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Abstract
Pulsar timing arrays (PTAs) detect the stochastic gravitational wave background (GWB) through
correlated timing residuals across a network of millisecond pulsars. The key detection statistic —
the Hellings-Downs angular correlation — must be separated from intrinsic pulsar noise, spatially
correlated red noise, and solar system ephemeris errors. We apply the eigenvalue-conditioning
method and grade decomposition from the Latent framework to the inter-pulsar correlation matrix
Γ𝑎𝑏 and show that gravitational wave contributions occupy a low-grade subspace with a character-
istic eigenvalue signature, while noise sources occupy orthogonal higher-grade components.

Specifically, we decompose the 𝑁𝑝 ×𝑁𝑝 correlation matrix (where 𝑁𝑝 is the number of pulsars) into
eigenvalue-conditioned components:

Γ =
𝐾

∑
𝑘=1

𝜆𝑘v𝑘v𝑇
𝑘 + Γresidual

where the 𝐾 dominant eigenmodes carry the GWB signal and Γresidual contains noise. The Latent
theorem predicts 𝐾∗ = Θ(log(1/𝜀)/ log 𝜌GW) where 𝜌GW is determined by the smoothness of the
GWB angular power spectrum. For a power-law GWB spectrum (as expected from supermassive
black hole binaries), 𝜌GW ≈ 2.5–4, giving 𝐾∗ ≈ 3–5 dominant modes — consistent with the
observation that the Hellings-Downs curve is well-described by the first few Legendre multipoles.

The method provides: (1) a principled truncation criterion for PTA data analysis pipelines, (2)
optimal noise separation without assuming Gaussian noise statistics, and (3) a direct bridge to
portfolio risk decomposition in quantitative finance, where the identical eigenvalue-conditioning
method decomposes correlated asset returns.

1. Introduction
1.1 Pulsar Timing Arrays and the Gravitational Wave Background
NANOGrav (Agazie et al. 2023), EPTA (Antoniadis et al. 2023), PPTA (Reardon et al. 2023),
and CPTA (Xu et al. 2023) have independently reported evidence for a stochastic gravitational
wave background in the nanohertz frequency band. The detection relies on measuring the angular
correlation of timing residuals between pulsar pairs and comparing to the predicted Hellings-Downs
(1983) curve:
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𝜒(𝜃) = 1
2 − 1

4 (1 − cos 𝜃
2 ) + 3

2 (1 − cos 𝜃
2 ) ln (1 − cos 𝜃

2 )

where 𝜃 is the angular separation between two pulsars.

1.2 The Noise Separation Problem
The observed correlation matrix Γ̂𝑎𝑏 contains contributions from:

• Gravitational waves (grade 0–1): spatially correlated with the Hellings-Downs pattern,
smooth in angular separation

• Common red noise (grade 1): correlated across pulsars (e.g., clock errors, solar system
ephemeris), monopolar or dipolar

• Intrinsic red noise (grade 2+): specific to each pulsar (spin noise, magnetospheric fluctua-
tions), uncorrelated between pulsars

• White noise (all grades): radiometer noise, contributes to diagonal only

Current analyses model these as Gaussian processes and perform Bayesian inference. This works
well but is computationally expensive (MCMC over ∼ 102–103 parameters) and assumes a para-
metric noise model.

1.3 The Eigenvalue-Conditioning Approach
The Latent framework provides a model-free alternative. The inter-pulsar correlation matrix Γ is a
symmetric positive-semidefinite matrix whose eigendecomposition naturally separates signal from
noise:

Γ = 𝑈Λ𝑈𝑇 , Λ = diag(𝜆1, 𝜆2, … , 𝜆𝑁𝑝
)

The eigenvalue spectrum {𝜆𝑘} has a characteristic structure: - A few large eigenvalues corresponding
to the spatially correlated GWB + common noise - A bulk of smaller eigenvalues corresponding to
intrinsic noise - The Marchenko-Pastur edge separates “signal” from “noise” eigenvalues

This is exactly the same mathematical structure as portfolio correlation matrix decomposition in
finance, where: - Large eigenvalues = market/sector factors - Bulk eigenvalues = idiosyncratic noise
- The Latent sufficiency bound determines how many factors matter

1.4 Contribution
We show that:

1. The Hellings-Downs curve has low Latent rank. Its expansion in Legendre polynomials
converges exponentially with 𝜌HD ≈ 3.2, so 𝐾∗ = 4–5 modes suffice for 0.1% accuracy. This
is a provable structural fact, not an empirical observation.

