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Abstract

Current quantum error mitigation methods are circuit-intensive. Zero-noise extrapolation
(ZNE) runs the same computation 3-5 times at amplified noise levels, fits a polynomial, and
extrapolates to zero noise. This fails systematically: decoherence is exponential, not polynomial,
and qubit noise rates are heterogeneous across the chip.

We take a direct approach: build the noise channel N (t) = ¢ from the Lindblad superop-
erator, and invert it. The inverse always exists for finite circuit times (Theorem 1), and we can
bound its condition number before running the experiment (Proposition 1). The key to scalabil-
ity is a cluster decomposition: each qubit’s noise is captured by a 64 x 64 matrix (3-qubit local
cluster, constant size), giving O(n) cost regardless of system size. The cluster approximation
matches exact 4" diagonalization to < 0.001% up to n = 6 (14,327x speedup), consistent with
the Kastoryano—Eisert exponential clustering theorem.

On a simulated Bell-state circuit with realistic transmon parameters (77 = 300 us, T, =
200 p8), the gate-aware variant restores fidelity from 0.838 to 1.000 at depth 100, with s , =
1.46. On a 5-qubit chain with IBM Brisbane-style heterogeneous calibration (7} range 100-
350 us), per-qubit correction eliminates a ~ 0.19 fidelity residual that chip-average methods
leave unresolved. One circuit. One matrix inverse. Exact under Markov.

1. Introduction

1.1 The Problem

Today’s quantum computers are noisy, and error correction (surface codes) is still decades away —
it needs thousands of physical qubits per logical qubit (Cai et al., 2023). What we have instead is
error mitigation: classical post-processing to undo noise without extra qubits (Endo et al., 2018;
Kandala et al., 2019; Kim et al., 2023).

The standard tool is zero-noise extrapolation (ZNE) (Li and Benjamin, 2017; Temme et al.,
2017): run the circuit at noise levels A, 2, 3], fit a polynomial, extrapolate to A = 0. ZNE powered
the 127-qubit utility demonstration (Kim et al., 2023). But it has three problems:

1. High circuit overhead: 3-5 circuit executions for one result.

2. Wrong model: polynomial extrapolation for exponential noise (e~7?).

3. Blind to heterogeneity: treats all qubits the same. On real chips, 77 and T}, vary by +£50%
(Kandala et al., 2019).

1.2 This Paper

Instead of extrapolating, we invert:
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where M is the Lindblad superoperator built from known decoherence parameters (7;, T,, gate
times). We know the noise model; we just run it backwards.

The catch is scalability: full Lindblad inversion costs O(43"), which is intractable beyond a few
qubits. Our solution is a cluster decomposition — each qubit’s noise is captured by a 4% x 4F
matrix with k& = 3 nearest neighbors (always 64 x 64, constant cost). This matches exact 4"
diagonalization to < 0.01% for n < 6, and reduces the total cost to O(n - 43¥). The 127-qubit
circuits of Kim et al. (2023) would need 127 independent 64 x 64 inversions — about 4 MB, under
3 seconds on a laptop.

Three things distinguish this from prior work. The inverse always exists (Theorem 1), and its
condition number is computable before the experiment (Proposition 1) — unlike ZNE, where the
extrapolation error is unknown until measurement. A gate-aware variant (§4.2) achieves exact
correction at arbitrary depth by inverting each gate’s noise individually. And compared to the
closest competitor — sparse Pauli-Lindblad PEC (van den Berg et al., 2023), used in the 127-qubit
utility demonstration — our method is deterministic with zero sampling overhead, versus PEC’s
~ €2¢ probabilistic cost.

1.3 Key Results

ZNE (standard) Spectral (ours)
Circuits needed 3-5 1
Noise model Polynomial fit Exact (Lindblad)
Per-qubit No Yes
Gate-time dependence Approximate Exact
Depth scaling Degrades for deep circuits F > 0.996 for d < 10; exact

with gate-aware variant

Theoretical guarantee None Lindblad invertibility

(Theorem 1)

2. The Spectral Error Mitigation Pipeline

2.1 Build Cluster Lindblad (One-Time)

For each qubit 4, take its k nearest neighbors and build the local Lindblad superoperator:
M;=—iI®H,-—HI @)+ v (Lj®L,— 3 I®LiL,— L(LIL)T&1) (2)
J

where H; is the local Hamiltonian (qubit frequencies + coupling) and L; are the jump operators

(decay o_, excitation o, dephasing ¢,) with rates from measured Tfi), TQM) .

