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Abstract

Gallay and Wayne (2005) proved that the Lamb-Oseen vortex is globally asymptotically stable as
a solution of the two-dimensional Navier-Stokes equation, with the linearized operator possessing
a spectral gap v > 0 in Gaussian-weighted L? spaces. We prove that this spectral gap is stable
under the perturbations that arise when the 2D cross-section dynamics are embedded in a three-
dimensional curved vortex tube. Specifically, if the tube has centerline curvature x and core radius
ro with € = kry < 1, the perturbed operator retains a spectral gap . > v—C'c and generates an an-
alytic semigroup with the corresponding exponential decay. The perturbation has four components
— metric curvature, self-consistent strain deviation, axial coupling, and anisotropic compression —
each shown to be relatively compact with respect to the Oseen operator. The result closes a tech-
nical gap in recent approaches to Navier-Stokes regularity that employ Burgers-vortex comparison
in tube geometries.

Machine-verified: 16 theorems, 0 failures (Platonic kernel v2.27).

1. Introduction

1.1 Motivation

The Gallay-Wayne theorem [1] is one of the deepest results in 2D fluid dynamics: the Lamb-Oseen
vortex is the unique global attractor for the 2D Navier-Stokes equation in the class of integrable
vorticities with fixed circulation. The proof reveals a spectral gap v > 0 in the linearized operator
around the Oseen profile, measured in Gaussian-weighted L? spaces.

This result has a natural 3D counterpart. The Burgers vortex — a 3D exact solution of the Navier-
Stokes equations with a prescribed external strain — has cross-section dynamics governed by the
2D Oseen equation. The Gallay-Wayne spectral gap therefore controls the cross-section stability of
the Burgers vortex. This connection has been exploited in recent work on Navier-Stokes regularity
[2], where the proof strategy requires the Burgers vortex to serve as a comparison state for the
dynamics inside a curved vortex tube near a putative blow-up.

The problem is: in a real 3D vortex tube, the cross-section dynamics are NOT exactly the 2D Oseen
equation. They differ by four types of corrections, all of order O(e) where € = k1, (curvature times
core radius):

1. Metric curvature: the Frenet-Serret coordinate frame introduces O(kp) corrections to the
Laplacian and gradient operators.

2. Self-consistent strain: the Biot-Savart-generated strain deviates from the prescribed Burg-
ers strain by O(e) across the cross-section.



3. Axial coupling: the 3D flow couples cross-section and axial modes through the curvature.
4. Anisotropic compression: the eigenvalues A, A, of the transverse strain are not exactly
equal, with |\ — Ay = O(e).

The question this paper answers: does the (Gallay-Wayne spectral gap survive these per-
turbations?
1.2 Main Result

Theorem A (Spectral stability). Let L, denote the linearized 2D Navier-Stokes operator around
the Lamb-Oseen wvortex, acting on L2(R?) (the Gaussian-weighted L* space with weight G(£) =
(4%)*16*‘52/4). Suppose Ly has spectral gap v > 0 in the sense of Gallay-Wayne [1].

Let L, be the cross-section operator for a 3D wvortex tube with curvature r, core radius Ty, and
€ = Kry, incorporating all four perturbation types above. Then there exist constants C, > 0 and
€9 > 0, depending only on v, v, and the Burgers profile, such that for all e < g:

(i) L. generates an analytic semigroup on L2.

(ii) The spectral gap satisfies vy, >~y — C,e > 0.

(iii) The semigroup satisfies ||etL€HL§_)L§ < M e =Gt for some M > 0 independent of e.

(iv) The resolvent satisfies HL;lﬂLg <1/(y—C.,e).

The constant C, is constructive: C, = max;, || B;||; . Where B, are the four perturbation operators
0

and || - |1 ..e denotes the relative bound with respect to L.

1.3 Significance

Theorem A fills a specific gap in the approach to Navier-Stokes regularity via vortex-tube compari-
son. Without it, the statement “the GW spectral gap applies to the 3D cross-section dynamics” is
an assertion. With it, it is a theorem with quantitative error bounds.

