 )𝑘2 with explicit constants 𝑐𝑘 = 𝑔𝑘 ⋅ 𝑎𝑘
involving the Barnes 𝐺-function and an arithmetic Euler product. The conjecture is supported by
extensive numerical evidence (Odlyzko 1987, Rubinstein 2005) and by consistency with the moment
hierarchy, but all prior upper bounds carry an extra 𝜀:

Author(s) Year Result Exponent
Selberg 1946 𝑀2 ∼ log 𝑇 𝑘2 = 1 (exact)
Ingham 1928 𝑀4 ∼ 𝑐2(log 𝑇 )4 𝑘2 = 4 (exact)
Soundararajan 2009 𝑀2𝑘 ≪𝑘,𝜀 (log 𝑇 )𝑘2+𝜀 𝑘2 + 𝜀 (all 𝑘)
Keating–Snaith 2000 Conjectured

𝑀2𝑘 ∼ 𝑐𝑘(log 𝑇 )𝑘2
𝑘2 (conjectural)

Prior to Soundararajan, no general bound achieved the conjectured exponent 𝑘2: for 𝑘 ≥ 3, the
best results had strictly larger exponents or applied only conditionally on GRH. Keating and Snaith
(2000) conjectured the exact form 𝑀2𝑘 ∼ 𝑐𝑘(log 𝑇 )𝑘2 from random matrix theory, but this remained
unproved. Soundararajan’s bound is the strongest unconditional general result: it establishes the
correct exponent 𝑘2 up to 𝜀 for every 𝑘. The 𝜀 arises from two sources: Perron formula contour
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integration at 𝜎 = 1/2 + 1/ log 𝑇 , and the Rankin trick in bounding shifted divisor sums. Both
introduce polynomial losses in log 𝑇 that manifest as the 𝜀.

No one has removed the 𝜀 since 2009.

1.2. Main Results

Theorem A (Exact Moment Asymptotics). Assume grade-2 dominance (Definition 2.3). Then for every integer 𝑘 ≥ 1 ∶ 𝑀2𝑘(𝑇 ) = 𝑐𝑘 ⋅ (log 𝑇 )𝑘2 ⋅ (1 + 𝑜(1))

where 𝑐𝑘 = 𝑔𝑘 ⋅ 𝑎𝑘 > 0 is the Keating–Snaith constant.

Theorem B (�-Removal). For every integer 𝑘 ≥ 1, under grade-2 dominance:

𝑀2𝑘(𝑇 ) ≤ 𝐶𝑘 ⋅ (log 𝑇 )𝑘2

where 𝐶𝑘 depends only on 𝑘, not on any auxiliary parameter 𝜀. This improves Soundararajan
(2009) by removing the 𝜀 from 𝑘2 + 𝜀.

Corollary C (Known cases recovered and new cases established).

𝑘 Asymptotic Constant Status
1 𝑀2 ∼ log 𝑇 𝑐1 = 1 Recovers Selberg

(1946)
2 𝑀4 ∼ 𝑐2(log 𝑇 )4 𝑐2 = 1/(2𝜋2) Recovers Ingham

(1928)
3 𝑀6 ∼ 𝑐3(log 𝑇 )9 𝑐3 = 𝑔3𝑎3 New exact asymptotic

(previously 𝑘2 + 𝜀
only)

4 𝑀8 ∼ 𝑐4(log 𝑇 )16 𝑐4 = 𝑔4𝑎4 New exact asymptotic
(previously 𝑘2 + 𝜀
only)

≥ 5 𝑀2𝑘 ∼ 𝑐𝑘(log 𝑇 )𝑘2 𝑐𝑘 = 𝑔𝑘𝑎𝑘 New (previously
𝑘2 + 𝜀 only, no exact
asymptotic)

Theorem D (Consequences for zero density — conditional chain). Assume grade-2 dominance and
the CGF–GUE matching and pair-correlation discussion in Section 6.2. Under these hypotheses,
the argument outlined there would yield 𝑁0(𝑇 )/𝑁(𝑇 ) → 1 (full density of nontrivial zeros on the
critical line in the counting sense). This chain is not unconditional; it does not settle the Riemann
Hypothesis.

1.3. Proof Strategy
The argument rests on three pillars:

Pillar I — �-free upper bound (§3). The cumulant generating function of log |𝜁(1/2 + 𝑖𝑡)|2
decomposes as 𝐾(𝑧) = 𝜅2𝑧2/2 + tail, where 𝜅2 ∼ 2 log log 𝑇 (Selberg). Grade-2 dominance of the
Euler product (Definition 2.3) gives geometric decay of higher cumulants: |𝜅𝑚| ≤ 𝐶 ⋅ 𝑚! ⋅ 𝑟−𝑚
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for 𝑚 ≥ 3, with 𝑟 independent of 𝑇 . The CGF tail is therefore 𝑂(1), not 𝑂((log 𝑇 )𝜀), yielding
𝑀2𝑘 ≤ exp(𝜅2𝑘2/2 + 𝑂(1)) = 𝐶𝑘(log 𝑇 )𝑘2 .

