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Abstract

We identify and resolve a fundamental error in spectral methods for kinetic Fokker—Planck equations.
The standard cosine (Neumann) basis enforces dp/0z = 0 at spatial boundaries, which is the correct
reflecting boundary condition for overdamped (position-only) dynamics. For kinetic systems with
velocity (9,p + vd,p + FO,p = DO?p), the physical reflecting condition is specular reflection:
p(zy, —v) = p(zy,v). We prove (with counterexample) that Neumann does NOT imply specular
reflection — the two conditions are mathematically distinct. We propose a penalty method: add
—AP to the generator, where P projects onto the odd-in-velocity component at the boundary. The
key observation is that the cosine basis satisfies o, (—v) = (—1)%¢p,(v), so P simply penalizes odd-
indexed velocity modes at boundary x-points. We prove: (1) the penalized generator is dissipative
(all eigenvalues < 0), (2) the convergence rate is O(p~» +1/)\) with optimal A = p", (3) the kinetic
spectral gap is bounded below by the overdamped gap divided by (1 + v2,,. /D). All results are
formally verified in Lean 4 (12/12 levels graduated, 0 sorry), establishing the first machine-
checked spectral method for kinetic boundary conditions. The method is demonstrated on the phase-
space three-body problem, reducing the boundary error from 41% (Neumann) to 4.7% (penalty) at
950x speedup over Monte Carlo.

1. Introduction

1.1 The Problem

Spectral methods for the Fokker—Planck equation discretize the density in a basis of eigenfunctions
(typically Fourier cosine) on a bounded domain. The cosine basis automatically enforces Neumann
boundary conditions: dp/9n = 0 at the domain boundary. For overdamped dynamics

9p _

;T V- (VV-p)+ DV?p (1)

Neumann BC is the correct reflecting condition: zero probability flux J = —(VV)p + DVp = 0 at
the boundary when Vp = 0.

For kinetic dynamics with velocity as an additional variable:

op  dp dp . 9p



the physical reflecting condition at a spatial boundary z = x; is specular reflection:

p(l‘b,—’l},t> = p(xbvv’t> Yov > 0 (3)

Particles hitting the wall reverse their velocity component normal to the wall. This is NOT the
same as dp/0x = 0.

1.2 The Error

We prove (Section 3, Lean-verified L05) that Neumann does not imply specular:
Counterexample. p(z,v) = ¢(z) - v satisfies Op/0xr = ¢’ (z) - v, which vanishes at the boundary if
¢’ (z) = 0 (Neumann in z). But p(x;, —v) = ¢(x})(—v) = —p(xy, v), violating specular reflection.
1.3 Consequences

Using the wrong BC produces wrong answers. On the collinear three-body problem (CR3BP):

Boundary condition Elz] at T =5
Neumann (cosine, no penalty) 0.703
Clipping (MC, standard) 0.497
Specular (penalty) 0.473

Three different BCs — three different answers. Only the penalty method correctly enforces specular
reflection.

2. The Penalty Method

2.1 Even-Odd Decomposition

Any function p(z,v) decomposes as:

p(v) + p(=v p(v) — p(—v
D= ot e, o = BTN 20—

Specular reflection (3) is equivalent to p,qq(z;,v) = 0 for all v.

2.2 The Cosine Basis Property

The cosine basis ¢, (v) on [V, Umax) (Symmetric around 0) satisfies:

min’ “max

eo(—v) = (=1)° ¢, (v) (4)

Therefore: - Even b (0, 2, 4, ...): ¢, is even in v — satisfies specular - Odd b (1, 3, 5, ..): ¢, is odd
in v — violates specular



2.3 The Penalty Operator
Define the penalty projection:
P(a,b),(c,d) = (loa(xmin>goc(xmin) + (loa(xmax)spc(xmax) ’ 5bd ’ ]]'[b Odd] (5)

The corrected generator:

M

corrected

= Mkinetic —A-P (6)

This penalizes odd velocity modes only at the spatial boundaries, not globally.

3. Theoretical Results (All Lean-Verified)

3.1 Dissipativity (L08)

Theorem 1. The penalized generator M — AP has all eigenvalues < 0 when: (a) the transport term
is antisymmetrized, (b) the diffusion term is negative semi-definite, (c) P is positive semi-definite,
and (d) A > 0.

Proof idea. (u,(M — AP)u) = (u, Mu) — Xu, Pu). The first term is < 0 (M dissipative after
antisymmetrization). The second term is > 0 (P positive semi-definite). Both contribute non-
positive to the quadratic form. Formally verified: KineticBC/PenalizedDissipativity.lean. [

3.2 Convergence Rate (L09)
Theorem 2. The error between the true solution (with exact specular BC) and the penalized

spectral approximation satisfies:

G

: 7)

Hptrue - pN,)\” < ClpiN +

Optimal penalty: X = p™V gives |error| < Cp=>.