Cost: One 4% x 4% matrix exponential per qubit. For k = 3: a single 64 x 64 expm, under 1 ms.
Total cost scales as O(n - 43%) — linear in system size.



2.2 Compute Noise Channel

Given the total decoherence time t (gate times + idle times):

Ni(t) = et (3)
One 64 x 64 matrix exponential per qubit. Sub-millisecond.

2.3 Invert
NL(t) = e Mt (4)

Theorem 1 (Lindblad Invertibility). Let M be a Lindblad superoperator. For any finite t > 0,
the noise channel N(t) = e™? is invertible, with inverse N=1(t) = e,

Proof. det(e™?) = (Mt Since tr(M) is finite, det(N'(¢)) # 0 for all finite ¢, so N (t) is invertible.
The explicit inverse is N 7! (t) = e~ since et . e Mt = 1. O

Proposition 1 (Condition Number Bound). The spectral condition number of N(t) (ratio of
largest to smallest eigenvalue modulus) satisfies

Fpoc (N (1)) = elRePmin)lt (4a)
where A, s the eigenvalue of M with the most negative real part. For a multi-qubit system,

|Re(Ain)| depends on all dissipative channels (decay, dephasing, and their combinations).

Remark. Lindblad generators are generically non-normal (MTM # MMT), so the SVD condition
number Ky, = 0y, /0, can exceed Ky, For any eigenvector Az = ju,.x, the bound || Az| > o, ||z
gives |y > 0y similarly |pg| < 0., Hence kg, > Ko always holds. For the 2-qubit system,
the gap grows with #: at depth 100 (t = 33 is), Kepee = 1.39 vs kg, = 1.46 (5% gap); at t = T}
(300 us), Kgpee = 20 vs kg, = 29 (44% gap). The gap arises because o, (N (t)) > 1 for non-normal
M (pseudospectral transient growth: some Liouville-space directions are temporarily amplified
before eventual decay).

For the 2-qubit system in this paper (T} = 300 us, Ty = 200 us), |[Re(Ay,)| = 10,0005 (from the
combined decay + dephasing channels). Numerically verified kg, values:

min >

t t/T, K K

spec SV

1.3 us (depth 1) 0.004 1.01 1.02
33 us (depth 100)  0.11  1.39 1.46
100 pus (depth 300) 0.33  2.72  3.11
300 us (t =1T)) 1.0 20 29

For t <« T, (the practical operating range), kg,
numbers diverge and the method fails (Section 3.2

spec

~ K ~ 1. Beyond t > T}, both condition
)



2.4 Apply Correction

For the measured density matrix p, q.s:

Pcorrected — UILIVEC (N_l ' Vec(pmeas)) (5)

Then project back to a physical state: enforce Hermiticity (p — (p+p')/2), clip negative eigenvalues,
normalize (p — p/Tr(p)). For the gate-aware variant this projection is cosmetic (AF < 10712,
just floating-point cleanup). For the global variant, accumulated commutation error between gate
unitaries and the noise channel produces negative eigenvalues of order O(vt . the projection
does real work at large depths (§4.2).

gate)

Algorithm Summary
Algorithm 1: Spectral Error Mitigation

Input: Measured density matrix p,,...; per-qubit calibration data {Tfi),TQ(i)}; gate
schedule (times {t,}, connectivity)

Preprocessing (one-time, classical): 1. For each qubit ¢: build cluster Lindblad M,
from k-nearest neighbors (Eq. 2) 2. Compute total decoherence time ¢t = Eg t, from

—Mit

the gate schedule 3. Compute correction matrix N;1 = e one 4% x 4% matrix

exponential per qubit)

Correction (per circuit execution): 4. Apply: vec(peor) = N1 vec(pens) B- Project
to physical state: Hermiticity, PSD, Tr = 1

Output: Corrected density matrix p.,,,

Cost: Preprocessing: O(n - 43%) (one-time, dominated by matrix exponential). Per-
execution: O(n -42%) (matrix-vector multiply). For k = 3: O(262,144n) and O(4,096 n)
respectively — both trivial for any n.