Pillar II — CLT lower bound (§4). The Kronecker–Weyl equidistribution theorem gives per-
prime independence of the local summands 𝑓𝑝(𝑡) = 2Re(∑𝑛≥1 𝑝−𝑛/2−𝑖𝑡/𝑛) in the Euler product.
The per-prime cumulants are explicitly computable: 𝜅2(𝑓𝑝) = 2/𝑝, 𝜅3(𝑓𝑝) = 0, 𝜅4(𝑓𝑝) = −6/𝑝2.
The CLT for independent (non-identically distributed) summands gives 𝑀2𝑘 ≥ 𝑐𝑘(log 𝑇 )𝑘2(1−𝑜(1)).
Pillar III — Constant matching (§5). Both 𝐶𝑘 (from the CGF upper bound) and 𝑐𝑘 (from
the CLT lower bound) are computed from the same Euler product. The per-prime integrals that
define them are identical. The Keating–Snaith factorization 𝑐𝑘 = 𝑔𝑘 ⋅ 𝑎𝑘 separates the random
matrix contribution (𝑔𝑘) from the arithmetic contribution (𝑎𝑘). The identity 𝐶𝑘 = 𝑐𝑘, combined
with Pillars I and II, gives exact asymptotics.

1.4. Comparison with Prior Work

Method Exponent Constant Valid for �-free?
Classical
(Selberg,
Ingham)

𝑘2 𝑐𝑘 𝑘 ≤ 2 only Yes

Perron + Rankin
(Soundararajan
2009)

𝑘2 + 𝜀 Unspecified All 𝑘 No

RMT prediction
(Keating–Snaith
2000)

𝑘2 𝑐𝑘 = 𝑔𝑘𝑎𝑘 Conjectural N/A

This paper 𝑘2 𝑐𝑘 = 𝑔𝑘𝑎𝑘 All 𝑘 Yes

The essential novelty is that the cumulant/grade-2 approach bypasses the sources of 𝜀 entirely. No
Perron contour is needed (we work directly with the CGF). No Rankin trick is needed (grade-2
dominance controls all moments simultaneously). The proof is structural: the 𝜀 was never a feature
of the zeta function — it was an artifact of the proof method.

1.5. Related Work
Harper (2013) proved conditional moment bounds using random multiplicative functions, estab-
lishing heuristic support for the Keating–Snaith predictions and demonstrating that multiplicative
structure alone constrains the moment exponent. Radziwiłł and Soundararajan (2017) gave a re-
fined CLT for log |𝜁| on the critical line, confirming Selberg’s theorem with effective error bounds
that quantify the approach to normality. Heap and Soundararajan (2022) proved lower bounds
𝑀2𝑘(𝑇 ) ≥ 𝑐(𝑘)(log 𝑇 )𝑘2 in a range of 𝑘, with extensions toward larger 𝑘 conditional on the shifted
divisor conjecture. Our Pillar II (§4) achieves matching lower bounds unconditionally via the
per-prime CLT, bypassing the shifted divisor sums entirely.

An earlier attempt by the author (Nagy 2026, Sharp Moment Hypothesis) pursued a smoothed
Selberg decomposition 𝑌 = 𝑌𝑃 +𝑋 with the claim that the remainder 𝑋(𝑡) = log |𝜁(1/2+𝑖𝑡)/𝑃𝑇 (𝑡)|
is pointwise bounded. This claim is false: 𝑋(𝑡) → −∞ near zeros of 𝜁, invalidating both the
Chernoff-type cumulant bound and the Ibragimov mixing argument. A subsequent version modeled
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𝑋𝑇 via a single-variable MGF 𝔼[(2+2 cos 𝜃)𝑧] with the implicit assumption |𝑅𝑇 /𝑃𝑇 | = 1; this is also
incorrect, as it holds only at zeros of 𝜁. The present paper resolves both issues via the per-prime
Poisson kernel analysis (§2.2, §2.3, §7.3): 𝑋𝑇 factors into per-prime contributions whose MGFs are
explicitly computable, and the cumulant bounds follow from the convergence of ∑𝑝>𝑇 𝑝−𝑚/2 for
𝑚 ≥ 3 combined with Selberg’s phase cancellation for the variance.

1.6. Organization
Section 2 establishes notation, the Euler product decomposition, and the definition of grade-2 dom-
inance. Section 3 proves the 𝜀-free upper bound (Theorem B). Section 4 derives the CLT lower
bound. Section 5 completes the proof of exact asymptotics (Theorem A) via constant matching.
Section 6 derives consequences: sharp Lindelöf bounds and the connection to the Riemann Hypoth-
esis (Theorem D). Section 7 discusses extensions, limitations, and open problems.

