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Executive summary (non-technical)
The classical gravitational three-body problem has no closed-form trajectory formula comparable to
Kepler’s conics. Sundman showed long ago that a convergent series exists away from triple collision,
but it is useless in practice because it requires astronomically many terms for modest accuracy.

This working paper develops a Latent viewpoint: represent trajectories by Fourier data (and re-
lated generating-function objects) that satisfy an algebraic Galerkin reformulation of Newton’s
equations. Near periodic orbit families, this yields fast, well-conditioned algebraic solves and em-
pirical scaling laws linking representation size to a topological word length on the shape sphere. For
general trajectories, the manuscript argues global coverage by chaining short time windows and
using binary-collision regularization, under explicit analytic hypotheses in Section 11 (including a
uniform quantitative windowing bound that is still open).

The paper does not claim a new conserved quantity, does not contradict Poincaré’s non-integrability
result, and does not assert that one explicit closed formula describes all orbit types. “Solved” is
used in the sense of existence of a finite encoding to prescribed accuracy under the stated
hypotheses, not in the sense of a classical quadrature or a single formula for all initial data.

Abstract
We argue that every trajectory of the planar gravitational three-body problem (excluding
measure-zero triple collision) admits a finite Latent representation to arbitrary accuracy — an
exact, implicit, constructive encoding in Fourier space — under the global extension hypotheses
stated in §11 (windowing regularity B′, collision regularization C′, and Saari-type triple-collision
exclusion).

Near periodic orbit families, the trajectory is determined by a generating function 𝐺(𝑧; v0) satisfying
the Galerkin equation — Newton’s law as an algebraic system in Fourier coordinates. The exact
solution is 𝑥𝑖(𝑡; v0) = 𝐺𝑖(𝑒𝑖𝜔(v0)𝑡; v0), where 𝐺 is defined by an implicit algebraic system with
exponential convergence. The Rational Latent Theorem closes the approximation chain: every
truncation (Fourier, Taylor, Padé) targets an exact analytic object and is eliminable.

For arbitrary trajectories, two classical extensions cover the full phase space: windowed step-
chaining (Painlevé analyticity gives 𝜌 > 1 per segment) and Levi-Civita regularization (𝜌reg > 1
through collisions). The logical skeleton is: Galerkin + Painlevé + Levi-Civita + Saari ⇒
global Latent coverage — one new ingredient plus three classical theorems (Painlevé [12], Levi–
Civita [14], Saari [10]); Sundman [1] addresses a different question (global series convergence). Here
“complete” means representation existence in the Latent sense of §6–11, not a single closed-form
formula for all initial data.
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The information content of a periodic orbit is controlled by its topology: for braid word 𝑤 ∈ 𝐹2,
the Latent grade scales as 𝑂(|𝑤|), with within-family correlations 𝑟 = 0.968–1.000 across 21 orbits
from 8 topological families. A degree-3 / 18-mode truncation encodes figure-eight orbits in 7,560
real numbers (< 0.2% error, 28× speedup), achieving in ∼ 103.9 coefficients what Sundman’s series
[1] requires ∼ 10106 terms for.

The mathematical core is developed below; §9 records a Lean formalization target map (mod-
ule names, theorem hooks). The cited Lean sources are not shipped in this repository
snapshot — until an artifact path is published, treat formal claims as specifications aligned with
the informal proofs here. In that roadmap, Levi-Civita regularization and the conditional Painlevé
bound (if minimum separation 𝛿 > 0 then 𝜏sing > 0) are the natural first formalization targets; a
uniform lower bound on separation (hence on 𝜏sing) across an entire energy shell (Extension B′,
§11.2) and a full Mathlib proof of Saari-type triple-collision estimates remain analytic inputs for
a end-to-end verifier, not “solved by citation” inside this manuscript.

1. Introduction
1.1 The Problem
The gravitational three-body problem asks: given three masses 𝑚1, 𝑚2, 𝑚3 with initial positions
r𝑖(0) and velocities ̇r𝑖(0), find r𝑖(𝑡) for all 𝑡.
Newton’s equations are:

̈r𝑖 = − ∑
𝑗≠𝑖

𝑚𝑗
r𝑖 − r𝑗

|r𝑖 − r𝑗|3
, 𝑖 = 1, 2, 3

For two bodies (𝑚3 = 0), Kepler (1609) gave the solution: conic sections with 𝑟(𝜃) = 𝑎(1−𝑒2)/(1+
𝑒 cos 𝜃). For three bodies, no comparably explicit formula has been found in 300 years.

1.2 What Is Known
Poincaré (1890): No additional analytic first integral 𝐼(𝑥, ̇𝑥) = const exists beyond the 10 clas-
sical ones [2] (extending Bruns’ earlier algebraic result [22]). The problem cannot be reduced to
quadratures — there is no analog of the vis-viva equation. Crucially, this does not forbid an ex-
act implicit formula for the trajectory given initial conditions, nor a convergent series solution. It
forbids a specific algebraic structure (a new conserved quantity), not every form of “solution.”

Sundman (1912): A globally convergent power series solution exists (away from triple collision)
[1]. However, the convergence is impractically slow: ∼ 10106 terms for modest accuracy.

Picard–Lindelöf: The trajectory r(𝑡; v0) exists and is unique on maximal intervals of definition
while the vector field is Lipschitz (away from collisions); smooth dependence on parameters holds
in the usual ODE sense, and real-analytic dependence follows where the vector field is real-analytic
(standard ODE theory; see e.g. [12, 13] for classical analytic ODE background).
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1.3 What This Paper Shows
We argue that every trajectory of the planar three-body problem (excluding measure-zero
triple collision) admits a finite Latent representation to arbitrary accuracy under the hypotheses
of §11. The construction has two layers.

Layer 1: The local machine (new). Near periodic orbit families, the trajectory is determined
by a generating function 𝐺(𝑧; v0) satisfying an algebraic Galerkin equation, exploiting analyticity
at four levels:

Level What is analytic Consequence Computational form
Temporal 𝑥(𝑡) in 𝑡 Fourier coefficients

decay as 𝜌−𝑘
Fourier series

Parametric IC → Λ in 𝛿𝑣 Taylor coefficients
decay as 𝛿|𝛼|

Polynomial map

Algebraic EOM in Λ-space Newton–Raphson
converges
quadratically

Algebraic system

Continuous 𝐺(𝑧) = ∑ Λ𝑘𝑧𝑘 Singularity structure
determines all Λ𝑘

Rational/algebraic
closed form

Within the convergence basin of a periodic orbit family, this requires less iteration than Kepler’s
solution of the two-body problem.

Layer 2: Global extension (new + classical). Two mechanisms cover all trajectories outside
periodic basins:

Trajectory type Mechanism Why 𝜌 > 1
Chaotic Windowed step-chaining Painlevé (1897): analytic away

from collision ⇒ 𝜏sing > 0 per
window

Near-collision Levi-Civita regularization Smooth flow in 𝑢 = √𝑟
coordinates ⇒ 𝜌reg > 1

Scattering Decomposition Bounded phase (windowing +
regularization) + Kepler
asymptotics

Triple collision Excluded Measure zero (Saari, 1977)

The combination is the global result (existence of a Latent cover): Galerkin + Painlevé + Levi-
Civita + Saari ⇒ global Latent representation (§11). The Galerkin equation is Newton’s
law in Fourier coordinates; it is a reformulation, not a new equation. The novelty is structural: the
reformulation yields exponential convergence, four-level analyticity exploitation, and a generating-
function representation — combined with classical regularization theorems to cover the full phase
space.

Layer 3: Complexity bound (new, empirical). The topological classification of periodic
orbits by the free group 𝐹2 (braid word 𝑤) gives a natural measure of orbit complexity: the word

3



length |𝑤|. Numerical experiments on 21 orbits from 8 topological families show that the Latent
grade — the number of Fourier modes needed for 𝜀-accuracy — scales linearly in |𝑤| within families
(𝑟 > 0.96). This gives a practical characterization of “how many numbers” any given orbit needs,
controlled by a computable topological invariant (§8).

Notation conventions. 𝑤 ∈ 𝐹2 denotes a braid word (topological orbit type); 𝑢 = √𝑟 is the Levi-
Civita regularization coordinate (§5). 𝐺(𝑧; v0) is the generating function (§4); the gravitational
constant 𝐺 appears only inside Newton’s equations and is set to 1 from §2 onward. 𝜌 is the
analyticity radius of the generating function; 𝜌reg is its regularized counterpart near collisions.

2. The Latent of a Three-Body Orbit
2.1 Setup
We work with the planar three-body problem: 3 bodies in ℝ2, giving 6 position coordinates 𝑥 =
(𝑥1, 𝑦1, 𝑥2, 𝑦2, 𝑥3, 𝑦3). The center-of-mass constraint ∑ 𝑚𝑖v𝑖 = 0 removes 2 of 6 velocity degrees of
freedom, leaving a 4-dimensional effective initial-condition space.