Dual formulation (for large n, avoids full tomography): 4’ Compute corrected ob-
servable: O’ = N71[0] (same 64 x 64 operation per qubit) 5. Estimate (O).,, =
Tr(O - preas) Via standard measurement protocol

The dual formulation requires only expectation value estimation, not density matrix
reconstruction, and scales to arbitrary n.

3. Why This Works (and When It Doesn’t)
3.1 Why It Works

Three properties of Lindblad noise make exact inversion practical:

1. Locality. Decoherence is dominated by single-qubit processes (1) decay, T, dephasing) with
nearest-neighbor corrections. The Kastoryano—Eisert theorem (2013) guarantees exponential
decay of correlations: Corr, (A : B) < Ce ¥A4B/& A 3-qubit cluster is enough (< 0.01%
error, §5.2).



2. Near-identity. For short circuits, NV (t) is close to I. Concretely: |e*it —1] < elRePminllt 1
IRe(A,in)| t when |[Re(\ ;)| t < 1. At depth 100 (t = 33 us): |Re(A,;,)|t = 0.33. The noise
channel is a small perturbation.

3. Well-conditioned. From Proposition 1: kg, = 1.02 at depth 1, k,, = 1.46 at depth 100.
The inversion is numerically stable throughout the practical range (t/7} < 0.3, kg, < 3.1).

3.2 When It Fails

At t ~ T, =300 us: Ky, ~ 29, noise amplification ~ 29x, requiring ~ 840x more shots. At ¢ > T}:
the noise channel collapses to a rank-1 projector (thermal state), the inverse diverges, and the
quantum information is gone. No method can recover it.

Hard limit: d,,, ~ T} /t,.. ~ 1000 gates for current hardware.

gate

3.3 Why Not ZNE?

ZNE fits (O)(A\) &~ a + b\ + ¢A? and extrapolates to A = 0. This fails in three regimes: when noise
decays exponentially rather than polynomially, when qubits have heterogeneous noise rates, and
when circuits include idle times (ZNE only stretches gate noise). Spectral mitigation handles all
three exactly.

4. Numerical Results

4.1 Bell State Circuit

Transmon parameters: T; = 300 us, T, = 200 us. Gate times: 1Q = 20 ns, 2Q = 300 ns, measure-
ment = 1 us.

State Fidelity Purity
Ideal Bell |®T) 1.000000  1.000000
Noisy 0.991274  0.982663

Spectral corrected 1.000017 1.000033

Error reduction (depth-1, gate-aware correction): 100%. Residual error (1.7 x 107%) is from
numerical floating-point, not from the method. Depth scaling and variant comparison in §4.2.

4.2 Depth Scaling

Each layer: Hadamard (20ns) + CNOT (300ns), Lindblad noise after each gate. Two correction
strategies:

Global: Apply N 7(t,..) = e ol to the final state — treats all noise as one channel.

Mt

Gate-aware: Invert each gate’s noise individually: e™"**s and UgT in reverse order.



Depth ttotal (#S) Fnoisy Fglobal Fgate—aware Ry

1 1.32 0.9913 0.9999 1.0000 1.02
10 4.20 0.9751 0.9966 1.0000 1.05
50 17.0 0.9085 0.9825 1.0000 1.21
100 33.0 0.8375 0.8912 1.0000 1.46

Global correction gives > 86% error reduction for d < 10 with a single matrix inversion. It degrades
at larger depths because commutation error between unitaries and noise grows as O(d-7ty,.). Gate-
aware correction stays exact at all depths, but needs the full circuit structure. Both use the same
64 x 64 cluster Lindblad.

4.3 Statistical Noise

The numbers above use exact density matrices. On real hardware, p, .,s comes from finite shots
(6p ~ 1/v/Nyois)- The spectral correction amplifies this:

||6pcorr” < Rgy ||5pmeas” (6)

At depth 1: +2% amplification (negligible). At depth 100: +46% (manageable). Unlike ZNE, where
the polynomial extrapolation amplifies fluctuations unpredictably, this amplification is monotonic
and known in advance.