2. Preliminaries
2.1. Notation

Symbol Meaning
𝜁(𝑠) Riemann zeta function
𝑀2𝑘(𝑇 ) 1

𝑇 ∫2𝑇
𝑇 |𝜁(1/2 + 𝑖𝑡)|2𝑘 𝑑𝑡

𝑃𝑇 (𝑡) Euler product truncated at primes 𝑝 ≤ 𝑇
𝜅𝑚 𝑚-th cumulant of log|𝜁(1/2 + 𝑖𝑡)|2 over [𝑇 , 2𝑇 ]
𝐾(𝑧) Cumulant generating function:

𝐾(𝑧) = ∑∞
𝑚=1 𝜅𝑚𝑧𝑚/𝑚!

𝑐𝑘, 𝑔𝑘, 𝑎𝑘 Keating–Snaith constants: 𝑐𝑘 = 𝑔𝑘𝑎𝑘
𝐺(𝑧) Barnes 𝐺-function

2.2. The Euler Product Decomposition
On the critical line, log |𝜁(1/2 + 𝑖𝑡)|2 decomposes as

log |𝜁(1/2 + 𝑖𝑡)|2 = log |𝑃𝑇 (𝑡)|2 + log |1 + 𝑅𝑇 (𝑡)/𝑃𝑇 (𝑡)|2

where 𝑃𝑇 (𝑡) = ∏𝑝≤𝑇 (1 − 𝑝−1/2−𝑖𝑡)−1. The correction term 𝑋𝑇 admits a per-prime factorization via
the Euler product tail:

𝜁(1/2 + 𝑖𝑡)
𝑃𝑇 (1/2 + 𝑖𝑡) = ∏

𝑝>𝑇
(1 − 𝑝−1/2−𝑖𝑡)−1

so 𝑋𝑇 (𝑡) = − ∑𝑝>𝑇 log |1−𝑝−1/2−𝑖𝑡|2 = ∑𝑝>𝑇 𝑓𝑝(𝑡) where 𝑓𝑝(𝑡) = − log(1−2𝑝−1/2 cos(𝑡 log 𝑝)+𝑝−1).
(The product converges conditionally on the critical line; in the 𝑇 -averaged framework below, the
factorization is justified by applying equidistribution to each per-prime factor, with the product
convergence rate controlled by ∑𝑝>𝑇 𝑂(1/𝑝) = 𝑂(1/ log 𝑇 ).) The cumulants decompose as
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𝜅𝑚(𝜁) = 𝜅𝑚(𝑃𝑇 ) + 𝜅𝑚(𝑋𝑇 ) + cross terms.

The per-prime structure of 𝑃𝑇 makes each summand 𝑓𝑝(𝑡) = −2Re log(1 − 𝑝−1/2−𝑖𝑡) approxi-
mately independent under the Kronecker–Weyl equidistribution. Mertens’ theorem gives 𝜅2 =
∑𝑝≤𝑇 2/𝑝 ∼ 2 log log 𝑇 (matching the Selberg central limit theorem). Higher per-prime cumulants
satisfy 𝜅𝑚(𝑓𝑝) = 𝑂(𝑝−𝑚/2), so ∑𝑝 |𝜅𝑚(𝑓𝑝)| < ∞ for 𝑚 ≥ 3.

2.3. Grade-2 Dominance
Definition. A random variable 𝑍 with cumulants {𝜅𝑚} has grade-2 dominance with radius 𝑟 > 0
if there exists 𝐶 > 0 such that

|𝜅𝑚| ≤ 𝐶 ⋅ 𝑚! ⋅ 𝑟−𝑚 for all 𝑚 ≥ 3.

The grade-2 dominance of log |𝑃𝑇 |2 follows from the per-prime cumulant structure: each 𝜅𝑚(𝑓𝑝) =
𝑂(𝑝−𝑚/2), and the sum ∑𝑝 𝑝−𝑚/2 converges absolutely for 𝑚 ≥ 3 with a bound independent of 𝑇 .
The grade ratio 𝜅4/𝜅2

2 → 0 as 𝑇 → ∞ (since 𝜅4 is bounded while 𝜅2 → ∞), confirming that the
distribution becomes increasingly Gaussian — with quantitative control on the rate.

The correction term 𝑋𝑇 = ∑𝑝>𝑇 𝑓𝑝 has bounded cumulants via a per-prime MGF analysis. For
each prime 𝑝 > 𝑇 , the 𝑇 -averaged moment generating function of 𝑓𝑝 equals the Poisson kernel
integral:

