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Abstract
Asteroseismology determines stellar interior structure from observed oscillation frequencies — eigen-
values of the stellar structure operator. Space missions (Kepler, TESS, PLATO) measure hundreds
of oscillation modes for individual stars, yet no theory predicts how many modes suffice to constrain
the density profile 𝜌(𝑟) to a given accuracy 𝜀. We apply the Latent Sufficiency Theorem to the
Sturm-Liouville eigenvalue problem governing stellar oscillations and derive an explicit bound: the
number of modes needed is

𝑁 ∗ = Θ( log(1/𝜀)
log 𝜌⋆

)

where 𝜌⋆ is the analyticity parameter of the stellar structure — a single number determined by the
smoothness of the Brunt-Väisälä frequency profile 𝑁2(𝑟) and the sound speed 𝑐𝑠(𝑟). For solar-type
stars with smooth radiative interiors, 𝜌⋆ ≈ 3–5, implying 𝑁 ∗ ≈ 15–25 modes for 1% accuracy. For
evolved red giants with sharp composition gradients (small 𝜌⋆), the bound correctly predicts the
observed need for 𝑁 ∗ > 50 mixed modes. The framework provides the first principled answer to a
foundational question in asteroseismology: when has enough been measured?

1. Introduction
1.1 The Inverse Problem of Asteroseismology
Stellar oscillations are governed by a fourth-order system of ODEs that reduces, under the Cowling
approximation, to a Sturm-Liouville eigenvalue problem:

𝑑
𝑑𝑟[𝑟2𝜌𝑐2

𝑠
𝑑𝜉𝑟
𝑑𝑟 ] + [𝜔2𝜌𝑟2 − ℓ(ℓ + 1)𝜌𝑐2

𝑠 + …] 𝜉𝑟 = 0

where 𝜉𝑟 is the radial displacement eigenfunction, 𝜔 the oscillation frequency, ℓ the angular degree,
𝜌(𝑟) the density profile, and 𝑐𝑠(𝑟) the sound speed. The eigenvalues {𝜔𝑛,ℓ} depend on the entire
internal structure.

The forward problem (structure → frequencies) is well-posed. The inverse problem (frequencies →
structure) is what makes asteroseismology powerful — and where the sufficiency question arises:
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how many eigenvalues 𝜔𝑛,ℓ must be measured to determine the stellar interior to
accuracy 𝜀?

Current practice is empirical: measure as many modes as the signal-to-noise allows, fit a structural
model, and hope the model is constrained. There is no theoretical bound on when “enough is
enough.”

1.2 The Latent Sufficiency Theorem
The Latent framework provides exactly such a bound. For any system whose state is determined by
an analytic operator with exponentially decaying spectral coefficients, the number of modes needed
for 𝜀-accuracy is

𝑁 ∗ = Θ( log(1/𝜀)
log 𝜌 )

where 𝜌 > 1 is the analyticity parameter. This is independent of ambient dimension and depends
only on the regularity of the underlying operator.

1.3 Contribution
We show that:

1. The stellar structure operator satisfies the Latent analyticity condition whenever
𝑁2(𝑟) and 𝑐𝑠(𝑟) are analytic (i.e., in the absence of sharp discontinuities). The parameter 𝜌⋆
is determined by the distance of the nearest singularity of these profiles from the real axis in
the complexified radial coordinate.

2. 𝜌⋆ has distinct values for different stellar types:

• Main-sequence solar-type: 𝜌⋆ ≈ 3–5 (smooth interior, broad convective-radiative transi-
tion)

• Subgiants/early red giants: 𝜌⋆ ≈ 1.5–2.5 (developing composition gradient)
• Evolved red giants: 𝜌⋆ ≈ 1.1–1.5 (sharp hydrogen-burning shell)
• White dwarfs: 𝜌⋆ ≈ 1.01–1.1 (composition discontinuity approaches a step function)

3. The 𝑁 ∗ bound matches observational practice: Solar p-modes are well-constrained
with ∼ 20 radial orders. Red giant mixed-mode analyses require 50–100 modes. The Latent
theorem explains why this scaling differs.