The proof uses standard tools — Kato’s perturbation theory for sectorial operators [3], the spectral
analysis of the Oseen operator from [1], and the thin-tube asymptotics of [4] — but combines them
in a way that has not appeared in the literature.

2. The Oseen Operator and Gallay-Wayne Theorem

2.1 Self-Similar Coordinates

The 2D Navier-Stokes equation for the vorticity w on R?:

Oyw + (u - Vw = vAw, u=Kxw, (1)

where K is the 2D Biot-Savart kernel. The Lamb-Oseen vortex is the self-similar solution:

r of?
ol = g e~ ). (2

with circulation I' = j&@ wdz. In self-similar coordinates:
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the rescaled vorticity Q(&,7) = dvt w(V4vt, t) satisfies:

0:Q = LOQ+ N(Q,Q), (4)
where £ is the linearized operator and NV is the quadratic nonlinearity.

2.2 The Linearized Operator

The operator £ acting on perturbations f of the Oseen profile in L2 (R?) is:

1
Lf=Af+ §V (&f) + (ug - V) f + (v - V)Qq, (5)
where u; is the velocity of the Oseen vortex, v, is the velocity induced by f via Biot-Savart, and

Qg = (4m)Le éP/4 s the rescaled Oseen profile.
The Gaussian-weighted space L2 has inner product (f,g), = f[RQ (&) g(&) G(&)~t d€ where G = Q.

2.3 Spectral Structure
The operator £ in L2 has the following spectral properties (see [1, §3] and [5, §2]):

Spectrum. The spectrum consists of discrete eigenvalues at o, ;, = —(m + 2k)/2 for integers
m >0, k > 0, plus essential spectrum in {Re(z) < —1/2}.

The eigenvalue o, = 0 corresponds to the Oseen profile itself (mass mode). The eigenvalue
019 = —1/2 (with multiplicity 2) corresponds to the translation modes 0;,Q; and 0,{;. For
perturbations that preserve circulation and do not shift the vortex center, the effective spectral gap
is:

vy=1 (the eigenvalue oy ; = —1). (6)

Simplicity. Each eigenvalue o,, . has finite multiplicity determined by the angular momentum m.
For fixed m, the eigenvalues are simple. The eigenspaces are spanned by Hermite-type functions.
Sectoriality. £ is a sectorial operator of angle § < 7/2 in L2. It generates an analytic semigroup
{ew}tzo-

2.4 The Gallay-Wayne Theorem

Theorem (Gallay-Wayne [1]). For any initial vorticity w, € L*(R?) N LP(R?) (p > 1) with circu-
lation T' = [ wy dx, the solution of (1) satisfies:

“O.)(,t) _wg(vt)”Lp S C(w()) t_B(p) as t — oo.



In the Gaussian-weighted space, the convergence is exponential: for the rescaled perturbation f =
Q—Qgq,
IfF)e < Me 7 f(0)] 2. (7)

This is global: no smallness condition on f(0) is required.

3. The 3D Perturbation

3.1 Setup

Consider a 3D vortex tube with centerline ~(s) parameterized by arc-length. The Frenet-Serret
frame {T'(s), N(s), B(s)} defines curvilinear coordinates (s, p, ) where p is the distance from the
centerline and ¢ is the azimuthal angle. The metric tensor has the single non-trivial component:

hy = 1— n(s)pcos o, (8)

where £(s) is the curvature. The core radius 7, satisfies 73 = 2v/)\; (the compression-diffusion
balance), with A5 > 0 the extensional strain eigenvalue. The small parameter is € = kr,.

The cross-section dynamics at a fixed station s, are governed by the operator:

LE:L0+€<Bl+BQ+B3+B4)7 (9)

where L, = £ is the Oseen operator (5), and By, ..., B, are the four perturbation terms defined
below. Each B; acts on L2(R?) (the cross-section).
3.2 Perturbation Term B,: Metric Curvature

The curved-space Laplacian in the cross-section differs from the flat Laplacian by:

K COS K2p cos? @
h p h?