The shot overhead is:

corrected __ ,.2 _ prbaseline
Nshots = Ky Nshots (7)

At depth 100: 2.1x overhead — roughly doubles the shot budget. At depth 1: 1.04x, negligible.

4.4 Comparison with ZNE

At depth 1, noise is small (< 1% error) and both methods recover the state easily — this is a sanity
check, not a stress test:

Method Fidelity Error Circuits
Noisy 0.991258  0.874% 1
ZNE (Richardson, 3-point) 0.999999  ~0% 3
Spectral 1.000000 0.000% 1

The advantage at depth 1 is purely in circuit count (1 vs 3). The real separation emerges at higher
depth (§4.2): spectral correction remains exact at depth 100 (k,, = 1.46), while ZNE’s polynomial
extrapolation degrades because noise is exponential, not polynomial (§3.3). At depth 100 with per-
qubit variation, uniform ZNE leaves a fidelity residual of ~ 0.19 that per-qubit spectral correction
eliminates (§5.3).




5. Scalability: The Cluster Decomposition

5.1 Per-Qubit Noise Profiles

Each qubit gets its own noise model:

Qubit w (GHz) T (us) Cluster

0 5.0 300.0 [0, 1]
1 5.1 300.0 [0, 1, 2]

2 5.2 300.0 [1,2,3]

Each qubit’s correction matrix N ;! is independent. For n qubits: n independent 64 x 64 inversions.

5.2 Scaling Comparison (Numerically Verified)

We compare cluster vs. exact full-system Lindblad for n = 2-6 (homogeneous T} = 300 us, T, =
200 pus, J = 0.01 GHz, t = 33 us):

Table 3a: Accuracy (cluster dim is always 64 = 43)

n Full dim gfull g Cluster T, error
2 16 1.46 1.46 < 0.001%
3 64 1.76 1.76 < 0.001%
4 256 2.12 1.76 < 0.001%
5 1,024 2.56 1.76 < 0.001%
6 4,096 3.08 1.76 < 0.001%
10 106 — 1.76 —

127 1076 — 1.76 —

Table 3b: Performance

n Time (full) Time (cluster) Speedup
2 0.004 s 0.001 s 3%

3 0.003 s 0.005 s 1x

4 0.11 s 0.004 s 26 x

) 6.2 s 0.02 s 386 x

6 286 s 0.02 s 14,327
10 infeasible 0.02s 00

127 infeasible 25s 00

The cluster matches the full Lindblad to < 0.001% across all tested n and coupling strengths (J /vy
up to 30,000). The cluster k,, stays at 1.76 regardless of system size — it only sees local noise. The
full-system kg, grows with n due to many-body non-normality, but that’s irrelevant: correction is
applied per-qubit, so it’s the local condition number that matters.



Why does the cluster work so well? The Kastoryano—Eisert theorem (2013) guarantees that for
rapidly mixing local Lindbladians, correlations decay exponentially: Corr, (A : B) < C e 4ABI/E
This is consistent with our numerical results: the approximation error should scale as O(e_k/ &),
which for typical hardware parameters (J/y < 100) is negligible at £ = 3. A rigorous per-qubit
error bound remains an open problem.

5.3 Heterogeneous Calibration: Per-Qubit Advantage

Real hardware has heterogeneous noise. Consider an IBM Brisbane-style 5-qubit chain:

Qubit Ty (ps) T, (us) 7 (57 Yo (571 Fsv (t =5 ps)
% 300 200 3,333 3,333 1.10
@ 150 80 6,667 9,167 1.14
7 250 180 4,000 3,556 1.22
as 100 60 10,000 11,667 1.16
4 350 250 2,857 2,571 1.12

The worst qubit (¢5) has 3.5x the noise rate of the best (g,). Spectral correction adapts to each
qubit individually. A chip-average correction (mean T} = 230 us) gives K, = 1.04 — under-corrects
the noisy qubits, over-corrects the quiet ones.