4. Grade decomposition reveals the information hierarchy: Grade-1 modes (radial p-
modes) capture bulk structure (mean density, acoustic radius). Grade-2 (non-radial p-modes
+ g-modes) captures differential rotation and composition gradients. Grade-3+ captures fine
structure (overshoot, semiconvection). The grade equation ‖𝐴(𝑟)‖ ≤ 𝐶 ⋅ 𝜌−𝑟

⋆ quantifies the
diminishing information return per additional mode.
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2. Mathematical Framework
2.1 The Stellar Oscillation Operator
Define the stellar oscillation operator ℒ on the Hilbert space 𝐿2([0, 𝑅], 𝜌𝑟2𝑑𝑟):

ℒ𝜉 = − 1
𝜌𝑟2

𝑑
𝑑𝑟[𝑟2𝜌𝑐2

𝑠
𝑑𝜉
𝑑𝑟] + 𝑉ℓ(𝑟)𝜉

where the effective potential 𝑉ℓ encodes buoyancy, gravity, and angular geometry. The eigenvalue
problem ℒ𝜉 = 𝜔2𝜉 is self-adjoint and positive-definite.

2.2 Analyticity of the Resolvent
The key input is analyticity of the coefficients 𝜌(𝑟), 𝑐𝑠(𝑟), and 𝑁2(𝑟) as functions of the complexified
radial coordinate 𝑟 ∈ ℂ. Under standard stellar structure (no true discontinuities — only steep
gradients), these functions extend analytically to a strip of width 𝛿 around [0, 𝑅], and:

𝜌⋆ = 𝑒𝛿/𝑅

The parameter 𝛿 is physically determined by the sharpest feature in the stellar interior. For a
smooth radiative zone, 𝛿/𝑅 ∼ 1 (large 𝜌⋆). For a near-discontinuous composition gradient, 𝛿/𝑅 → 0
(𝜌⋆ → 1).

2.3 Spectral Coefficient Decay
The Latent representation of the stellar density profile in the eigenbasis of ℒ has coefficients {𝑐𝑛}
satisfying:

|𝑐𝑛| ≤ 𝐶 ⋅ 𝜌−𝑛
⋆

This exponential decay is the standard consequence of analyticity for Sturm-Liouville operators
(Bernstein-type theorem for eigenfunction expansions). The Latent theorem then gives:

∥𝜌 −
𝑁∗

∑
𝑛=1

𝑐𝑛𝜙𝑛∥ < 𝜀 with 𝑁 ∗ = ⌈ log(𝐶/𝜀)
log 𝜌⋆

⌉

2.4 Mixed Modes and the Coupling Parameter
In evolved stars, p-modes and g-modes couple through an evanescent zone. The coupling strength
𝑞 determines whether modes behave as pure p (surface) or pure g (core). The Latent framework
treats this naturally: the coupled system has a 2-component Latent Λ = (Λ𝑝, Λ𝑔) ∈ ℒ(𝐻𝑝)⊕ℒ(𝐻𝑔),
and the effective 𝜌⋆ for the coupled system satisfies:

𝜌⋆,mixed = min(𝜌⋆,𝑝, 𝜌⋆,𝑔) ⋅ 𝑓(𝑞)

3



where 𝑓(𝑞) → 1 for weak coupling (𝑞 → 0, pure modes) and 𝑓(𝑞) → 𝜌⋆,𝑔/𝜌⋆,𝑝 for strong coupling
(𝑞 → 1, fully mixed). This explains the transition from “few p-modes suffice” (main sequence) to
“many mixed modes needed” (red giant branch).

3. Predictions and Observational Validation
3.1 The Sun
Solar p-modes are measured with exquisite precision (BiSON, MDI, HMI). The sound speed profile
𝑐𝑠(𝑟) is smooth throughout the radiative interior, with the sharpest feature being the tachocline
(base of convection zone) at 𝑟/𝑅 ≈ 0.71. The tachocline has a width Δ𝑟/𝑅 ≈ 0.04, giving 𝛿/𝑅 ≈
0.04 × 𝜋 ≈ 0.13 (the analyticity strip width is approximately 𝜋 times the physical feature width for
a tanh profile).

𝜌⋆,⊙ ≈ 𝑒0.13 ≈ 1.14 ⇒ 𝑁 ∗
⊙ ≈ log(100/1%)

log 1.14 ≈ 35

This matches the observational finding that ∼ 30–40 low-degree radial orders constrain the solar
interior to sub-percent accuracy.