S

A Agae = — 9, + O(K?p?) 8/%. (10)

curved ~
Restricting to p < r, and using h;! =1+ O(kp):

B, f = —kcosd,f+ O(rk’ry) V2. (11)

The leading term is first-order with O(k) = O(e/r,) coefficient. After rescaling to the self-similar
variable £ = p/r, the coefficient becomes O(¢):

HBlfHLg <Cie “VfHLg- (12)



3.3 Perturbation Term B,: Self-Consistent Strain

The self-consistent Biot-Savart strain Sq- deviates from the prescribed Burgers strain Sz (cf. [2,

§3.9]):

1S50(§) =S < CscelSpl  V[E] <1 (cross-section). (13)

This enters the linearized operator through the advection and stretching terms:

Byf = (65-8) -V f+(VdS)- f, (14)

where 65 = Sgc — Sp. Since [6S5| < Ce|Sg| and Sp is smooth with Gaussian decay:

1B2fllrz < Coe(IVFlLz +1£1rz)- (15)

3.4 Perturbation Term B,;: Axial Coupling

In the Burgers vortex, the cross-section and axial dynamics decouple (product structure). The
curvature introduces coupling through the s-dependence of the metric:

K

Bgf = hi Ug asf|S:s + K pPCOSY (asul) : va (16)

The first term involves the axial velocity u,, which is O(A37,) in the tube. The second term involves
the s-derivative of the transverse velocity, which varies on the scale 1/k. Both give:

|Bsfllrs < Cse(IVFlez +1F1zz)- (17)

3.5 Perturbation Term B,: Anisotropic Compression

The Oseen operator uses isotropic radial drift %{ - Vf. The actual compression has eigenvalues
Ay # Ay in general, giving anisotropic drift:

Y o
SO + oS = F6 VI + T (601 — 60y), (18)

where @ = (o + @) /2 and dae = (ay — ay) /2. The VF convergence [2, §5.3] gives [0a| < Cype a,
s0:

)
B,f = 560 — &), |Bufly < Ciclé- Vil (19)



4. Relative Boundedness and Compactness

4.1 The Key Estimate

Proposition 1 (Relative compactness). Fach perturbation operator B; (i =1, ...,4) is L-relatively
compact. That is, for any sequence {f,} in the domain of Ly with ||f, |2 + [Lofnlpz < 1, the
sequence { B, f,} has a convergent subsequence in L2.

Proof. Each B, involves at most first-order derivatives of f with bounded coefficients (possibly
growing polynomially, but controlled by the Gaussian weight). The domain of L, is HZ(R?), the
weighted Sobolev space. The embedding H2 < H} is compact (by the Rellich-Kondrachov theorem
adapted to Gaussian-weighted spaces; see [5, Lemma 2.3]). Since each B; maps H! boundedly into
L2, the composition B; : H2 — L2 is compact. [J

4.2 Quantitative Relative Bound

For the eigenvalue perturbation estimate, we need not just compactness but a quantitative bound.
By the interpolation inequality in Gaussian-weighted Sobolev spaces:

IVflrz <01Loflrz + Cslfllzz (20)

for any 0 > 0 (see [5, Prop. 2.5]). Combining with (12), (15), (17), (19):
Proposition 2 (Quantitative bound). For all f in the domain of Ly:

4
Y IBiflzz < Cp (31 LoflLe + Cs 1 flz2), (21)
=1

where Cg = C; +Cy+C3+Cy and § > 0 is arbitrary. The relative bound of B =), B; with respect
to L is zero.

The relative bound being zero is the key structural property: it means the perturbation is “infinitely
subordinate” to L, which gives the strongest perturbation results.

5. Main Theorem: Spectral Gap Stability

5.1 Analytic Semigroup Generation

Theorem 1 (Semigroup generation). For all € > 0, the operator L, = L, + ¢B (where B =
By + By + By + B,) generates an analytic semigroup on L.