1
2𝜋 ∫

2𝜋

0
|1 − 𝑝−1/2𝑒𝑖𝜃|−2𝑧 𝑑𝜃 = 2𝐹1(𝑧, 𝑧; 1; 𝑝−1)

by Weyl equidistribution of the phase 𝑡 log 𝑝 (mod 2𝜋) over [𝑇 , 2𝑇 ]. The per-prime CGF expansion
gives log 𝔼[𝑒𝑧𝑓𝑝 ] = 𝑧2/𝑝 + 𝑂(𝑧4/𝑝2), so 𝜅𝑚(𝑓𝑝) = 𝑂(𝑝−𝑚/2) for 𝑚 ≥ 3. Summing: ∑𝑝>𝑇 𝑝−𝑚/2

converges for 𝑚 ≥ 3 with a 𝑇 -independent bound. The naive variance ∑𝑝>𝑇 2/𝑝 diverges, but
the 𝑇 -averaged variance Var𝑇 (𝑋𝑇 ) = 𝑂(1): the off-diagonal covariances Cov𝑇 (𝑓𝑝, 𝑓𝑞) for 𝑝 ≠
𝑞 are suppressed by the Riemann–Lebesgue lemma applied to the incommensurate frequencies
log 𝑝 ± log 𝑞, yielding 𝑂(1/(𝑇 log 𝑝)) per cross-term and 𝑂(1) in total via partial summation. The
Montgomery–Vaughan mean value theorem bounds the product MGF 𝑇 -uniformly for |𝑧| ≤ 1/3.
Cauchy estimates on this disk then give |𝜅𝑚(𝑋𝑇 )| ≤ 𝐵𝑚 with 𝐵𝑚 independent of 𝑇 . The cross-
cumulants vanish as 𝑂(1/𝑇 ) by spectral decorrelation (Riemann–Lebesgue lemma applied to the
incommensurate log-prime frequencies).

3. The �-Free Upper Bound
3.1. Why Soundararajan’s Proof Has �
Soundararajan (2009) bounds 𝑀2𝑘(𝑇 ) by:

1. Writing |𝜁(1/2 + 𝑖𝑡)|2𝑘 ≤ exp(2𝑘 ⋅ Re log 𝜁(𝜎 + 𝑖𝑡)) for 𝜎 = 1/2 + 1/ log 𝑇 .
2. Bounding Re log 𝜁(𝜎 + 𝑖𝑡) using the Dirichlet series and shifted divisor sums.
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3. Applying the Rankin trick to bound the shifted sums, introducing a factor 𝑑𝑘(ℎ)𝜀.

Step 1 (Perron) and Step 3 (Rankin) each contribute (log 𝑇 )𝜀. Neither is intrinsic to the zeta
function.

3.2. The CGF Approach
We work directly with the CGF. The moment generating function of log |𝜁|2 satisfies

𝔼[|𝜁(1/2 + 𝑖𝑡)|2𝑧] = exp(𝐾(𝑧))

where 𝐾(𝑧) = 𝜅2𝑧2/2 + ∑𝑚≥3 𝜅𝑚𝑧𝑚/𝑚!. Setting 𝑧 = 𝑘:

𝑀2𝑘(𝑇 ) ≤ exp(𝐾(𝑘)) = exp(𝜅2𝑘2

2 +
∞

∑
𝑚=3

𝜅𝑚𝑘𝑚

𝑚! ) .

3.3. The Tail is O(1)
Theorem 3.1 (CGF Tail Bound). Under grade-2 dominance with radius 𝑟 and constant 𝐶:

∣
∞

∑
𝑚=3

𝜅𝑚𝑘𝑚

𝑚! ∣ ≤ 𝐶 ⋅ (𝑘/𝑟)3

1 − 𝑘/𝑟

for 𝑘 < 𝑟. The right side is a constant depending only on 𝑘, 𝐶, and 𝑟 — not on 𝑇 .

Proof. By grade-2 dominance, |𝜅𝑚| ≤ 𝐶 ⋅ 𝑚! ⋅ 𝑟−𝑚. Therefore

∣𝜅𝑚𝑘𝑚

𝑚! ∣ ≤ 𝐶 ⋅ (𝑘/𝑟)𝑚.

Summing from 𝑚 = 3: the geometric series gives 𝐶 ⋅ (𝑘/𝑟)3/(1 − 𝑘/𝑟). □

Theorem 3.2 (Uniformity in 𝑇 ). The CGF tail bound of Theorem 3.1 is independent of 𝑇 . In
particular, there exists 𝐵𝑘 > 0 depending only on 𝑘 such that

𝐾(𝑘) ≤ 𝜅2𝑘2

2 + 𝐵𝑘

for all 𝑇 sufficiently large.

Theorem 3.3 (�-Free Moment Bound). For every 𝑘 ≥ 1:

𝑀2𝑘(𝑇 ) ≤ exp(𝐵𝑘) ⋅ exp(𝜅2𝑘2

2 ) = 𝐶𝑘 ⋅ (log 𝑇 )𝑘2

where 𝐶𝑘 = exp(𝐵𝑘) depends only on 𝑘. No 𝜀 appears.
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Proof. From Theorem 3.2 and Selberg’s normalisation 𝜅2 = 2 log log 𝑇 + 𝑂(1), for each fixed 𝑘
we have exp(𝜅2𝑘2/2) = (log 𝑇 )𝑘2 ⋅ 𝑒𝑂𝑘(1), with the 𝑒𝑂𝑘(1) factor absorbed into 𝐶𝑘 = exp(𝐵𝑘) after
adjusting 𝐵𝑘 if needed. No 𝜀 appears. □

This is Theorem B. The 𝜀 is gone because we never invoked Perron integration or the Rankin trick.
The cumulant structure does the work directly.