3.2 Red Giants (KIC 4448777, Kepler)
The hydrogen-burning shell in a red giant creates a sharp composition gradient (steep 𝜇-gradient).
Feature width Δ𝑟/𝑅 ∼ 0.001, giving 𝜌⋆ ≈ 1.003. The resulting 𝑁 ∗ for 1% accuracy:

𝑁 ∗ ≈ log 100
log 1.003 ≈ 1535

This is impractically large for pure g-modes. But the coupling parameter 𝑞 ∼ 0.2 filters the
information: only ∼ 50–100 mixed modes carry detectable surface amplitude, which matches the
observational practice of fitting ∼ 50 mixed modes in evolved red giants.

The Latent framework predicts that this is insufficient to fully constrain the core structure — and
indeed, degeneracies in red giant core rotation inversions are a known open problem.

3.3 Prediction: PLATO Mission
The PLATO mission (launch 2026) will observe ∼ 105 stars with long time baselines. The La-
tent bound predicts that for solar-type targets, 𝑁 ∗ ≈ 35 modes suffice for percent-level interior
constraints, but for subgiant targets (primary PLATO science), 𝜌⋆ ≈ 2 gives 𝑁 ∗ ≈ 7 — far fewer
modes needed due to smoother structure. This suggests PLATO’s subgiant characterization pro-
gram may be more data-efficient than currently assumed.
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4. Grade Structure of Stellar Information
The grade decomposition 𝐹 = ∑𝑟≥1 𝐴(𝑟) applied to the stellar structure operator reveals an infor-
mation hierarchy:

Grade Physical content Observables Typical modes needed
1 Mean density, acoustic

radius
Large separation
Δ𝜈

3–5 radial orders

2 Sound speed gradient,
helium abundance

Small separation
𝛿𝜈02

10–15 modes

3 Core rotation,
composition gradient

Period spacing Δ𝑃 ,
rotational splitting

20–50 modes

4+ Overshoot,
semiconvection, magnetic
fields

Glitch signatures,
mixed-mode
avoided crossings

50–200 modes

The exponential decay ‖𝐴(𝑟)‖ ≤ 𝐶 ⋅ 𝜌−𝑟
⋆ means that each additional grade contributes exponentially

less to the total information content. This provides a theoretical basis for the empirical observation
that asteroseismic inversions rapidly reach diminishing returns beyond a characteristic mode count.

5. Discussion
5.1 Relation to Backus-Gilbert Theory
The classical Backus-Gilbert (1968) approach to geophysical/helioseismic inversion provides res-
olution kernels but does not give a mode-count bound. The Latent approach complements it:
Backus-Gilbert tells you how well 𝑁 modes resolve local structure, while the Latent bound tells
you how many modes you need globally.

5.2 Sharp Features as Phase Transitions
The 𝜌⋆ → 1 limit (sharp feature) corresponds to the spectral phase transition of the Latent frame-
work: the system becomes “incompressible” — no finite set of modes suffices. Physical examples:
first-order phase transitions in neutron star interiors, true composition discontinuities in white
dwarfs. These represent genuine limits of asteroseismic inference, not observational limitations.

5.3 Toward Formalization
The Sturm-Liouville eigenvalue problem is well-within reach of Lean 4 formalization via Mathlib’s
spectral theory infrastructure. The key theorems to formalize:

1. Analyticity of the resolvent under analytic coefficient conditions
2. Exponential eigenfunction coefficient decay (Bernstein-type bound)
3. 𝑁 ∗ sufficiency bound as a corollary of the Latent theorem
4. Grade decomposition of the stellar structure operator
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6. Conclusion
The Latent Sufficiency Theorem provides the first principled bound on the number of oscillation
modes needed to determine stellar interior structure. The bound 𝑁 ∗ = Θ(log(1/𝜀)/ log 𝜌⋆) depends
on a single physical parameter — the analyticity of the stellar structure profiles — and correctly
predicts the empirically observed mode-count requirements across stellar types from the Sun to red
giants. The framework transforms a foundational open question in asteroseismology (“when has
enough been measured?”) into a computable function of stellar regularity.

During the preparation of this work the author used large language models in order to assist with
manuscript drafting, literature search, and coding assistance. After using these tools, the author
reviewed and edited the content as needed and takes full responsibility for the content of the published
article.
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