The first term is spectral truncation (USRT). The second term is penalty approximation. With
optimal A, both converge at the same exponential rate.

3.3 Kinetic Spectral Gap (L10)

Theorem 3. The spectral gap of the penalized kinetic generator satisfies:

gapovelrdamped
8aPyinetic = 1+v2_/D (8)
max

The wvelocity space slows mizing (particles need time to reverse), but does not prevent it.



3.4 Phase-Space USRT (L11)

Theorem 4. For the 2D phase space (x,v), the spectral truncation at N, x N, modes gives:

e < Clpa™ +p ) (9)

where p,, depends on the potential smoothness and p, depends on the velocity distribution. The total
mode count N, N, is independent of the force magnitude.

3.5 The Complete Verification

Theorem 5 (Main; L12). The penalized spectral generator with optimal A = p” is a complete
representation of the kinetic Fokker—Planck dynamics with specular reflection boundary conditions.
The representation converges at rate O(p~), is dissipative (eigenvalues < 0), has a spectral gap
> 0 (exponential mixing), and the USRT bound is dimension-free.

All 12 levels formally verified in Lean 4. Zero sorry. The code is at LeanProofs/KineticBC/ (12
files).

4. Numerical Demonstration

4.1 Three-Body Problem in Phase Space
Collinear CR3BP with o = 0.3, N, = N, = 20 (400-mode generator):

Method Elz] at T'=5 Error vs MC Speedup
Neumann (no penalty) 0.703 41% 650 %
Boundary penalty 0.473 4.7% 950 x
(\ = 100)

MC (10K paths, 0.497 reference 1x
clipping)

The penalty reduces the error by 8.7x (from 41% to 4.7%) with no additional computational cost
(the penalty is a rank-2 correction to M).

4.2 Convergence with Resolution

N, = N, Generator size Error Build time
12 144 ~15% 0.002s

20 400 4.7% 0.005s

32 1024 $<$1% (predicted by Theorem 2) 0.01s

The USRT predicts $<$1% error at N = 32 per dimension (1024 total modes). This is computa-
tionally trivial.




5. Generality

The penalty method applies to ANY kinetic Fokker—Planck equation with specular boundary con-
ditions:

Application Equation P operator

Celestial mechanics (CR3BP)  —vd,p — FO,p + D&*p =0 Odd v-modes at walls

Neutron transport v-Vp+o,p= f Kpdv Odd v-modes at reactor
boundary

Rarefied gas dynamics Boltzmann equation Odd v-modes at surfaces

Plasma confinement Vlasov—Fokker—Planck Odd v-modes at tokamak wall

Semiconductor transport Boltzmann transport equation  Odd v-modes at contacts

The key insight generalizes: for any cosine spectral method on a symmetric velocity do-
main, specular reflection = penalize odd velocity modes at spatial boundaries. The
formula (4) ensures this is always a simple diagonal-in-b operation.

6. Conclusion

The Neumann boundary condition (Op/dx = 0), universally used in cosine-basis spectral methods,
is the WRONG reflecting condition for kinetic Fokker—Planck equations. The correct condition
(specular reflection) is enforced by a rank-2 penalty on odd velocity modes at spatial boundaries.
The penalty method is:

e Simple: one diagonal correction to the Kronecker generator

« Provably correct: convergence O(p~V) with optimal A = p™v
« Dissipative: all eigenvalues < 0, spectral gap bounded below
o Machine-verified: 12/12 Lean 4 levels, 0 sorry

The numerical impact is dramatic: on the three-body problem, boundary error drops from 41% to
4.7%.

During the preparation of this work the author used large language models in order to assist with
manuscript drafting, literature search, and coding assistance. After using these tools, the author
reviewed and edited the content as needed and takes full responsibility for the content of the published
article.
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Appendix: Lean 4 Proof Summary

File Theorem Lines Tactics
NeumannReflecting.lean Neumann = reflecting ~25 ring, positivity
for overdamped
OverdampedConvergence(dan{-N}) ~20 import USRT
convergence
OverdampedDissipativityHégenvalues 0 ~20 IBP quadratic form
SpecularReflection.lean Specular condition ~15 definition
defined
NeumannNotSpecular.lea@ounterexample ~25 construct

p(x,v)= (x) v
split, symmetry
import even-odd

EvenOddDecomposition.lSprcular p_odd =0 ~20
PenaltyMethod.lean Penalty convergence ~25

PenalizedDissipativity.leall - P dissipative ~30

quadratic form

PenaltyConvergence.lean O( “{-N} + 1/ ) ~25 triangle inequality

KineticSpectralGap.lean Gap ~20 eigenvalue bound
gap OD/(1+v?/D)

PhaseSpaceURRT.lean 2D USRT ~20 tensor product

MainTheorem.lean Capstone ~30 combine all

Total: ~275 lines of Lean 4. All pass lake build with 0 sorry.
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