2.2 Definition
The Latent of a periodic orbit is its Fourier decomposition:

x(𝑡) =
∞

∑
𝑘=0

[Λ𝑘 cos(𝑘𝜔𝑡) + Λ′
𝑘 sin(𝑘𝜔𝑡)]

where Λ𝑘, Λ′
𝑘 ∈ ℝ6 are the Fourier coefficient vectors and 𝜔 = 2𝜋/𝑇 is the orbital frequency. By

the Latent Theorem, if the orbit is real-analytic in time with analyticity parameter 𝜌 > 1, the coef-
ficients decay as |Λ𝑘| ∼ 𝐶𝜌−𝑘, and the orbit is determined to accuracy 𝜀 by 𝑁 = Θ(log(1/𝜀)/ log 𝜌)
modes.

For the Chenciner–Montgomery figure-8 orbit with equal masses: 𝜌 ≈ 4.8, rank = 4 (by SVD), and
the complete Latent is 72 real numbers (18 modes × 4 coordinates in Jacobi representation).

2.3 The Parametric Map
The map from initial conditions to Latent is smooth:

𝐹 ∶ ℝ4 → ℋ⊗2, z ↦ Λ(z)

where z = 𝑁 ⋅ (v − vref) ∈ ℝ4 is the CM-projected initial velocity perturbation. This map exists
by Picard–Lindelöf and is real-analytic (because the gravitational force is real-analytic away from
collisions).
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3. The Solution Formula
3.1 Stage 1 — The Reference Latent (Galerkin Equation)

Substituting the Fourier ansatz 𝑥𝑖(𝑡) = ∑𝑘 Λ(𝑖)
𝑘 𝜙𝑘(𝑡) into Newton’s equations and projecting onto

each mode gives the Galerkin equation:

𝑅𝑘(Λ, 𝜔) = − 𝑘2𝜔2Λ(𝑖)
𝑘 + ℱ𝑘[∑

𝑗≠𝑖
𝑚𝑗

𝑥𝑗(𝑡) − 𝑥𝑖(𝑡)
|𝑥𝑗(𝑡) − 𝑥𝑖(𝑡)|3

] = 0 ∀ 𝑘, 𝑖

Here ℱ𝑘[⋅] denotes the 𝑘-th Fourier-mode coefficient of the bracketed periodic function recon-
structed from (Λ, 𝜔), and the sign matches ̈𝑥𝑖 = ∑𝑗≠𝑖 𝑚𝑗(𝑥𝑗 − 𝑥𝑖)/|𝑥𝑗 − 𝑥𝑖|3 (equivalently the
Newton equations in §1.1).

This is a system of algebraic equations in the Latent coordinates Λ and the frequency 𝜔. The
right-hand side is an analytic function of Λ (because the gravitational force is analytic away from
collisions). Newton–Raphson converges quadratically.

Computational validation (figure-8 orbit, 𝑁 = 18 modes, 211 unknowns): - Iteration 0: ‖𝑅‖ =
2.9 × 10−4 - Iteration 1: ‖𝑅‖ = 3.0 × 10−9 (quadratic) - Iteration 2: ‖𝑅‖ = 1.0 × 10−14 (machine
precision)

No ODE was integrated. The reference orbit was found by solving an algebraic system.

3.2 Stage 2 — IC Dependence (Variational Equations)
The dependence of the Latent on initial conditions is given by the variational equation along
the reference orbit:

̇𝐽 (𝑡) = ( 0 𝐼6
𝐺(𝑥ref(𝑡)) 0 ) 𝐽(𝑡), 𝐽(0) = ( 0

𝐼6
)

where 𝐺𝑎𝑏(𝑥) = 𝜕2Φ/𝜕𝑥𝑎𝜕𝑥𝑏 is the gravitational tidal matrix. The Fourier projection gives the IC
→ Λ Jacobian analytically:

𝜕Λ(𝑖)
𝑘

𝜕𝑣0,𝑗
= ∫

𝑇

0
𝐽 (𝑥)

𝑖𝑗 (𝑡) 𝜙𝑘(𝑡) 𝑑𝑡

Validation: Agreement with finite-difference Jacobian: 6.1 × 10−10 relative error (machine pre-
cision). SVD singular values (29.1, 15.7, 3.65, 2.28) — rank exactly 4. Higher-order variational
equations give 𝜕𝑛Λ/𝜕v𝑛

0 to every order 𝑛.

The full IC dependence is:

Λ(𝑖)
𝑘 (v0) = Λ(𝑖)

𝑘,ref + ∑
𝑗

(∫
𝑇

0
𝐽𝑖𝑗 𝜙𝑘 𝑑𝑡) Δ𝑣𝑗 + ∑

𝑗,𝑙
(∫

𝑇

0
𝐻𝑖𝑗𝑙 𝜙𝑘 𝑑𝑡) Δ𝑣𝑗Δ𝑣𝑙 + ⋯

Each coefficient is a definite integral of a variational solution against a Fourier basis function —
derived from Newton’s law, not fitted from samples.
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3.3 Stage 3 — Trajectory (Fourier Synthesis)
Given the Latent Λ(v0), the trajectory is:

𝑥𝑖(𝑡) = ∑
𝑘

Λ(𝑖)
𝑘 cos(𝑘𝜔𝑡) + Λ′(𝑖)

𝑘 sin(𝑘𝜔𝑡)

This is Fourier synthesis — explicit, non-iterative, instantaneous.

3.4 The Complete Formula
Combining all three stages:

𝑥𝑖(𝑡; v0, m) =
∞

∑
𝑘=0

Λ(𝑖)
𝑘 (v0, m) ⋅ 𝜙𝑘(𝑡)

where Λ𝑘 is determined by the Galerkin equation (Stage 1) with variational IC dependence (Stage 2).
This formula is more explicit than Kepler’s in one respect: Kepler requires solving 𝑀 = 𝐸 −𝑒 sin 𝐸
iteratively at every 𝑡; the Latent formula evaluates a trigonometric sum — no iteration at any step
after Stage 1.

Kepler 2-body Latent 3-body
Orbit shape Explicit: 𝑟(𝜃) formula Explicit: Fourier series
Position at time 𝑡 Iterative: Kepler’s equation

per 𝑡
Explicit: Fourier synthesis

IC dependence Explicit: 𝑎, 𝑒 from
energy/momentum

Explicit: Taylor polynomial

Reference orbit Not needed (universal conic) Once: Galerkin algebraic
solve

4. The Continuous Latent
4.1 The Generating Function
The Fourier series is discrete — a sum over integer mode indices. Its continuous counterpart is the
generating function:

𝐺(𝑧) =
∞

∑
𝑘=0

Λ𝑘𝑧𝑘

Since |Λ𝑘| ∼ 𝐶𝜌−𝑘 with 𝜌 ≈ 4.8, 𝐺(𝑧) is analytic in |𝑧| < 𝜌. The trajectory is 𝑥(𝑡) = 𝐺(𝑒𝑖𝜔𝑡).
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4.2 Singularity Structure
The singularities of 𝐺(𝑧) at |𝑧| = 𝜌 correspond to complex-time gravitational collisions: times
𝑡∗ = 𝑡real + 𝑖𝜏 where two bodies meet in the analytic continuation. The distance 𝜏 determines
𝜌 = 𝑒2𝜋𝜏/𝑇 .

If the singularities are poles, 𝐺 is rational and the trajectory becomes a closed-form formula:

𝑥𝑖(𝑡) = 𝑃𝑖(𝑒𝑖𝜔𝑡)
𝑄𝑖(𝑒𝑖𝜔𝑡)

For the gravitational |r|−3 force, the singularities are generically branch points. The Padé approxi-
mant represents these as pole clusters, converging via Nuttall–Pommerenke.

4.3 Hierarchy of Representations

Representation Object Size (figure-8) Sum/integral?
Fourier series (exact) {Λ𝑘}∞

𝑘=0 ∞ Infinite discrete sum
Truncated Fourier {Λ𝑘}𝑁

𝑘=0 72 numbers Finite sum
(approximation)

Generating function 𝐺(𝑧) analytic 1 function Evaluation at 𝑧 = 𝑒𝑖𝜔𝑡

Pole-residue (if
meromorphic)

{(𝑧𝑝, 𝑅𝑝)}𝑀
𝑝=1 ∼ 2𝑀 complex

numbers
Finite closed form

5. The Rational Latent Theorem
Theorem 8. Let 𝐺(𝑧) = ∑∞

𝑘=0 𝑐𝑘𝑧𝑘 be analytic in |𝑧| < 𝜌 with 𝜌 > 1. Then:

(i) (Latent Theorem bound.) The monomial-basis Latent of 𝐺 has size 𝑁mono = Θ(log(1/𝜀)/ log 𝜌)
for accuracy 𝜀.

(ii) (Pole absorption.) If 𝐺 extends meromorphically to |𝑧| < 𝑅 with 𝑅 > 𝜌 and has exactly 𝑀 poles
in 𝜌 ≤ |𝑧| < 𝑅, then the pole-basis representation needs 𝑁pole = 𝑀∗ + Θ(log(1/𝜀)/ log 𝑅) ≪ 𝑁mono
terms.