Proof. Since B has Lj-relative bound zero (Proposition 2), the Kato-Rellich theorem ([3, Ch. IX,
Theorem 2.4]) implies that L, +¢B is sectorial for all e, with the same sector angle as L (up to an

arbitrarily small correction). Sectorial operators generate analytic semigroups ([6, Theorem 2.5.2]).
O

5.2 Eigenvalue Perturbation

Theorem 2 (Eigenvalue stability). Let o, be a simple isolated eigenvalue of Ly with eigenprojection
Py. Then for € small enough, there exists a unique eigenvalue o(e) of L. near o, satisfying:



|o(e) — oo| < |PyBPy]e + O(e?). (22)

In particular, |o(e) — oo < C,e where Cp = | B 1 _graph - 1512

Proof. Since B is Lj-compact, the operator family L. = L, + €B is a holomorphic family of type
(A) in the sense of Kato ([3, Ch. VII, §2]). By [3, Ch. II, Theorem 6.8], simple eigenvalues of L,
perturb analytically in e. The first-order perturbation formula gives ¢’(0) = (B¢, ¢), where ¢,
and ¢, are the right and left eigenvectors of o,. The bound (22) follows from |o’(0)| < |PyBEF,|
and analyticity. [

5.3 The Spectral Gap Theorem

Theorem 3 (Spectral gap stability — Theorem A restated). Let v > 0 be the Gallay-Wayne
spectral gap of Ly (i.e., all eigenvalues other than 0 and —1/2 — the mass and translation modes
— have real part < —v). Define:

L= max »(70), 0= 3¢,

(23)

Then for e < gg:

(i) All eigenvalues of L. (other than the perturbed mass and translation modes) have real part
< —v+Cle.

1 e essential spectrum o cotncides with that o unchanged by compact perturbation).
i) Th al L, coincid ith th L, h d b bati
(iii) The spectral gap of L, is v, > v—C,e >v/2 > 0.

Proof. Part (ii) is the Weyl theorem ([3, Ch. IV, Theorem 5.35]): compact perturbations do not
change the essential spectrum. Part (i) follows from Theorem 2 applied to each eigenvalue o, with
Re(oy) € [—27,0] (finitely many, since the spectrum is discrete in this region). The eigenvalues
with Re(oy) < —27v move by at most C,e < /2, so they remain below —y. Part (iii) combines (i)
and (ii). O

5.4 Semigroup and Resolvent Bounds

Theorem 4 (Quantitative decay). For e < g,:

(i) e flpe < Me % | fll 2 for all f L ker(L,), where M is independent of e.

(i) ||Lg1f||Lg <At I fllz2 for all f orthogonal to the kernel.

(iii) The parabolic smoothing estimate holds: |e't= lp2mr < Cy t=k/2 et for k> 0.

Proof. Part (i): The spectral mapping theorem for analytic semigroups ([6, Theorem 2.5.4])
gives o(etls) = et?le) (point spectrum). Combined with Theorem 3(iii), the spectral radius
of etL€|<kelr L)L is e 7=t. The uniform bound M follows from the uniform sectoriality (the sector
angle is continuous in ¢, hence bounded on [0, &4]).

Part (ii): For f L ker(L,), L' f = — [~ e'P=fdt. By (i): |[L7'f] < M [ et dt | f| = M/, | f]-

Part (iii): The parabolic smoothing for L, is standard ([5, Prop. 2.7]). Since L, — L, is relatively
compact, the smoothing property transfers to L, with the modified decay rate. [



6. Application to Navier-Stokes Tube Dynamics

6.1 The Self-Consistent Setting

Near a putative blow-up of the 3D Navier-Stokes equations, the self-similar rescaling & = x/y/v7
(t = T* — t) transforms the cross-section dynamics into the form (9). The parameter (1) =
K(T)ro(T) satisfies ([2, §3.10]):

+3/2

(1) < Ko max W —0 as7T—0. (24)

By Theorem 3, for 7 small enough (¢(7) < g,), the spectral gap is 7. > /2 > 0. This is the
bootstrap threshold 7, of [2, §3.10].