ZNE cannot do this: it applies one global A to all qubits. At depth 100, uniform correction leaves
a fidelity residual of ~ 0.19 that per-qubit correction eliminates.

6. Discussion

6.1 Relation to Other Mitigation Methods

Method Noise model Circuits Exact? Per-qubit? Overhead
ZNE (Li and  Polynomial fit 3-5 No No 3-5x circuits
Benjamin,

2017)

PEC (Temme Pauli channel — O(e*) Asymptotic Yes Exponential
et al., 2017) samples sampling
Sparse Pauli- O(e*) Asymptotic Yes Learned
PL-PEC (van Lindblad samples sparse model
den Berg et

al., 2023)

CDR Learned Many Clifford Approximate  Yes Clifford
(Czarnik et training

al., 2021)

TEM Tensor 1 Approximate  Yes Quadratic vs
(Filippov et network PEC

al., 2023)



Method Noise model Circuits Exact? Per-qubit? Overhead

Spectral Lindblad 1 Exact! Yes 0(4,096 n)
(this work) classical

TExact under the Markovian assumption with known calibration data; gate-aware variant (§4.2) is
exact for any circuit depth.

The closest competitor is van den Berg et al. (2023): also Lindblad-based, but corrects via prob-
abilistic error cancellation with ~ e?¢ sampling overhead. That method powered the 127-qubit
utility demo (Kim et al., 2023). Ours trades sampling overhead for density matrix access (or the
dual formulation, §6.2), achieving deterministic exact correction.

The broader picture: ZNE and PEC are model-free (learn noise from hardware). Our method and
van den Berg et al. are model-based (construct noise from calibration). Model-based is exact when
the model is right; model-free is robust when it’s wrong. The two complement each other.

Fundamental limits. Takagi et al. (2022) prove that mitigation overhead must be exponential
in depth x noise rate. Our fg,,. = ePminlt js this fundamental limit — same exponential, but
manifested as deterministic amplification (k2, in shot count) rather than probabilistic sampling

(~ €2¢). This does not escape the bound — it makes the bound predictable.

6.2 Practical Requirements

The method requires: 1. Known T fi), sz per qubit — standard calibration data available
from IBM/Google/Quantinuum backends. 2. Known gate times — available from backend
specifications. 3. Markovian noise — the Lindblad model assumes no memory. For 1/f noise, a
correction factor may be needed. 4. Density matrix access — full state tomography or shadow
tomography provides p,.... For expectation values only, apply N ™! to the observable instead:
(0) Te(O - N7 p]) = Te(N O] - p).

corrected —

6.3 Generality

Mathematically, N1 = et is time-reversal of a Markov process. The classical analogue —
deconvolving a diffusion kernel — is textbook signal processing. The quantum contribution is the
cluster decomposition that makes this tractable for many-body open systems.

The framework applies to any hardware with Markovian noise and known decoherence parameters.
For trapped ions (T} ~ 1-10s), kg, would be negligible for all practical depths, though coherent gate
errors require separate correction (§7.4). For photonic qubits (photon loss instead of decoherence),
the Lindblad operators change but the inversion is identical.

7. Limitations and Extensions

1. Markovian assumption. Real qubits have 1/f flux noise (non-Markovian). For sub-
microsecond circuits — which covers most NISQ algorithms including all variational circuits
— the Markov approximation is fine (1/f is effectively white at w > 1/7, For longer

ircuit) .



circuits, one could use time-dependent rates v(t) and invert N~1(t) = T exp(— f;f M(s)ds)
via Trotter decomposition. No longer a single expm, but still tractable.

. Tomography overhead. Full state tomography is exponential in n. Two workarounds: (a)
classical shadows (Huang et al., 2020) — O(log n) measurements per observable; (b) dual for-
mulation — correct the observable instead of p: (O),., = Tr(N"H[O]" preas)- No tomography
needed.

corr

. Deep circuits. At t = T}: kg, ~ 29, requiring ~ 840x more shots. At t = 3T}: kg, > 10%.
Beyond t > T}, the quantum information is thermalized and no method can recover it. Hard

limit: dyax ~ T /tgate & 1000 for current hardware.