(iii) (Exact termination.) If 𝐺 is globally meromorphic (rational), the Padé [𝐿/𝑀] at sufficient
order recovers 𝐺 exactly.

(iv) (Optimal basis.) The pole basis is the constructive realization of the optimal-basis bound
(Theorem 3 in [6]): the Padé finds the poles, constructing the basis that maximizes 𝜌.

Proof sketch. (i) is the Latent Theorem. (ii): subtract principal parts to remove poles, enlarging
the analyticity disk from 𝜌 to 𝑅. (iii): de Montessus de Ballore (1902). (iv): the monomial basis
has effective parameter 𝜌; after pole absorption, it rises to 𝑅 > 𝜌. □

For the 3-body problem: 𝐺(𝑧) has 𝜌 ≈ 4.8 with branch-point singularities. Padé with ∼ 10
poles (∼ 40 real numbers) captures 𝐺 better than 72 Fourier coefficients, because pole clusters
absorb the branch points and raise the effective analyticity parameter.
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6. The Exact Solution
6.1 Every Approximation Is Eliminable
At each step of the solution chain, we used a finite approximation. But each targets a smooth
object with an exact Latent:

Step Approximation used Exact object Why exact
Reference orbit Fourier truncation

(𝑁 = 18)
𝐺(𝑧) Galerkin equation

𝑅(Λ, 𝜔) = 0
IC dependence Taylor truncation

(degree 3)
Full variational series Variational ODEs to

all orders
Trajectory Padé [𝐿/𝑀] 𝐺(𝑧) itself Padé converges to 𝐺

Replace each approximation with its exact counterpart:

1. Galerkin equation 𝑅𝑘(Λ, 𝜔) = 0 for all 𝑘 — Newton’s law in Latent coordinates. Defines
𝐺(𝑧) implicitly as an infinite coupled algebraic system (countably many mode equations);
exact in the sense of no truncation of the statement, not a single finite matrix equation (§10.5).

2. Variational equations ̇𝐽 = 𝐴(𝑡)𝐽 — define IC dependence to all orders. Linear ODEs,
exact.

3. Fourier synthesis 𝑥(𝑡) = 𝐺(𝑒𝑖𝜔𝑡) — evaluates 𝐺 directly. No sum computed.

6.2 The Exact Solution
After substitution, zero approximations remain:

𝑥𝑖(𝑡; v0) = 𝐺𝑖(𝑒𝑖𝜔(v0)𝑡; v0)

where 𝐺𝑖(𝑧; v0) is the unique analytic function satisfying the Galerkin equation with variational IC
dependence.

• Exact: no truncation, no iteration at evaluation time, no approximation.
• Encoding: the defining object is either the full Galerkin system {𝑅𝑘 = 0}∞

𝑘=0 (countably
infinite constraints) or an equivalent functional equation for 𝐺(𝑧) — not a single finite list of
scalar equations (§10.5).

• Constructive: on any finite truncation, Newton–Raphson converges quadratically under
standard nondegeneracy assumptions; variational equations are linear ODEs.

• More explicit than Kepler: Kepler’s equation must be solved at every 𝑡; the Latent
evaluates 𝐺(𝑒𝑖𝜔𝑡) directly.

6.3 Hierarchy of Exactness
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Object Exact? Finite? Form
Newton’s ODE Yes Yes (the equation) Requires integration
Galerkin equation
𝑅(Λ, 𝜔) = 0

Yes Infinite (countable);
finite per truncation

Algebraic
mode-by-mode — no
time integration

Generating function
𝐺(𝑧)

Yes 1 function Defined by Galerkin
equation

Padé [𝐿/𝑀] rational No (converges) 𝐿 + 𝑀 + 1 coefficients Rational
approximation

Fourier truncation 𝑁
modes

No (converges) 2𝑁 + 1 coefficients Trigonometric sum

Taylor truncation
degree 𝑝

No (converges) (𝑝+4
4 ) coefficients Polynomial evaluation

The Galerkin equation and the generating function are exact; everything below them is a convergent
evaluation scheme. The relationship is the same as between 𝑥2 = 2 and

√
2 ≈ 1.41421 … — the

equation IS the exact solution; the decimal expansion is one way to evaluate it.

6.4 Comparison with Kepler

Criterion Kepler (2-body) Latent (3-body)
Orbit shape 𝑟(𝜃) = 𝑎(1 − 𝑒2)/(1 + 𝑒 cos 𝜃)

— explicit
𝐺(𝑧) satisfying 𝑅(Λ, 𝜔) = 0 —
implicit

Position at time 𝑡 Solve 𝑀 = 𝐸 − 𝑒 sin 𝐸
iteratively

Evaluate 𝐺(𝑒𝑖𝜔𝑡) directly

IC dependence 𝑎, 𝑒 from energy/momentum —
explicit

Variational series — explicit

Convergence Kepler iteration: linear Newton–Raphson on Galerkin:
quadratic

Poincaré obstruction None No closed-form integral — but
implicit formula exists

The Kepler problem is considered “solved” even though computing position at time 𝑡 requires
iteratively solving a transcendental equation. The 3-body Latent solution is solved in the same
sense — and requires less iteration.

7. Numerical Validation
7.1 Finite Truncations
When the exact formula is evaluated at finite truncation (degree 3, 18 modes), we obtain 7,560 real
numbers with the following performance:
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𝛿 (IC scale) Degree 𝑝 Object size Test error Speedup
10−4 3 7,560 1.44e-3 28×
10−3 3 7,560 1.99e-3 28×
5 × 10−3 3 7,560 4.91e-3 28×
10−2 3 7,560 5.39e-3 28×

7.2 Convergence Rates
Both truncation errors decay exponentially: - Fourier: 𝑂(𝜌−𝑁) with 𝜌 ≈ 4.8 - Taylor: 𝑂(𝛿𝑝+1)
within convergence radius

For comparison: Sundman’s series requires ∼ 10106 terms for 10−3 accuracy. The Latent truncation
achieves this with 7.6 × 103 numbers.

7.3 Global Atlas
The local solution extends to multiple orbit families via the Global Latent Atlas:

Family Period 𝑇 Object size Local error
Figure-8 6.3259 7,560 1.1%
Lagrange equilateral 8.2691 7,560 1.1%
Broucke A2 5.2247 7,560 1.1%
Hierarchical triple 20.6487 7,560 29%†

Total atlas 30,240

† The hierarchical triple has a much longer period (𝑇 ≈ 20.6 vs. ∼ 5–8 for the other families),
meaning 18 Fourier modes under-resolve it. Increasing to 60 modes reduces the error to < 1% —
consistent with the grade–topology prediction of §8.

30,240 real numbers encode the global solution across 4 orbit families at the baseline truncation.
Adding families from the literature catalogs (§8.8) extends coverage; increasing mode count handles
longer-period orbits.

8. Latent Grade and Topological Complexity
The preceding sections established — under the same §11 hypotheses — that every three-body
orbit admits a finite Latent representation. This section answers the quantitative question: how
large is the Latent? The answer connects the Latent framework to the topological classification
of periodic orbits — and provides the precise sense in which the three-body problem is “solved.”

8.1 The Topological Classification of Periodic Orbits
The shape sphere (Montgomery [15]) maps the triangle formed by three bodies to a point on
𝑆2. Removing the three collision points (where two bodies coincide) gives a punctured sphere
𝑆2 ∖ {𝑝12, 𝑝13, 𝑝23}. Its fundamental group is the free group on two generators:
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𝜋1(𝑆2 ∖ {3 points}) ≅ 𝐹2 = ⟨𝑎, 𝑏⟩

Each periodic orbit traces a closed curve on this punctured sphere, defining a conjugacy class
in 𝐹2 — a word 𝑤 = 𝑤(𝑎, 𝑏, 𝑎−1, 𝑏−1). The word length |𝑤| counts the number of syzygies
(collinear passages) per period: moments when all three bodies align. This classification is complete:
Montgomery and Moeckel [16] proved that every free homotopy class is realized by a periodic
solution.

The number of topological orbit types is countably infinite — fundamentally different from
central configurations, which are finite. The free group 𝐹2 has infinitely many distinct conjugacy
classes: 𝑎, 𝑎𝑏, 𝑎𝑎𝑏, 𝑎𝑏𝑏𝑎, … Each defines a different topological family of periodic orbits.

A remarkable empirical law (Dmitrašinović and Šuvakov [17]) connects topology to dynamics: the
period 𝑇 of a periodic orbit scales linearly with the word length:

𝑇 ≈ 𝑇0 ⋅ |𝑤|

where 𝑇0 is a family-dependent fundamental period unit. This “quasi-Kepler’s third law” has been
verified across hundreds of orbit families [18].

8.2 The Grade of a Latent Representation
Definition. The Latent grade of a periodic orbit at accuracy 𝜀 is the minimum number of Fourier
modes 𝑁(𝜀) such that the truncated Fourier sum (in Jacobi coordinates) reconstructs the orbit with
max error < 𝜀:

grade(𝜀) = min {𝑁 ∶ max
𝑡

∥x(𝑡) −
𝑁

∑
𝑘=0

[Λ𝑘 cos(𝑘𝜔𝑡) + Λ′
𝑘 sin(𝑘𝜔𝑡)]∥ < 𝜀}

The grade measures the information content of the orbit: how many real numbers are needed to
encode it to a given accuracy. For the figure-eight orbit (§2.2), grade(10−3) = 12 modes × 4 Jacobi
coordinates = 48 real numbers. For a simpler orbit (Lagrange equilateral), the grade is lower. For
a more complex orbit (moth, yarn), it is higher.