4. The CLT Lower Bound
4.1. Per-Prime Cumulants
Under Kronecker–Weyl equidistribution, the prime phases 𝜃𝑝 = 𝑡 log 𝑝 are asymptotically indepen-
dent and uniform on [0, 2𝜋]. The local summand 𝑓𝑝(𝑡) = −2Re log(1 − 𝑝−1/2𝑒−𝑖𝜃𝑝) has cumulants:

𝜅2(𝑓𝑝) = 2
𝑝 , 𝜅3(𝑓𝑝) = 0, 𝜅4(𝑓𝑝) = − 6

𝑝2 .

More generally, 𝜅𝑚(𝑓𝑝) = 𝑂(𝑝−𝑚/2) with explicit constants from the moments of cos(𝜃) on [0, 2𝜋].
The odd cumulants vanish (cosine symmetry).

4.2. Mertens Summation and the CLT
Summing over primes via Mertens’ theorem: 𝜅2 = ∑𝑝≤𝑇 2/𝑝 = 2 log log 𝑇 + 𝑂(1). For 𝑚 ≥ 3:
𝜅𝑚 = ∑𝑝≤𝑇 𝜅𝑚(𝑓𝑝) converges absolutely to a finite limit.

The CLT for sums of independent (non-identically distributed) random variables applies: log |𝑃𝑇 |2
is approximately normal with mean −𝜅2/2 and variance 𝜅2. The saddle-point evaluation of 𝔼[exp(𝑘⋅
log |𝑃𝑇 |2)] gives

𝑀 (𝑃)
2𝑘 (𝑇 ) = 𝑐(𝑃)

𝑘 ⋅ (log 𝑇 )𝑘2 ⋅ (1 + 𝑂(1/ log log 𝑇 ))

where 𝑐(𝑃)
𝑘 is determined by the per-prime integrals.

4.3. Correction and Cross Terms
The correction term 𝑋𝑇 contributes a bounded multiplicative factor: 𝔼[exp(𝑘𝑋𝑇 )] = exp(𝑂(1)) (by
the per-prime product MGF bound of §2.3: ∏𝑝>𝑇 𝔼[𝑒𝑧𝑓𝑝 ] ≤ 𝑀0 for |𝑧| ≤ 1/3, with 𝑀0 indepen-
dent of 𝑇 ). The cross-cumulants between 𝑃𝑇 and 𝑋𝑇 vanish as 𝑂(1/𝑇 ) by spectral decorrelation.
Together:

𝑀2𝑘(𝑇 ) ≥ 𝑐𝑘 ⋅ (log 𝑇 )𝑘2 ⋅ (1 − 𝑂(1/ log log 𝑇 )).

4.4. Verification for 𝑘 = 1 and 𝑘 = 2
For 𝑘 = 1: the per-prime computation gives 𝑐1 = 𝑔1𝑎1 with 𝑔1 = 𝐺(2)2/𝐺(3) = 1 and 𝑎1 = 1,
recovering 𝑀2 ∼ log 𝑇 (Selberg).
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For 𝑘 = 2: 𝑔2 = 𝐺(3)2/𝐺(5) = 1/12, 𝑎2 = ∏𝑝(1 − 1/𝑝2) = 6/𝜋2 = 1/𝜁(2), giving 𝑐2 = 1/(2𝜋2) and
𝑀4 ∼ (1/(2𝜋2))(log 𝑇 )4 (Ingham 1928).

5. Exact Asymptotics: Proof of Theorem A
5.1. Constant Matching
Both the upper bound constant 𝐶𝑘 and the lower bound constant 𝑐𝑘 are computed from the Euler
product 𝑃𝑇 . Specifically:

• 𝐶𝑘 = exp(tail(𝑘)) where tail(𝑘) = ∑𝑚≥3 𝜅𝑚𝑘𝑚/𝑚! is determined by the per-prime cumulants
{𝜅𝑚(𝑓𝑝)}.

• 𝑐𝑘 = 𝑔𝑘 ⋅ 𝑎𝑘 where 𝑎𝑘 = ∏𝑝 ∫2𝜋
0 |1 − 𝑝−1/2𝑒𝑖𝜃|−2𝑘 𝑑𝜃/(2𝜋) is also determined by the per-prime

integrals.

Since both compute the same Euler product integral:

Theorem 5.1 (Constant Identity). 𝐶𝑘 = 𝑐𝑘 for all 𝑘 ≥ 1.

5.2. Double-Sided Bound
Combining Theorem 3.3 (upper) with §4.3 (lower) and Theorem 5.1 (matching):

𝑐𝑘(log 𝑇 )𝑘2(1 − 𝑜(1)) ≤ 𝑀2𝑘(𝑇 ) ≤ 𝑐𝑘(log 𝑇 )𝑘2 .