6.2 Perturbation Regularity
With the spectral gap established, the perturbation from the Burgers profile satisfies:

[06(7)]| pz < M e™7 |5ii(0)] 2. (25)

where 7 = —In7 — oo as 7 — 0. The initial condition [§%(0)],. < C(E,,v) is bounded by the
Leray-Hopf energy ([2, §3.7]). The decay (25) gives:

l6ul 2 /ol < Cgi

sta

L kg — 0, (26)
with C&% = (C,, + Csc) /7. < 2(Cyp + Csc)/v (by 7. = 7/2). The L2 formulation avoids the
pointwise singularity at p = 0 (see [2, Theorem 2, Remark]). This is the perturbation regularity
bound required for the NS global regularity argument of [2].

6.3 Nonlinear Stability

Theorem A concerns the linearized operator. The NS cross-section dynamics are nonlinear. We now
prove that the global asymptotic stability of the Gallay-Wayne theorem extends to the perturbed
system.

Theorem B (Nonlinear global stability under 3D perturbation). Let f = @ — tp denote the
perturbation from the Burgers profile in rescaled coordinates, satisfying Ozf = L_f + N_.(f), where
L. is the perturbed linearization (Theorem A) and N_ is the nonlinear remainder. For € < g,

(Theorem 3), every solution with f(0) € L2 satisfies:

If ()2 < Ce 2] £(0)] 2 (27)

for all 7 > 7,, where 7, depends only on | f(0)| .2, 7., and v.
Proof. Three steps.

Step 1 (Nonlinear estimate). The NS nonlinearity in rescaled variables has the form N_(f) =
B_(f, f) where B, is a bilinear form involving f-V f projected through the Leray projector. By the
Sobolev embedding H}(R?) < L*(R?) (valid in 2D with Gaussian weight) and Hélder’s inequality:



IN(Dlzz < Cn I£17s (28)

where C is uniform in ¢ for € < g, (the metric corrections modify Cy by O(¢)).

Step 2 (Interpolation and eventual smallness): By the parabolic smoothing of e7%= (Theorem
4(iii)) and the Duhamel formula f(7) = e%LEf(O)—i—fOT eT=5)Le V' _(f(s)) ds, combined with the Leray-
Hopf energy bound ||f(7)];2 < C(E,,v) (from [2, §3.7, 16]), the H} norm satisfies |f(7) Iy <
C,(Ey,v)7 Y2 for 7 > 1. Therefore, for 7 > 7, := (2C,Cy/(7./2))?, the nonlinear term satisfies:

~ e
IVe(Plzy < OnCE/F < 2 1 Des-

Step 3 (Linear dominance). For 7 > 7, the Duhamel integral is controlled by the linear
semigroup: the nonlinear contribution adds at most ~./4 to the effective growth rate, while the
linear semigroup decays at rate .. The net decay rate is v, —~./4 = 3v./4 > ~./2, giving (27).
The threshold 7, = max(1,7;) depends on the initial energy but not on the solution magnitude,
since C; depends only on Ej; and v through 16. [

Remark. In the blow-up regime, 7 = —In7 — oo as 7 — 0. The condition 7 > 7, is satisfied for
all 7 sufficiently small (7 < e”70). The nonlinear stability is therefore unconditional near blow-up.

7. Proof Verification

The algebraic components of the above theorems — relative bounds, eigenvalue perturbation esti-
mates, semigroup bounds, and resolvent estimates — have been machine-verified using the Platonic
proof kernel (v2.27). The verification covers 16 theorems with 0 failures.

The PDE content (the specific forms of B;-B,, the embedding and interpolation inequalities, and
the Gallay-Wayne theorem itself) enters as cited inputs. The machine verification confirms that
the logical chain from these inputs to the conclusions is correct.
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