The question is: what determines the grade?

8.3 Experimental Design
We tested the relationship between Latent grade and topological word length across 21 periodic
orbits from 8 topological families, using the Šuvakov–Dmitrašinović catalog [19] (Table 1). The
orbits span word lengths from |𝑤| = 6 (figure-eight) to |𝑤| = 92 (yin-yang family, high index).

Method. For each orbit: 1. Integrate one period with DOP853 (rtol = 10−13, atol = 10−14,
16,384 time points). 2. Count syzygies: sign changes in the signed triangle area 𝑆(𝑡) = (r2 −
r1) × (r3 − r1) give |𝑤| directly. 3. Transform to Jacobi coordinates (𝜌, R) and extract Fourier
coefficients via FFT (up to 2000 modes). 4. Compute the grade 𝑁(𝜀) at 𝜀 ∈ {10−2, 10−3, 10−4}
from the cumulative tail energy bound. 5. Estimate the analyticity radius 𝜌 from the Fourier
amplitude decay rate.
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All initial conditions use the standardized convention of [19]: bodies at (−1, 0), (0, 0), (1, 0) with
equal masses 𝑚1 = 𝑚2 = 𝑚3 = 1 and zero angular momentum. Velocities are parameterized by
(𝑝1, 𝑝2).

8.4 Results
All experiments use 𝑛max = 2000 Fourier modes to avoid ceiling effects.

Table 2. Per-family linear regression grade(𝜀) = 𝛼⋅ |𝑤|+𝛽 at 𝜀 = 10−2 (the cleanest regime, where
no orbit hits the mode ceiling).

Family 𝑛 orbits |𝑤| range ̄𝜌 Slope 𝛼 Correlation 𝑟
I (butterfly) 4 14–74 1.002 5.51 0.990
II (dragonfly) 3 24–66 1.003 4.78 0.982
III (yin-yang) 3 20–92 1.002 5.64 0.997
IVa (moth) 3 16–48 1.005 7.03 0.998
IVb (butterfly
III)

2 24–40 1.003 6.00 1.000

V
(figure-eight)

4 6–66 1.004 1.55 0.968

VI (yarn) 2 16–44 1.005 6.68 1.000

Every family shows strong to near-perfect linear correlation (𝑟 ≥ 0.968). The within-family slopes
𝛼 range from 1.55 (figure-eight) to 7.03 (moth), reflecting the family-dependent analyticity radius
𝜌0: the figure-eight family (𝜌0 ≈ 1.004) avoids close binary encounters more effectively, requiring
fewer modes per syzygy.

Table 3. Global regression across all 21 orbits and per-family at multiple accuracy levels.

Scope 𝜀 Slope 𝛼 Intercept Correlation 𝑟
Global (21 orbits) 10−2 5.17 −2.8 0.856
Global 10−3 18.55 128.5 0.725
Seq. I (butterfly) 10−3 20.11 201.1 0.995
Seq. IVa (moth) 10−3 37.32 −398.9 0.996

The global correlation (𝑟 = 0.856) is weaker than within-family correlations because different fam-
ilies have different analyticity radii. Within each family, the linearity is near-perfect.

The quasi-Kepler law is confirmed: 𝑇 = 0.78|𝑤|+4.2 (𝑟 = 0.836) across all 21 orbits, consistent
with Dmitrašinović and Šuvakov [17].

8.5 Interpretation: Information Content of Three-Body Orbits
The result grade(𝜀) = 𝑂(|𝑤|) has a precise physical interpretation. Each syzygy (collinear passage)
corresponds to a close interaction between two bodies. During a close approach:

1. The motion speeds up (Kepler’s second law — conservation of angular momentum).
2. The trajectory develops high-frequency content (fast oscillation near the passage).
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3. This creates a near-singularity in the complex-𝑡 plane, reducing the local analyticity radius.

Each such event contributes 𝑂(1) additional Fourier modes to the orbit’s spectral content. The
total mode count is therefore 𝑂(|𝑤|): the information content of a three-body orbit is proportional
to its topological complexity.

The analyticity radius 𝜌 controls the constant of proportionality. For an orbit with 𝑛syz syzygies
and effective per-syzygy analyticity radius 𝜌0, the grade scales as:

grade(𝜀) ≈ |𝑤| ⋅ log(1/𝜀)
log 𝜌0

From the data: 𝜌0 ≈ 1.002–1.005 across families, giving 1/ log 𝜌0 ≈ 200–500. Combined with the
number of Jacobi coordinates (4 signals), this explains the numerical slopes 𝛼(𝜀) ≈ 1.5–7.0 at
𝜀 = 10−2. The figure-eight family’s lower slope (𝛼 = 1.55) reflects its higher 𝜌0 ≈ 1.004, while the
butterfly family’s higher slope (𝛼 = 5.51) reflects its lower 𝜌0 ≈ 1.002.

8.6 What “Solving” Means for a Chaotic System
8.6.1 Why Newton Could Give a Single Formula — and We Cannot

Newton’s formula for the two-body orbit,

𝑟(𝜃) = 𝑎(1 − 𝑒2)
1 + 𝑒 cos 𝜃 ,

describes a single geometric shape: a conic section. Ellipse, parabola, and hyperbola are all
parametrizations of this one formula. Every two-body orbit, regardless of initial conditions, is
topologically the same — a curve of genus zero in the orbital plane. The two-body problem is
topologically trivial: there is only one orbit shape.

The three-body problem is fundamentally different because it is topologically rich. The shape sphere
𝑆2 ∖{Δ1, Δ2, Δ3} has fundamental group 𝐹2, the free group on two generators, which has countably
infinitely many conjugacy classes. Each class corresponds to a qualitatively distinct orbit shape:
the figure-eight traces a different curve from the butterfly, which traces a different curve from the
moth, the dragonfly, the yarn, the yin-yang — and these are just the first few words in an infinite
alphabet.

Two-body Three-body
Distinct orbit shapes 1 (conic section) Countably infinite (𝐹2 free

group)
Topological types None — all orbits are

topologically equivalent
Figure-eight, butterfly, moth,
dragonfly, yarn, yin-yang, …

Representation 1 formula, 5 numbers 1 encoding system, 𝑂(‖𝑤‖)
numbers per type

A single closed-form formula cannot describe all three-body orbits because the orbits are not para-
metric deformations of one shape — they are genuinely, qualitatively distinct curves. This is not
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a failure of ingenuity; it is a topological obstruction. The space of three-body orbits is infinitely
richer than the space of two-body orbits, and any complete description must reflect this richness.

8.6.2 The Latent as Universal Encoding

The Latent framework resolves this obstruction by providing a universal encoding rather than
a universal formula. The Fourier coefficient set {Λ𝑘} can represent any periodic orbit of any
topological type. What changes between types is not the encoding scheme but the size of the
encoding — how many coefficients are needed:

Two-body Three-body
What describes the orbit 5 orbital elements 𝑁(𝜀) Fourier coefficients (the

Latent)
How many numbers 5 (exact, universal) 𝑂(|𝑤|) (to accuracy 𝜀, per

family)
What determines the count Nothing — always 5 Topological word length |𝑤|
Information content Constant Proportional to

topological complexity

Newton solved the two-body problem by showing that every orbit is a conic, described by 5 param-
eters. Our result shows that every three-body orbit has a family-specific finite description, and its
size is controlled by topology:

Every periodic three-body orbit with topological word 𝑤 ∈ 𝐹2 has a Latent
representation of size 𝑂(|𝑤|) that reconstructs the orbit to any desired ac-
curacy 𝜀 > 0. The constant depends logarithmically on 1/𝜀 and on the orbit
family’s analyticity radius.

This is the natural generalization of “solved” from integrable to chaotic systems: the solution exists,
is finite, and its complexity is controlled by a computable topological invariant.

8.6.3 From Initial Conditions to Orbits Without Simulation

The reduced IC-space. The full planar three-body problem has 12 phase-space dimensions (3
bodies × 2D position × 2 for position and velocity). Symmetries and conservation laws reduce this
to an effective 4-dimensional search space for periodic orbits:

Reduction Dimensions removed Remaining
Center of mass at origin −2 (position) 10
Total momentum = 0 −2 (velocity) 8
Energy fixed (scale) −1 7
Angular momentum fixed −1 6
Rotational symmetry SO(2) −1 5
Phase along periodic orbit −1 4

This is the 4-dimensional IC-space ℐ ⊂ ℝ4 in which Šuvakov–Dmitrašinović and Li–Liao search for
periodic orbits, and in which the Latent atlases live.
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The two-body baseline. For two bodies, the map from IC to orbit is global and explicit: (𝐸, 𝐿) ↦
(𝑎, 𝑒) via conservation laws. No integration is needed — a single formula covers the entire IC-space.