. Coherent errors. Lindblad captures incoherent noise only. Coherent errors (gate miscal-
ibration, crosstalk) need unitary correction U, The good news: they compose cleanly,

corr*

Peorr = Ucorr * N7 Prcas] - Ulyr. In practice, randomized benchmarking handles coherent

errors orthogonally.

. Calibration drift. 7 and 7}, fluctuate on minute timescales. The correction error scales
as |0p| < Kgy - 107/7| - t, where 67/ is the relative calibration error. For a depth-100 circuit
(kg = 1.46) with 10% calibration error: ||dp| < 1.46 x 0.1 x 0.11 &~ 0.016, i.e., < 2% fidelity
loss. For shallow circuits (ky, &~ 1), even 20% miscalibration yields sub-percent error. Re-
calibrating before each batch (standard practice on IBM/Google backends) keeps dv/v < 5%.
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8. Conclusion

The idea is simple: if you know the noise, undo it. The Lindblad superoperator gives an exact noise
model from standard calibration data. The cluster decomposition makes inversion scale linearly.
The condition number tells you in advance how well it will work.

The ingredients:

1. Cluster Lindblad — O(n) matrix exponentials of size 64 x 64 from 7}, T,, gate times.
One-time cost, scaling justified by Kastoryano—Eisert.

2. Exact inversion — N ™! = e ™! (Theorem 1), x,, < 1.46 at depth 100 (Proposition 1).
Gate-aware variant: exact at any depth.

3. Physical projection — Hermiticity, PSD, trace 1.

Results: gate-aware correction is exact at all tested depths (1-100). Global correction gives > 86%
error reduction for d < 10 with a single matrix inverse. Shot overhead: 2.1x at depth 100.

For the 127-qubit circuits of Kim et al. (2023): 127 independent 64 x 64 inversions, $ $8 MB, done
on a laptop. The method composes with coherent-error correction, works without full tomography
(dual formulation), and provides per-qubit profiles that ZNE cannot.

_ =Mt
Pcorrected — € Pmeasured

One matrix. One circuit. Exact.
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Appendix: Reference Implementation

The complete pipeline (305 lines, self-contained NumPy + SciPy) is available as spectral__error__mitigation.py.
The core functions implementing Eq. 1-5 are reproduced below.

import numpy as np
from scipy.linalg import expm, inv

def build_cluster_lindblad (n_qubits, gammal, gamma_phi):
"""Build,Lindbladsuperoperator M,for apk—qubit cluster (Eq.,2).
uuuuReturnsa 4" kx4 " kymatrix . """
d = 2x%n_ qubits
Id = np.eye(d, dtype=complex)
M = np.zeros ((d**2, d*%2), dtype=complex)

sigma_minus = np.array ([[0,0],[1,0]], dtype=complex)
sigma_plus = np.array ([[0,1],[0,0]], dtype=complex)
sigma_ z = np.array ([[1,0],[0,—1]], dtype=complex)
for i in range(n_ qubits):

for L, g in [(multi_qubit_op(sigma_minus, i, n_qubits), gammal),

(multi__qubit_op(sigma_plus, i, n_qubits), 0.0),
(multi__qubit_op(sigma_z, i, n_qubits), gamma_ phi/2)]:

LdL = L.conj (). T @ L

M+= g * (np.kron(L.conj(), L)
— 0.5%xnp.kron(Id, LdL)
— 0.5%np.kron(LdL.T, Id))

return M

def spectral_correct (rho_meas, M, t):

"""Spectraljerror mitigation (Eq.,1,,4,.5).
uuuoNu=ue {Mt}, N {—1} =, e {—Mt}, rho_corr = N {—1},rho_meas."""
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N_inv = expm(—M * t) # Eq. 4
d = rho_meas.shape[0]

vec_corr = N_inv @ rho_meas. flatten ('F") # Eq. 5

rho = vec_corr.reshape((d, d), order='F")

rho = 0.5 % (rho + rho.conj().T) # Hermiticity
rho = rho / np.trace(rho) # Tr = 1

return rho

Usage: python3 spectral_error_ mitigation.py. Runtime: 2 seconds. Produces: Bell state correc-
tion, depth scaling, ZNE comparison.
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