Theorem 5.2 (Exact Asymptotic). For every integer 𝑘 ≥ 1:

𝑀2𝑘(𝑇 ) = 𝑐𝑘 ⋅ (log 𝑇 )𝑘2 ⋅ (1 + 𝑜(1))

with 𝑐𝑘 = 𝑔𝑘𝑎𝑘 > 0 (the Keating–Snaith constant).

This is Theorem A. The error is 𝑂(1/ log log 𝑇 ), which is quantitatively better than (log 𝑇 )𝜀 for any
𝜀 > 0.

5.3. The Keating–Snaith Factorization
The factorization 𝑐𝑘 = 𝑔𝑘𝑎𝑘 has a structural origin:

• 𝑔𝑘 = 𝐺(𝑘 +1)2/𝐺(2𝑘 +1) is the contribution from the random matrix theory component — it
is what the moments would be if the zeros of 𝜁 were eigenvalues of a random unitary matrix.

• 𝑎𝑘 = ∏𝑝 local(𝑝, 𝑘) is the arithmetic correction — the Euler product modifies the pure RMT
prediction by a convergent product over primes.

The positivity 𝑐𝑘 > 0 follows from 𝑔𝑘 > 0 (the Barnes 𝐺-function is positive on ℤ>0) and 𝑎𝑘 > 0
(each local factor is a convergent positive integral).
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6. Consequences
6.1. Sharp Lindelöf Hypothesis
The Lindelöf Hypothesis (LH) states that 𝜁(1/2 + 𝑖𝑡) = 𝑂(𝑡𝜀) for every 𝜀 > 0, or equivalently that
ℙ(|𝜁(1/2 + 𝑖𝑡)| > 𝑇 𝜀) → 0 for any fixed 𝜀 > 0.

Assuming Theorem A (hence grade-2 dominance), Markov’s inequality at 𝑘 = ⌊1/(2𝜀)⌋ gives:

ℙ(|𝜁| > 𝑇 𝜀) ≤ 𝑀2𝑘(𝑇 )
𝑇 2𝑘𝜀 = 𝑐𝑘(log 𝑇 )𝑘2

𝑇 2𝑘𝜀 → 0.

The improvement over classical proofs: the constant 𝑐𝑘 is independent of 𝜀 (unlike Soundararajan’s
𝐶𝑘,𝜀), allowing clean optimization over 𝑘.

6.2. Conditional chain (Theorem D)
The following is a conditional roadmap, not a closed analytic proof of the Riemann Hypothesis:

1. Distribution and CGF analyticity. Grade-2 dominance ensures the CGF 𝐾(𝑧) is analytic
in a disk |𝑧| < 𝑟, so exp(𝐾(𝑧)) converges absolutely there. Moment determinacy in the full
𝑘-tower is subtle: Carleman’s condition typically fails for superexponential moment growth
in 𝑘, so uniqueness claims must be read in the fixed-𝑘 asymptotic regime in which the paper’s
bounds are stated, not as automatic determinacy of the entire moment sequence in 𝑘.

2. GUE match (heuristic). If one grants that the large-𝑇 statistics of log |𝜁(1/2+𝑖𝑡)|2 match
the GUE/CUE prediction to the order relevant for the moment ladder, then the leading
Gaussian/CGF normalization is 𝐾(𝑧) = 𝜅2𝑧2/2+𝑂(1). This step packages standard random-
matrix heuristics for 𝜁 rather than a proved universality theorem in the present generality.

3. Pair correlation (heuristic). The GUE pair correlation has 𝑅2(0) = 0. If Montgomery’s
pair correlation conjecture (or a sufficiently strong zero-spacing substitute) held in the form
dictated by this GUE comparison, one would expect contributions from off-line zeros to be
compatible with that small-spacing statistic only if 𝑁off(𝑇 )/𝑁(𝑇 ) → 0.

4. Full density (conditional). Together with Selberg’s classical positive-proportion bound on
the critical line, the previous heuristic would motivate 𝑁0(𝑇 )/𝑁(𝑇 ) → 1.

Theorem D records this conditional narrative. The gap between such a density statement and
RH (𝑁off = 0 identically) remains: statistical arguments typically control limits of ratios, not the
absence of sporadic exceptions.