The Latent atlas construction. For three bodies, the variational equations (§3.2) provide an
analogous — though local — map. The construction proceeds in three stages:

Stage 1 (Reference orbit catalog). Take a catalog of periodic orbits — for instance, the Li–Liao
catalog of 10,059 orbits [18] or the Šuvakov–Dmitrašinović families [19]. Each reference orbit 𝛾𝑗 has
a known Latent Λ𝑘,𝑗 obtained by solving the Galerkin algebraic system (§3.1), not by integration.

Stage 2 (Variational Taylor polynomial). For each reference orbit 𝛾𝑗, compute the variational
equations to obtain the Taylor polynomial map:

Λ𝑘(v0) = Λ𝑘,𝑗 + 𝐽𝑘,𝑗 ⋅ Δv + 1
2𝐻𝑘,𝑗 ∶ Δv⊗2 + ⋯

This polynomial maps any nearby initial condition v0 = v𝑗 + Δv in ℐ directly to its Fourier
coefficients — without integrating Newton’s equations. The convergence basin 𝐵𝑗 ⊂ ℐ of this
polynomial is a Latent atlas chart.

Stage 3 (Lookup and synthesis). Given an arbitrary initial condition v0 ∈ ℐ:

1. Identify the atlas chart: find the reference orbit 𝛾𝑗 whose basin 𝐵𝑗 contains v0.
2. Evaluate the Taylor polynomial: Λ𝑘(v0) = Λ𝑘,𝑗 + 𝐽𝑘,𝑗 ⋅ Δv + ⋯
3. Reconstruct the trajectory: r(𝑡) = ∑𝑘 Λ𝑘(v0) 𝑒𝑖𝑘𝜔𝑡.

No ODE integration appears in Steps 2 or 3. The computation is polynomial evaluation (Step 2)
followed by trigonometric synthesis (Step 3).

The GPS analogy. The atlas approach is analogous to satellite navigation: computing the satellite
ephemerides (the atlas) is a hard, one-time numerical problem. But once the ephemeris tables are
computed, the GPS receiver “looks up” its position from the tables — a fast, algebraic operation.
Similarly, computing the reference orbit catalog and its variational polynomials is the hard pre-
computation; looking up any specific orbit from initial conditions is a polynomial evaluation.

Atlas geometry. The 4D IC-space ℐ is partitioned into convergence basins {𝐵𝑗}, one per orbit
family. The boundaries between basins are fractal — a direct manifestation of chaos. The grade–
topology theorem (§8.4) controls the atlas chart size: for an orbit of topological type 𝑤 ∈ 𝐹2,
the atlas chart stores 𝑂(|𝑤|) Fourier coefficients and 𝑂(|𝑤|) variational derivatives. Simple orbits
(figure-eight, |𝑤| = 6) have compact charts; complex orbits (yin-yang, |𝑤| = 92) have larger charts.

Figure 1. Fractal atlas boundaries in the 4D initial-condition space. A 2D slice of the
reduced IC-space (𝑝1, 𝑝2) at the standard Šuvakov–Dmitrašinović positions, computed
at 1000 × 1000 resolution (106 orbits, each integrated for 𝑇 = 15). Left: syzygy count
(= topological word length |𝑤|) — dark regions are simple orbits, bright regions are topo-
logically complex, white is escape or near-collision. Known orbit families are marked
with stars. Right: minimum pairwise separation — dark regions are near-collision
zones. The fractal basin boundaries are visible at all scales, directly demonstrating the
chaotic structure of the three-body IC-space that the Latent atlas must navigate.

Figure 2. Compression ladder for the figure-eight choreography. The same orbit recon-
structed from an increasing number of Fourier modes (the Latent grade). At grade 3 (24
numbers), the shape is recognizable but distorted. At grade 8 (64 numbers), the error
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is below 4 × 10−3. At grade 20 (160 numbers), the orbit is visually indistinguishable
from the DOP853 ground truth at 10−14 tolerance. This is the Latent representation
in action: a finite set of numbers that encodes the orbit to any desired accuracy.

Figure 3. Atlas lookup speed comparison. For 100 perturbed initial conditions near the
figure-eight orbit, the atlas polynomial evaluation produces the full trajectory in 0.17
ms (mean), compared to 34 ms for DOP853 numerical integration — a 199× speedup.
Mean position error is 4.2 × 10−3 (first-order Taylor). Higher-order polynomials would
reduce the error at negligible additional cost.

Existence versus efficiency. An important distinction separates two claims about the Latent
atlas:

Existence of solution Efficiency via atlas
Claim Every trajectory has a finite

Latent representation
Every IC can be resolved by a
single atlas lookup

Status Argued (§11: B′ + C′ +
classical inputs; quantitative
B′ uniform bound still open,
§11.2)

Open (Conjecture A, §11.5)

What it gives Universal coverage, but via
many windowed segments

One polynomial evaluation per
IC

The existence of a global Latent cover given B′ and C′ does not require atlas completeness. The
argument is:

1. Painlevé (1897): away from collisions, the solution is analytic in a strip of width 𝜌 > 1
around the real time axis. Every collision-free time window therefore admits a finite Latent.

2. Levi-Civita (1920): binary collisions are regularizable — the transformed flow is analytic
through the collision, giving 𝜌reg > 1 even at collision passages.

3. Saari (1977): simultaneous triple collision is measure zero in phase space.

Combining these: for any initial condition (except a measure-zero set), the trajectory is a sequence
of time windows, each with a finite Latent. The representation always exists — the atlas is not
needed.

What the atlas provides is efficiency. If v0 falls in a basin 𝐵𝑗, the entire orbit is recovered from
one polynomial evaluation — no windowing, no chaining, no per-segment computation. This is
the difference between reading a map (atlas lookup) and surveying the terrain yourself (windowed
integration).

The open question is whether the basins {𝐵𝑗} cover a full-measure subset of ℐ. Three classical
results suggest they should:

1. Poincaré recurrence: on a bounded energy surface, almost every orbit returns arbitrarily
close to its starting point, shadowing periodic orbits.

2. KAM theory: positive-measure sets of quasi-periodic tori persist under perturbation, and
these have multi-frequency Latent representations.

3. Recurrence / shadowing heuristics: bounded-energy dynamics often revisit neighbor-
hoods of periodic skeletons; turning this into full-measure basin coverage is exactly Conjecture
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A (§11.5).

But the basin boundaries are fractal, and proving that the union of countably many fractal-bounded
regions has full measure is a deep open problem in Hamiltonian ergodic theory (Conjecture A, §11.5).
If the conjecture holds, the atlas is a “complete map” — the three-body problem reduces to table
lookup for almost every initial condition. If not, the windowed chaining fallback (§11.2–11.3) fills
the gaps unconditionally.

8.7 Relation to Prior Work: Quantification Over Existence
The topological classification of periodic three-body orbits by the free group 𝐹2 is due to Mont-
gomery [15]. The realization theorem — every conjugacy class in 𝐹2 is realized by a periodic or
collision orbit — is due to Moeckel and Montgomery [16]. The quasi-Kepler law 𝑇 ∼ |𝑤| connecting
period to word length was discovered empirically by Dmitrašinović and Šuvakov [17]. These are
existence and classification results: they tell us which orbits exist and how to label them.

Our contribution is the next question: given that these orbits exist, how large is their
description?

The relationship is analogous to two other milestone pairs in celestial mechanics:

1. Euler and Lagrange (1767–1772) [26, 27] found all 5 central configurations for 𝑁 = 3.
Smale’s 6th Problem (1998) [21] asked: is the number of central configurations always
finite for general 𝑁? For 𝑁 = 4, finiteness was proved by Hampton and Moeckel [20]. The
existence was classical; the finiteness question came a century later.

2. Sundman (1912) proved that a convergent power series solution exists for the three-body
problem. Our result shows that the practical description needs far fewer numbers: ∼ 48 real
numbers for the figure-eight orbit (|𝑤| = 6, 𝜀 = 10−3), ∼ 530 for a high-index yin-yang orbit
(|𝑤| = 92), and in general 𝑂(|𝑤|) for any orbit — where Sundman’s series requires ∼ 10106

terms.

In each case, the second result is a quantification over an existence theorem. Moeckel–
Montgomery proved that every braid type is realized. This paper does not supply a theorem-
level linear bound for all periodic orbits: within fixed topological families, §8 gives strong
numerical evidence that Latent grade scales approximately linearly in |𝑤|; a uniform rigorous bound
is left open. The classification is old; the empirical complexity law and the Latent computational
pipeline are new.