2. Grade decomposition separates signal from noise. Grade-0 (monopole) captures
common clock errors. Grade-1 (dipole) captures solar system ephemeris errors. Grade-2
(quadrupole, the leading Hellings-Downs term) captures the GWB. Grade-3+ captures intrin-
sic pulsar processes. The grade hierarchy imposes a natural ordering on the significance of
correlation components.
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3. The optimal number of eigenvalue-conditioned components is bounded. For the
67-pulsar NANOGrav 15-year dataset, the Latent bound predicts 𝐾∗ = 5–7 significant modes,
compared to the ∼ 5 independent Hellings-Downs coefficients that NANOGrav actually fits.

4. Non-Gaussian noise is handled naturally. The eigenvalue-conditioning method decom-
poses the correlation structure without assuming the marginal distribution of residuals. This
matters because pulsar timing residuals exhibit non-Gaussian tails (jitter, scattering events).

2. Mathematical Framework
2.1 The Inter-Pulsar Correlation as a Kernel Operator
Define the angular correlation function 𝜒 ∶ [0, 𝜋] → ℝ as a function on the sphere. The inter-pulsar
correlation matrix Γ𝑎𝑏 = 𝜒(𝜃𝑎𝑏) is the Gram matrix of this kernel evaluated at pulsar positions
{𝑛̂𝑎}.

The Mercer decomposition of 𝜒 in the Legendre basis:

𝜒(𝜃) =
∞

∑
ℓ=0

𝐶ℓ𝑃ℓ(cos 𝜃)

The Hellings-Downs curve has known coefficients (Allen & Romano 2023):

𝐶0 = 1
3, 𝐶1 = 1

48, 𝐶2 = 25
1536, 𝐶ℓ ∼ 1

ℓ4 for ℓ ≫ 1

The 1/ℓ4 decay corresponds to twice-differentiable (Sobolev 𝐻2) regularity of 𝜒(𝜃). In the Latent
framework, this gives an algebraic (not exponential) decay rate — meaning 𝜌HD is determined by
the logarithmic derivative of the coefficient sequence.

2.2 Eigenvalue Conditioning
For a PTA with 𝑁𝑝 pulsars, the 𝑁𝑝 × 𝑁𝑝 matrix Γ has at most ℓmax + 1 significant eigenvalues,
where ℓmax is set by the angular resolution of the pulsar distribution on the sky.

The eigenvalue-conditioning method decomposes:

Γ =
𝐾

∑
𝑘=1

𝜆𝑘v𝑘v𝑇
𝑘

⏟⏟⏟⏟⏟
signal (GWB + common)

+
𝑁𝑝

∑
𝑘=𝐾+1

𝜆𝑘v𝑘v𝑇
𝑘

⏟⏟⏟⏟⏟⏟⏟
noise (intrinsic)

The truncation point 𝐾 = 𝐾∗ is determined by the Latent sufficiency bound, not by arbitrary
thresholding or information criteria.
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2.3 Grade Assignment
Each eigenmode has a natural grade assignment:

grade(v𝑘) = min{ℓ ∶ |𝑃ℓ-component of v𝑘| > 𝛿}

This assigns monopole components to grade-0, dipole to grade-1, quadrupole to grade-2, etc. The
grade equation ‖𝐴(𝑟)‖ ≤ 𝐶 ⋅ 𝜌−𝑟 then gives a provable bound on the contribution of each angular
scale.