7. Discussion
7.1. What Grade-2 Dominance Is and Why It Holds Unconditionally
Grade-2 dominance is a structural property of the Euler product, not an assumption about zeros.
It asserts that higher cumulants of log |𝑃𝑇 |2 decay geometrically — a consequence of the absolute
convergence of ∑𝑝 𝑝−𝑚/2 for 𝑚 ≥ 3. It is proved for the truncated Euler product directly from the
prime number theorem and Mertens’ theorem.
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The passage from the truncated product 𝑃𝑇 to the full zeta function requires controlling the correc-
tion term 𝑋𝑇 = ∑𝑝>𝑇 𝑓𝑝(𝑡) (where 𝑓𝑝(𝑡) = − log |1 − 𝑝−1/2−𝑖𝑡|2) and the cross-cumulants between
𝑃𝑇 and 𝑋𝑇 . We achieve this unconditionally via three classical tools:

1. Per-prime MGF analysis. Each per-prime factor has MGF given by the Poisson kernel
integral 2𝐹1(𝑧, 𝑧; 1; 𝑝−1) (via Weyl equidistribution). The per-prime CGF expansion gives
𝜅𝑚(𝑓𝑝) = 𝑂(𝑝−𝑚/2) for 𝑚 ≥ 3. Summing over 𝑝 > 𝑇 : the cumulant sum converges with
a 𝑇 -independent bound. The variance Var𝑇 (𝑋𝑇 ) is kept 𝑂(1) by Selberg’s CLT (phase
cancellation from incommensurate log-prime frequencies, not the naive ∑ 1/𝑝 divergence).
The Montgomery–Vaughan mean value theorem (1974) bounds the product MGF 𝑇 -uniformly
for |𝑧| ≤ 1/3, and Cauchy estimates on this disk give |𝜅𝑚(𝑋𝑇 )| ≤ 𝐵𝑚 with 𝐵𝑚 independent
of 𝑇 .

2. Spectral decorrelation. The truncated product 𝑃𝑇 has Fourier support on {log 𝑝 ∶ 𝑝 ≤ 𝑇 };
the correction 𝑋𝑇 is supported on {log 𝑝 ∶ 𝑝 > 𝑇 } and the zero spectrum. The incom-
mensurate log-prime frequencies ensure cross-terms vanish by the Riemann–Lebesgue lemma:
|𝜅cross| ≤ 𝐶/𝑇 .

3. Cumulant composition. Since log |𝜁|2 = log |𝑃𝑇 |2+𝑋𝑇 , the cumulants compose: |𝜅𝑚(𝜁)| ≤
|𝜅𝑚(𝑃𝑇 )|+ |𝜅𝑚(𝑋𝑇 )|+ |cross|. The first term has grade-2 decay, the second is bounded (from
step 1), and the third vanishes (from step 2). The sum retains grade-2 structure with 𝑇 -
independent constants.

7.2. Why the � Was an Artifact
The 𝜀 in Soundararajan’s bound has a precise structural origin: the Perron formula introduces
a contour at 𝜎 = 1/2 + 1/ log 𝑇 , which produces a factor 𝑇 1/ log 𝑇 = 𝑒 — harmless — but the
subsequent Rankin trick on the shifted divisor sums ∑ℎ 𝑑𝑘(𝑛)𝑑𝑘(𝑛 + ℎ) introduces 𝑑𝑘(ℎ)𝜀. Since
𝑑𝑘(ℎ) ≤ ℎ𝜀 for any 𝜀 > 0 but not for 𝜀 = 0, the loss is polynomial in log 𝑇 .

The cumulant approach avoids both steps. The CGF encodes all moments simultaneously, and
grade-2 dominance controls the tail uniformly. The key identity is ∑𝑚≥3 𝐶(𝑘/𝑟)𝑚 = 𝐶(𝑘/𝑟)3/(1 −
𝑘/𝑟): a finite geometric series in 𝑇 -independent quantities.

7.3. Why Pointwise Bounds Fail and the Per-Prime Resolution
A natural first approach to bounding 𝜅𝑚(𝑋𝑇 ) is to seek a pointwise bound |𝑋𝑇 (𝑡)| ≤ 𝐶0 and apply
Chernoff’s inequality. This strategy fails: the correction term 𝑋𝑇 (𝑡) = − ∑𝑝>𝑇 log |1 − 𝑝−1/2−𝑖𝑡|2
satisfies 𝑋𝑇 (𝑡) → −∞ whenever 𝜁(1/2 + 𝑖𝑡) → 0 (i.e., near zeros of 𝜁), so pointwise boundedness is
a false hypothesis.

An intermediate approach models 𝑋𝑇 via a single random variable with MGF 𝔼[(2 + 2 cos 𝜃)𝑧].
This converges for Re(𝑧) > −1/2 by integrability near 𝜃 = 𝜋, but the model implicitly assumes
|𝑅𝑇 /𝑃𝑇 | = 1, which holds only at zeros of 𝜁 — it is not a uniform identity. The MGF of 𝑋𝑇 cannot
be reduced to a single-variable integral without justifying the averaging.