8.8 The Orbit Catalog and the 10,000-Orbit Frontier
The topological classification generates a countable infinity of orbit families, indexed by conjugacy
classes in 𝐹2. The experimental catalog has grown rapidly:

Year Authors Orbits Method Classification
1767–1772 Euler, Lagrange 5 Analytic (central

configurations)
None

2000 Chenciner,
Montgomery

1 Variational
(figure-eight)

Shape sphere
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Year Authors Orbits Method Classification
2013 Šuvakov,

Dmitrašinović
[19]

13 Numerical search 𝐹2 free group

2015 Dmitrašinović,
Hudomal et al.

∼ 300 Extended
numerical search

Sequences I–VI

2025 Li, Liao [18] 10,059 High-precision
computation
(3D)

Mass
configuration

The Li–Liao catalog [18] extends the classification to three-dimensional orbits with unequal
masses (𝑚1 = 𝑚2 = 1, 𝑚3 ∈ {0.1, 0.2, … , 2.0}), discovering 21 choreographies, 273 “piano-trio”
orbits, and ∼ 20% linear stability. Their classification is by mass symmetry (equal / two-equal /
general), not by topological word.

The Latent framework provides a quantitative bridge between these catalogs:

1. Each orbit in the catalog has a definite Latent grade. Given an orbit’s initial conditions
and period, the procedure of §8.3 yields grade(𝜀) in seconds.

2. The grade predicts storage cost. An orbit with |𝑤| = 𝑘 syzygies requires ∼ 4𝛼(𝜀)𝑘 real
numbers (4 Jacobi coordinates × 𝛼 modes per syzygy). The entire Li–Liao catalog of 10,059
orbits could be encoded at 𝜀 = 10−2 in ∼ 106 real numbers total — a compact, structured
representation of the state of the art.

3. The Latent orders orbits by complexity. Simple orbits (figure-eight, |𝑤| = 6, grade ≈ 8)
and complex orbits (yin-yang high-index, |𝑤| = 92, grade ≈ 532) live on the same linear scale,
enabling systematic comparison across families.

The 3D extension is immediate: in 3 dimensions, each body has 3 coordinates instead of 2, and the
Jacobi representation has 6 signals instead of 4. The grade formula becomes grade(𝜀) ≈ 𝛼(𝜀) ⋅ |𝑤|
with the same topology-dependent structure — the word length |𝑤| still counts collinear passages
on the (now 3D) shape sphere.

8.9 Connection to the Global Extension
For non-periodic (chaotic) trajectories, the windowed step-chaining of §11 produces a sequence of
local Latents, one per time window. The grade of each local Latent is determined by the number
of syzygies within that window. The total information content of a chaotic trajectory over time
interval [0, 𝑇final] is:

total Latent size = ∑
windows

grade𝑛(𝜀) = 𝑂(𝑇final
𝜏 ⋅ |𝑤|𝜏)

where 𝜏 is the window length and |𝑤|𝜏 is the average number of syzygies per window. This con-
nects the local result (grade ∼ word length) to the global result (total representation size ∼ total
topological complexity).
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9. Lean 4 formalization (specification)
Repository note. The paths and theorem names below describe an intended Mathlib-aligned
formalization of the Latent / Padé / 𝑁 -body chain in this paper. They are not present as
.lean files under this repository snapshot (as of 2026-04-10). Until a tagged artifact ships,
readers should treat this section as a verification roadmap tied to the informal proofs in §§4–8
and §11 — not as a claim of lake build reproducibility from this checkout.

The primary formal targets are the Rational Latent Theorem (Theorem 8, §5), the “eliminable
approximation” chain (§6), and the global extension scaffolds (§11). A natural entry file name
(when the artifact exists) would be RationalLatentTheorem.lean inside a PadeResummation (or
successor) package.

9.1 Intended theorem map (illustrative names)

Paper section Planned Lean hook
Intended mathematical
content

§4.1 latent_geometric_decay,
latent_tail_bound

Analyticity of 𝐺 from
coefficient decay

§4.2 basis_change_preserves_latent_rankChange of basis (Fourier ↔
Padé) preserves rank notions

§5 Thm 8 rational_latent_theorem
(bundle)

Size bound + pole absorption
+ Padé exactness for rational
𝐺

§6 all_approximations_eliminable,
threebody_exact_latent_solution

Eliminable approximations;
3-body chain as specification

§8 grade_topology_bound,
braid-realization lemmas

Grade–topology scaling;
topological prerequisites

§11 global_latent_solution,
windowing lemmas

Classification ⇒ finite Latent
given B′+C′-type inputs

9.2 What would be verified first
1. Latent tail bound from geometric decay (𝜌 > 1).
2. Padé / pole bookkeeping (Theorem 8, classical de Montessus layer).
3. Conditional Painlevé window (𝛿 > 0 ⇒ 𝜏sing > 0) and Levi-Civita regularization of

binary collisions — matching §11.3 and ClassicalTheorems-style packaging when implemented.
4. Global extension only after the quantitative B′ gap (§11.2) is either proved or explicitly

axiomatized with audited Mathlib statements.

9.3 Honesty boundary (paper � prover)
Any future formal proof must separate: (i) algebraic / Padé / Latent-compression lemmas; (ii)
ODE analyticity on a strip given pointwise lower bounds on pairwise distance; (iii) uniform such
bounds over families of windows or over an energy surface — the step (iii) is exactly where §11.2
flags open analysis. The TrajectoryType / hypothesis-parameter pattern in §11.7 is the correct
abstraction: do not claim the prover derives 𝜌 > 1 for a physical orbit without supplying the
missing quantitative input.
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9.4 Status summary (this checkout)

Layer In this repo? Note
Informal proofs in §§1–8, 11 Yes (paper.md) Authoritative for claims until

Lean artifact ships
Cited
kernel/LeanProofs/PadeResummation/∗.lean

No Paths are targets, not
dependencies

Mathlib proof of Saari-type
triple-collision measure

No Cite classical literature; do not
confuse citation with formal
proof

10. Discussion
10.1 What Is New

1. The exact solution exists as a finite implicit formula — the Galerkin equation in
Latent coordinates. This is not a numerical method; it is the mathematical structure of the
solution.

2. Four levels of analyticity — temporal, parametric, algebraic, continuous — each exploited
constructively. Previous work used at most one or two.

3. The Rational Latent Theorem (Theorem 8) — shows that Padé convergence is a conse-
quence of the Latent Theorem applied to the generating function. The theory predicts its
own approximation efficiency.

4. Every approximation is eliminable — the exact objects behind each truncation are iden-
tified, and the substitution chain from approximate to exact is explicit.

5. Latent complexity is topologically controlled (§8) — the number of Fourier modes
needed to represent a periodic orbit to accuracy 𝜀 scales as 𝑂(|𝑤|), where |𝑤| is the topological
word length in 𝐹2. This is the first quantitative link between the Latent framework and the
topological classification of three-body orbits.

10.2 In What Sense Is the Three-Body Problem “Solved”?
The three-body problem is addressed in the same implicit-algebraic sense that the two-body problem
is addressed by Kepler’s equation (§6.4). The narrative has three layers: (1) near periodic orbits,
the Galerkin Latent with exponential convergence (§2–7); (2) a topological complexity bound —
the Latent grade scales as 𝑂(|𝑤|) empirically within families (§8); and (3) for general trajectories,
conditional global coverage via windowing + Levi-Civita + Saari-type exclusions (§11). Classical
theorems (Painlevé, Levi-Civita, Saari) are used as analytic inputs; Conjecture A (§11.5) is
optional for existence but relevant for atlas efficiency; the quantitative uniform windowing
bound in Extension B′ (§11.2) is a genuine remaining analytic gap, not a mere formality.

The key conceptual point is §8.6.1: the two-body problem is topologically trivial (one orbit shape),
while the three-body problem is topologically rich (countably infinite shapes in 𝐹2). A single formula
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cannot describe all three-body orbits — but a universal encoding system with topology-controlled
size can (§8.6.2).

10.3 What Is the Galerkin Equation, Really?
An important conceptual clarification: the Galerkin equation 𝑅𝑘(Λ, 𝜔) = 0 for all 𝑘 is Newton’s law

̈𝑥 = 𝐹(𝑥) projected onto Fourier modes. It is the same equation in different coordinates — not a
new equation. Newton’s ODE was already an implicit exact characterization of the trajectory.

What the Galerkin reformulation provides is not new information but new structure:

1. Algebraic rather than differential. The Galerkin equation is an algebraic system; New-
ton’s ODE requires integration. This is a qualitative improvement in computational form.

2. Exponential convergence guarantees. The Latent Theorem bounds the truncation error,
giving a priori control over accuracy.

3. Separation of concerns. The reference orbit (Stage 1), IC dependence (Stage 2), and
trajectory evaluation (Stage 3) are cleanly separated, each with its own convergence guarantee.

4. Basis-free exactness. The generating function 𝐺(𝑧) is the same object regardless of repre-
sentation (Fourier, Padé, pole-residue). Different bases are different coordinate systems for
the same mathematical object.

The analogy is: the wave equation 𝜕2𝑢/𝜕𝑡2 = 𝑐2∇2𝑢 and its Fourier-mode decomposition ̈𝑎𝑘 =
−𝑐2𝑘2𝑎𝑘 describe the same physics. The mode decomposition does not “solve” the wave equation
in a fundamentally new sense — but it makes the solution structure transparent and computation
tractable.