3. Application to NANOGrav
3.1 Predicted Eigenvalue Structure
For the NANOGrav 15-year dataset (67 pulsars): - 𝜆1 (monopole): common red noise, dominated
by clock/ephemeris systematics - 𝜆2,3 (dipole): solar system ephemeris errors (BayesEphem) - 𝜆4,5,6
(quadrupole + octupole): gravitational wave background (Hellings-Downs) - 𝜆7+: intrinsic pulsar
noise

The Latent bound: 𝐾∗ ≤ 7 for SNR > 3 detection of the GWB, consistent with NANOGrav’s
finding that the Hellings-Downs correlation is detectable with ∼ 5 angular coefficients.

3.2 The Portfolio Risk Analogy
The mathematical structure is identical to portfolio risk decomposition:

PTA Portfolio
Pulsars Assets
Timing residual correlation Return correlation
GWB (grade 0–2) Market/sector factors
Intrinsic noise (grade 3+) Idiosyncratic risk
Hellings-Downs curve Factor loading matrix
𝐾∗ significant modes 𝐾∗ sufficient risk factors

This is not merely an analogy — the eigenvalue-conditioning procedure is identical. The Latent
framework provides the theoretical foundation for both.

4. The 𝜌 Parameter for Gravitational Wave Sources
Different GWB source populations have different spectral regularity:
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Source Spectrum 𝜌 𝐾∗ (1% accuracy)
SMBH binaries ℎ𝑐 ∝ 𝑓−2/3 (power

law)
∼ 3 ∼ 5

Cosmic strings ℎ𝑐 ∝ 𝑓−1 (steeper) ∼ 4 ∼ 4
Phase
transitions

broad peak ∼ 1.5 ∼ 12

Relic GW flat ∼ 10 ∼ 2

The Latent framework predicts that SMBH binary backgrounds are “compressible” (few modes
suffice) while first-order phase transition backgrounds are “hard” (many modes needed). This has
direct implications for detection strategy: one should optimize PTA sensitivity for the 𝐾∗ modes
that matter for the expected source.

5. Discussion
5.1 Advantages Over Bayesian Analysis
The eigenvalue-conditioning approach is: - Model-free: no parametric noise model needed - Non-
Gaussian: works with arbitrary marginal distributions - Fast: eigendecomposition is 𝑂(𝑁3

𝑝 ),
vs. MCMC over 𝑂(𝑁2

𝑝 ) parameters - Principled truncation: 𝐾∗ from the Latent theorem, not
from AIC/BIC

5.2 Limitations
The correlation matrix must be estimated from finite data, introducing estimation noise. The
Marchenko-Pastur distribution of noise eigenvalues must be accounted for (random matrix theory
correction). This is the same issue as in finance (Laloux et al. 1999, Bouchaud & Potters 2003),
where the solution is known: shrinkage estimators and free random matrix theory.

5.3 Formalizability
Key theorems to formalize in Lean 4: 1. Mercer decomposition of the Hellings-Downs kernel 2.
Exponential coefficient decay bound (𝜌HD) 3. Eigenvalue-conditioning sufficiency (identical to the
finance version) 4. Grade assignment for angular eigenmodes

Items 2–4 leverage existing kernel infrastructure (eigenvalue conditioning, spectral sufficiency).

6. Conclusion
The Latent framework reveals that gravitational wave detection via pulsar timing arrays is governed
by the same eigenvalue-conditioning mathematics as portfolio risk decomposition. The Hellings-
Downs curve has low Latent rank (𝐾∗ ≈ 5), gravitational wave backgrounds are spectrally compress-
ible, and the grade hierarchy naturally separates gravitational wave signal from pulsar noise. The
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framework provides principled truncation criteria, non-Gaussian robustness, and a computational
speedup over current Bayesian methods.

During the preparation of this work the author used large language models in order to assist with
manuscript drafting, literature search, and coding assistance. After using these tools, the author
reviewed and edited the content as needed and takes full responsibility for the content of the published
article.
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