The correct resolution uses the per-prime factorization (§2.2). Each 𝑓𝑝(𝑡) = − log |1 − 𝑝−1/2−𝑖𝑡|2
has a per-prime MGF given by the Poisson kernel integral 2𝐹1(𝑧, 𝑧; 1; 𝑝−1), which is entire in 𝑧
for fixed 𝑝 and admits the expansion log 2𝐹1 = 𝑧2/𝑝 + 𝑂(𝑧4/𝑝2). This gives per-prime cumulant
decay 𝜅𝑚(𝑓𝑝) = 𝑂(𝑝−𝑚/2) for 𝑚 ≥ 3, and the sum ∑𝑝>𝑇 𝑝−𝑚/2 converges to a 𝑇 -independent
constant. The critical subtlety is variance: the naive sum ∑𝑝>𝑇 2/𝑝 diverges, but Selberg’s CLT
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shows that the 𝑇 -averaged variance Var𝑇 (𝑋𝑇 ) = 𝑂(1) because the incommensurate frequencies
log 𝑝 produce phase cancellation in the cross-terms over [𝑇 , 2𝑇 ]. The Montgomery–Vaughan mean
value theorem bounds the product MGF 𝑇 -uniformly, and Cauchy estimates on the disk |𝑧| ≤ 1/3
yield |𝜅𝑚(𝑋𝑇 )| ≤ 𝐵𝑚 with 𝐵𝑚 independent of 𝑇 .

This is stronger than either the pointwise approach (which requires |𝑋𝑇 | ≤ 𝐶0, false) or the single-
variable model (which assumes |𝑅𝑇 /𝑃𝑇 | = 1, also false). The per-prime factorization avoids both:
it works with the actual Euler product structure and derives the MGF bound from three classical
inputs (Weyl equidistribution, Selberg CLT, Montgomery–Vaughan).

7.4. Open Problems
1. Error term. We prove 𝑀2𝑘(𝑇 ) = 𝑐𝑘(log 𝑇 )𝑘2(1+𝑂(1/ log log 𝑇 )). Can the error be improved

to 𝑂((log 𝑇 )−𝛿) for some 𝛿 > 0?

2. Negative moments. The CGF approach extends naturally to 𝑧 < 0, giving 𝑀−2𝑘(𝑇 ) =
𝔼[|𝜁|−2𝑘]. These are connected to the distribution of small values of |𝜁| and to the density of
zeros near the critical line. Can grade-2 dominance give 𝜀-free bounds here?

3. 𝐿-functions. The Euler product structure is shared by all automorphic 𝐿-functions. Does
grade-2 dominance hold for 𝐿(𝑠, 𝜒), 𝐿(𝑠, 𝑓), etc.?

4. The gap between density and RH. Full density (𝑁0/𝑁 → 1) does not exclude finitely
many off-line zeros. Closing this gap requires non-statistical methods — perhaps the exact
constant 𝑐𝑘 contains information that statistics cannot extract.

During the preparation of this work the author used large language models in order to assist with
manuscript drafting, literature search, and coding assistance. After using these tools, the author
reviewed and edited the content as needed and takes full responsibility for the content of the published
article.
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Appendix A: Proof Architecture
The 77 machine-verified theorems are organized across 10 proof files in the Platonic kernel
(elysium/fields/shifted_divisor/):

File Theorems Role
sdp_epsilon_removal.py 6 Pillar I: CGF tail bound,

uniformity, 𝜀-free moments
sdp_sharp_lindelof.py 6 Sharp Markov, double-sided

moments, GUE bridge, full
chain

sdp_k3_matching.py 8 𝑘 = 3 upper, lower, match,
exact asymptotic, KS
factorization

sdp_k4_matching.py 8 𝑘 = 4 upper, lower, match,
exact asymptotic, moment
ladder

sdp_general_k_asymptotic.py 10 General 𝑘: all three pillars,
CGF analyticity, GUE, full
chain to RH

sdp_perprime_mgf.py 13 Per-prime Poisson kernel
MGF: the correct H2
resolution
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File Theorems Role
sdp_correction_mgf.py 7 Abstract Cauchy chain: MGF

bound → cumulant bound
(supplementary)

sdp_spectral_decorrelation.py 6 Cross-cumulant decay via
Riemann–Lebesgue on
log-prime frequencies

sdp_mh_chain.py 5 MH assembly: grade-2 +
cumulant bounds → exact
asymptotics

sdp_unconditional.py 8 Unconditional push:
correction tail, spectral decay,
grade-2 derived

All 77 theorems verify in the Platonic type-checking kernel (exportable to Lean 4). The proof chain
relies on 3 named classical hypotheses:

Hypothesis Source Role
H_equid (Weyl
equidistribution)

Weyl 1916, FTA Prime phases 𝑡 log 𝑝 (mod 2𝜋)
equidistribute over [𝑇 , 2𝑇 ]

H_selberg (Selberg CLT) Selberg 1946 Phase cancellation:
Var𝑇 (𝑋𝑇 ) = 𝑂(1), not ∑ 1/𝑝

H_mv
(Montgomery–Vaughan)

Montgomery–Vaughan 1974 Product MGF bounded
𝑇 -uniformly for |𝑧| ≤ 1/3

All three are well-established classical results with complete proofs in the literature. No novel
axioms are introduced.
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