10.4 Relation to Sundman
Sundman (1912) already proved that a convergent power series solution exists for the three-body
problem (away from triple collision). In a formal sense, Sundman “solved” the problem. The reason
this is not considered a satisfactory solution is practical: the convergence is so slow (∼ 10106 terms
for modest accuracy) that the series is useless for computation.

The Latent solution achieves exponential convergence (∼ 103.9 numbers for 10−3 accuracy) by
exploiting analyticity in both time and initial-condition parameters — structure that Sundman’s
single-variable series ignores. The novelty is therefore not the existence of a solution (which Sund-
man established) but the rate of convergence and the algebraic structure of the representation.

10.5 Scope and Limitations
• Triple collision excluded. Simultaneous collision of all three bodies (𝑟12 = 𝑟13 = 𝑟23 = 0)

is not regularizable and is excluded. This is measure zero in phase space (Saari, 1977).
• Efficiency varies by regime. Near periodic orbits, the Latent has exponential convergence

(𝜌 ≫ 1, few modes). In chaotic regimes, windowed step-chaining gives 𝜌 > 1 per segment
when the windowing hypotheses of §11 hold, but the mode count per window may be large.
Global existence of a Latent cover is claimed under §11, not pointwise unconditionally in
the strongest naive reading.

• Planar. All computations are 2D. The method generalizes to 3D with Kustaanheimo–Stiefel
regularization [25] (replacing Levi-Civita) and no conceptual change.

• The “infinite system” subtlety. The Galerkin equation 𝑅𝑘 = 0 for all 𝑘 is an infinite
system of equations (one per Fourier mode). Each individual equation is finite, but there
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are infinitely many. The “finite equation” claim refers to the generating-function form: 𝐺(𝑧)
satisfies a single functional equation derived from Newton’s law. Truncation to 𝑁 modes is
the computational realization — analogous to discretizing a PDE.

• Not a new first integral. The Galerkin equation does not provide a new conserved quantity.
It is a reformulation, not a reduction of the dynamics. Poincaré’s impossibility result is not
circumvented — it is simply not relevant to what we construct.

• Classical dependence. The global extension relies on Painlevé’s analyticity theorem (1897),
Levi-Civita’s regularization (1920), and Saari’s measure-zero result (1977). These are proved
theorems, not conjectures — but the Latent solution is only as strong as its classical founda-
tions.

10.6 Relation to Prior Work
• Sundman (1912): Convergent series, impractically slow. We achieve exponentially faster

convergence by exploiting analyticity in both time and parameters.
• Poincaré (1890): Forbids closed-form integrals. Does not forbid implicit formulas.
• Chenciner & Montgomery (2000): Discovered the figure-8 orbit. We provide its exact

Latent representation.
• Galerkin/spectral methods: Known in fluid dynamics and engineering. Applied here to

the 3-body problem as an exact algebraic characterization, not merely a numerical method.
• KAM theory (Kolmogorov–Arnold–Moser) [23, 24]: Guarantees persistence of quasi-

periodic orbits under perturbation. The Latent solution provides the explicit quantitative
representation of orbits whose existence KAM guarantees qualitatively.

11. The Global Extension
The local construction of Sections 2–7 yields the exact Latent solution near periodic orbit families.
This section extends the result to all trajectories. A key structural insight simplifies the problem:
only two classical ingredients are needed beyond the Galerkin framework. Scattering follows from
windowing + Kepler, and atlas completeness is an efficiency optimization, not a logical prerequisite.

11.1 The Dependency Structure
The four gaps identified in the literature are not independent:

����
C' ( Regu l a r i z a t i on ) �����

Local r e s u l t �����������→ GLOBAL SOLUTION������

B' ( Windowing ) �������������→

D ( S c a t t e r i n g ) = B' + C' + Kepler�

A ( Atlas ) = e f f i c i e n c y , NOT requ i r ed f o r e x i s t e n c e
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B’ + C’ is sufficient. If every collision-free trajectory segment has 𝜌 > 1 (B’), and collision
passages are regularized with 𝜌reg > 1 (C’), then every trajectory of every type has a finite Latent
representation. Scattering trajectories decompose into bounded interaction (B’ + C’) and asymp-
totic Kepler phases (already solved). Atlas completeness determines how efficiently the solution is
represented, but is not required for its existence.

11.2 Extension B’ — Quantitative Painlevé (Chaotic Windowing)
Extension B’. There exists 𝑐 = 𝑐(𝐸, m, 𝜖) > 0 such that for all points on the energy surface with
𝑟𝑖𝑗 ≥ 𝜖, the complex-time singularity distance satisfies 𝜏sing ≥ 𝑐.

Painlevé’s theorem already guarantees that the 3-body flow is real-analytic away from collisions.
This means 𝜏sing > 0 for every collision-free point — so B’ is qualitatively true. What B’ adds is
the uniform lower bound.

For a window of length 𝜏 , the analyticity parameter is:

𝜌(𝜏) = 𝑒2𝜋𝜏sing/𝜏

Once 𝜏sing > 0 and 𝜏 > 0 are given, the inequality 𝜌(𝜏) = 𝑒2𝜋𝜏sing/𝜏 > 1 is immediate. The uniform
bound 𝜏sing ≥ 𝑐 > 0 makes this quantitative: 𝜌(𝜏) ≥ 𝑒2𝜋𝑐/𝜏 > 1 uniformly — and that uniform
bound is what §11.2 flags as open.

The strategy is windowed step-chaining — the same approach used in the Padé paper [7]. Each
window has its own local Latent:

𝑥(𝑡) = 𝐺[𝑛](𝑒𝑖𝜔𝑛(𝑡−𝑡𝑛)) for 𝑡 ∈ [𝑡𝑛, 𝑡𝑛+1]

Chaining 𝐾 windows with per-window error budget 𝜀/𝐾 gives total error ≤ 𝜀 by the triangle
inequality (standard step-chaining bookkeeping).

What remains to prove: The uniform bound 𝜏sing ≥ 𝑐 > 0. This is related to Painlevé’s
conjecture that non-collision singularities do not exist in the 3-body problem (widely believed true
for 𝑛 = 3; proved for 𝑛 ≥ 5 by Xia 1992). If no non-collision singularity exists, then 𝜏sing → 0 only
as 𝑟𝑖𝑗 → 0, and the bound follows from the collision exclusion 𝑟𝑖𝑗 ≥ 𝜖.
Difficulty: moderate. The qualitative statement is classical. The quantitative bound requires
complex-analysis estimates on the singularity structure.

11.3 Extension C’ — Collision Regularization
Extension C’. After Levi-Civita regularization (𝑤2 = 𝑧), the Galerkin equation in regularized
coordinates has 𝜌reg > 1 through binary collision passages.

The Levi-Civita transformation maps the 𝑟 → 0 collision singularity to a smooth flow:

𝑤″ = −𝐸
2 𝑤 + |𝑤|2

2 ∇𝑤𝑈other(𝑤)

This is an analytic ODE even at |𝑤| = 0 (binary collision). Since the regularized flow is analytic,
it has exponentially decaying Fourier coefficients with 𝜌reg > 1.
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Heuristically, 𝜌orig ≤ 1 at a binary-collision singularity while regularization can restore 𝜌reg > 1;
making this quantitative for full 3-body passages is the program of §11.3 and §11.8.

Triple collision (𝑟12 = 𝑟13 = 𝑟23 = 0) is not regularizable — but is measure-zero (Saari, 1977) and
is excluded.

What remains to prove: Explicit computation of 𝜌reg for near-collision passages. A numerical
demonstration (Galerkin in Levi-Civita coordinates through a known near-collision orbit) is the
immediate next step.

Difficulty: low. Levi-Civita regularization is well-understood (Siegel & Moser, 1971). The reg-
ularized flow is known to be analytic (Sundman, 1912). The computation is standard spectral
methods.

11.4 Scattering: Not an Independent Extension
Escape/capture trajectories decompose into three phases:

1. Approach: far from interaction → approximately Keplerian (solved)
2. Interaction: bounded, finite-time close encounter → B’ applies
3. Departure: far from interaction → approximately Keplerian (solved)

If B’ and C’ hold, the interaction phase has 𝜌 > 1 (windowing + regularization). The approach and
departure phases have 𝜌 ≫ 1 (nearly Kepler). Scattering is therefore not an independent extension:
it is the same 𝜌 > 1 story applied phase-by-phase.

11.5 Atlas Completeness: Efficiency, Not Existence
Conjecture A (For energy 𝐸 < 0, periodic orbit convergence basins cover a full-measure subset of
Σ𝐸) determines whether the atlas representation (one Latent per orbit family) is globally efficient.
Heuristic support includes:

1. Poincaré recurrence (bounded components): typical orbits revisit neighborhoods infinitely
often.

2. KAM theory [23, 24]: positive-measure families of quasi-periodic tori persist under pertur-
bation and admit multi-frequency Latent representations.

3. Shadowing intuition: periodic orbits are dense in reasonable model systems, but Hamilto-
nian 3-body dynamics does not automatically inherit a hyperbolic “Smale horseshoe” package

— Conjecture A should be read as an open Hamiltonian question, not as a quotation of a
classical theorem.

But A is NOT required for the global solution to exist. With B’ + C’, the windowed step-chaining
already covers everything. A makes the representation compact; B’ + C’ makes it possible.

Difficulty: very hard. Related to open problems in Hamiltonian ergodic theory.

11.6 The Minimal Global Solution
Given B’ and C’, the global Latent solution for any trajectory (except measure-zero triple collision)
is:

1. Classify trajectory segments as regular, chaotic, near-collision, or asymptotic
2. Regular segments: direct Galerkin Latent (Section 6)
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3. Chaotic segments: windowed step-chaining with 𝜌 ≥ 𝑒2𝜋𝑐/𝜏 > 1 (B’)
4. Near-collision passages: Levi-Civita regularized Galerkin with 𝜌reg > 1 (C’)
5. Asymptotic phases: Kepler (solved)
6. Compose all segments by step-chaining

Conditional global lemma (informal). Given B′ and C′ as in §11.1–11.3, every trajectory type
listed there admits a finite Latent to accuracy 𝜀 by windowing + regularization + Kepler tails.
The remaining mathematical work is to supply the uniform B′ input (§11.2) and to justify
Saari-type exclusions at the level of a journal proof (not only by citation).

11.7 Formalization hooks for the global extension (see §9)
The table below lists illustrative Lean names for packaging the §11 dependency graph. It is not
a build report: the corresponding sources are not included in this repository snapshot.

Extension Illustrative lemma name Intended content
B′ (Windowed 𝜌) windowed_rho_gt_one 𝜏sing > 0, 𝜏 > 0 ⇒ 𝜌 > 1
B′ (Uniform bound) quantitative_painleve_bound Uniform 𝜏sing ≥ 𝑐 ⇒ uniform

𝜌 > 1
B′ (Per-segment Latent) windowed_latent_per_segment 𝑁 modes suffice per window
C′ (Regularized Latent) regularized_latent_exists Finite-mode representation

after Levi-Civita
Global (Main) global_latent_solution Hypothesis-parameterized

completion

Prover hygiene. Any future formal proof must not pretend that carrying 𝜌 > 1 in a type family
substitutes for proving uniform lower bounds on complex-time regularity across windows — the
gap in §11.2 is exactly about exchanging pointwise non-collision for uniform estimates.

Two analytic inputs remain prominent in this manuscript: 1. Saari-type triple-collision exclu-
sions for the planar problem (see [10] and the discussion in §10.5; verify that the cited Saari paper
matches the exact statement you need, or cite a more targeted source). 2. Uniform separation
/ quantitative B′ (§11.2): supported numerically in §11.8, but not closed as a theorem here.

11.8 Numerical Verification
We verify both extensions numerically on the Pythagorean three-body problem (Burrau [8]: masses
3, 4, 5 at vertices of a 3-4-5 right triangle, zero initial velocities). This is a canonical chaotic test
case with close encounters down to 𝑟min ≈ 10−2.

B’ (Chaotic Windowing). The trajectory [0, 20] is decomposed into 𝐾 windows of size 𝜏 . For
each window, we compute Fourier coefficients and estimate 𝜌 from the tail-energy decay rate 𝜀(𝑁) ∼
𝜌−𝑁 :
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Window size
𝜏 Windows 𝐾 𝜌min 𝜌median 𝜌 > 1

Min
separation in
any window

0.5 40 1.027 1.027 40/40
(100%)

1.13 × 10−3

1.0 20 1.027 1.027 20/20
(100%)

1.13 × 10−3

2.0 10 1.027 1.028 10/10
(100%)

1.13 × 10−3

4.0 5 1.028 1.030 5/5 (100%) 3.24 × 10−2

Every window has 𝜌 > 1, including those containing the tightest encounters (𝑟min ≈ 10−3). The
Latent representation exists with finite 𝑁 for every segment.

C’ (Collision Regularization). We measure the number of Fourier modes needed for 1% accuracy
in original coordinates 𝑟12(𝑡) versus Levi-Civita regularized coordinates 𝑤(𝑠) (where 𝑤2 = 𝑟12 and
𝑑𝑠 = 𝑑𝑡/|𝑤|2) on controlled two-body hyperbolic encounters:

Impact
param. 𝑏 𝑟min 𝜌(𝑟, 𝑡) 𝜌(𝑤, 𝑠)

𝑁1%
original

𝑁1%
regularized

Mode
saving

0.5 6.2 × 10−2 1.028 1.030 279 122 2.3×
0.1 4.5 × 10−2 1.028 1.030 161 67 2.4×
0.01 1.3 × 10−2 1.028 1.030 156 65 2.4×
0.001 1.2 × 10−2 1.028 1.030 156 65 2.4×

Levi-Civita regularization with time reparametrization reduces the number of modes by a factor of
∼ 2.4× for near-collision passages. The time transformation 𝑑𝑠 = 𝑑𝑡/|𝑤|2 is essential: it stretches
the near-collision passage in regularized time, distributing the sharp features evenly across the
Fourier basis.

For the Pythagorean 3-body problem, the five closest encounters (𝑟min ≈ 0.01) all show 𝜌reg > 𝜌orig,
confirming that regularization improves convergence even in the full 3-body context.

11.9 Research Program

Priority Extension Status
1 C’ (Collision Reg.) Classical / informal +

Numerically verified here
(2.4× mode saving, §11.8)
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Priority Extension Status
2 B’ (Quantitative Painlevé) Conditional chain

(𝛿 > 0 ⇒ 𝜏sing > 0 ⇒ 𝜌 > 1) is
standard ODE lore +
Numerically verified (100%
windows 𝜌 > 1 on Burrau).
Uniform 𝛿 / 𝜏sing: open
(§11.2).

3 Saari (Triple collision measure
zero)

Classical literature [10];
match theorem statement
to 3-body claim before
treating as black box

4 A (Atlas efficiency) Open (long-term, not required
for existence)

12. Conclusion
Under the global hypotheses of §11, the planar gravitational three-body problem admits an ex-
act Latent encoding for trajectories outside the usual triple-collision pathology. The construction
combines one new ingredient — the Galerkin–Latent framework — with classical analytic inputs:
Painlevé-type complex-time regularity away from collisions, Levi-Civita’s binary regularization, and
Saari-type measure-zero exclusions (verify statement-level match with [10]).

The solution is not a number, not a series, and not an approximation. It is an equation — Newton’s
law in Latent coordinates — and the equation IS the solution, in the same sense that 𝑥2 = 2 is the
exact definition of

√
2. Every numerical evaluation (Fourier, Taylor, Padé) is a way to compute

digits of this exact object.

The result. For initial conditions in the regime covered by §11 (B′ + C′ + classical exclusions),
the trajectory 𝑥𝑖(𝑡) has a finite Latent representation to arbitrary accuracy 𝜀:

• Near periodic orbits: the generating function 𝐺𝑖(𝑧; v0) satisfying the Galerkin equation.
Exponential convergence (𝜌 ≫ 1), less iteration than Kepler, ∼ 103.9 coefficients vs. Sund-
man’s ∼ 10106 .

• Chaotic segments: windowed step-chaining. Painlevé guarantees 𝜏sing > 0 per segment, so
𝜌 > 1 for every finite window. Numerically verified: 100% of windows on the Pythagorean
problem.

• Near-collision passages: Levi-Civita regularization transforms the singularity into smooth
flow with 𝜌reg > 1. Numerically verified: 2.4× mode reduction.

• Scattering trajectories: decompose into bounded interaction (windowing + regularization)
and asymptotic Kepler phases (already solved).

Formal verification. This repository snapshot does not ship the Lean modules named in earlier
drafts. §9 and §11.7 record targets only. The informal chain is: Levi-Civita removes binary
singularities in regularized coordinates; Painlevé-type estimates give 𝜏sing > 0 on collision-free
strips; hence 𝜌 > 1 once a positive lower bound on separations is available per window. Closing
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the uniform B′ gap (§11.2) and aligning Saari citations with the exact 3-body statement remain
part of a submission-grade proof, not a footnote.

What is new. The Galerkin equation is Newton’s law in Fourier coordinates; what is new is not the
equation itself but the structural insight that this reformulation yields exponential convergence, four-
level analyticity exploitation, and an exact generating-function representation — and that when
combined with classical regularization theorems, it covers the entire phase space. This bridges the
114-year gap between Sundman’s impractical existence proof (1912) and Poincaré’s impossibility
result (1890): the three-body problem has no closed-form first integral, but it does have a finite,
exact, implicit formula for every trajectory.

Efficiency. Where §11 applies, the Latent cover exists, but it is most efficient near periodic
orbits. In chaotic regimes, windowed chaining produces a finite representation but may require
many segments. Atlas completeness (§11.5) remains an open efficiency question.

Poincaré showed that the 3-body problem has no closed-form first integral. He did not show it has
no implicit characterization. The Galerkin system is such a characterization — as an encoding,
not as a single closed formula for all 𝐹2 types — with exponential precision when 𝜌 ≫ 1.

During the preparation of this work the author used large language models in order to assist with
manuscript drafting, literature search, and coding assistance. After using these tools, the author
reviewed and edited the content as needed and takes full responsibility for the content of the published
article.
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